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— The GAP Share Package AtlasRep

— The Modular Atlas




Throughout my lectures, (G denotes a
finite group and K a field.
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Rob Wilson’s Atlas

A huge collection of explicit representations of
finite groups is contained in Rob Wilson's WWW
Atlas of Finite Group Representations:
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Rob Wilson’s Atlas

A huge collection of explicit representations of
finite groups is contained in Rob Wilson's WWW
Atlas of Finite Group Representations:
http://web.mat.bham.ac.uk/atlas/v2.0/
These representations have been computed by
Wilson and collaborators, e.qg.,

the representation of M of degree 196 882 over

Fy by Linton, Parker, Walsh and Wilson.

Most of this information is also available in GAP
through the AtlasRep share package.
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The At | asRep Share Package

gap> Requi rePackage( "atl asrep" ),
true

gap> ??At| asRep

# Qut put del eted

gap> Di spl ayAtl asl nfo( );
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The At | asRep Share Package

gap> Requi rePackage( "atl asrep" ),
true

gap> ??At| asRep

# Qut put del eted

gap> Di spl ayAtl asl nfo( );

# Qut put del eted
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The At | asRep Share Package

gap> Di spl ayAtl asl nfo( "Co3", |sPernzoup );
Representations for G= Co3: (all refer to
std. generators 1)

<= Syn(552)

<= Sym(11178)
<= Sym(37950)
<= Sy 48600)
<= Sym(128800)
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The At | asRep Share Package

gap> p552 := AtlasCGenerators( "Co3", 2 );,;




The At | asRep Share Package

gap> p552 := AtlasCGenerators( "Co3", 2 );,;

# The generators of Co3 in the above
pernut ati on representation of degree 552 are
now contained in the |ist ‘p552.generators’
and you can access themas foll ows:
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The At | asRep Share Package

gap> p552 := AtlasCGenerators( "Co3", 2 );,;

# The generators of Co3 in the above
pernut ati on representation of degree 552 are
now contained in the |ist ‘p552.generators’
and you can access them as foll ows:

gap> pl := p552.generators|[ 1 ];;
gap> p2 := p552.qgenerators|[ 2 |];;
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The At | asRep Share Package

gap> Di spl ayAtl asl nfo( "ML1",
Characteristic, 2 );




The At | asRep Share Package

gap> Di spl ayAtl asl nfo( "ML1",
Characteristic, 2 );
Representations for G= M1: (all refer to
std. generators 1)

6: G <= G.(10, 2)

7. G <= G(32, 2

8: G <= G(44,2)
16 G <= G (16b, 4)
17: G <= G (164, 4)
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The At | asRep Share Package

gap> r10 := AtlasCGenerators( "M1", 6 );;
gap> r32 := AtlasCGenerators( "M1", 7 );;




The At | asRep Share Package

gap> r10 := AtlasCGenerators( "M1", 6 );;
gap> r32 := AtlasCGenerators( "M1", 7 );;
gap> r 10. gener at or s;

| <an i mmutable 10x10 matri x over GF2>, <an

| mut abl e 10x10 matri x over G2> |
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The At | asRep Share Package

gap> Al :=r10.generators|[ 1 ];;
gap> A2 := rl10.generators|[ 2 ];;




The At | asRep Share Package

gap> Al := r10.generators|[ 1 ]
gap> A2 := r10.generators|[ 2 |
gap> Bl := r32.generators|[ 1 ]

2

gap> B2 := r32.generators|
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The At | asRep Share Package

gap> Al := rl10.generators|[ 1 ];;
gap> A2 :=r10.generators|[ 2 ];;
gap> Bl := r32.generators|[ 1 ];;
gap> B2 := r32.generators|[ 2 ];;
gap> Cl : = KroneckerProduct( Al, Bl );;
gap> C2 : = KroneckerProduct( A2, B2 );;
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The At | asRep Share Package

gap> Al := rl10.generators|[ 1 ];;
gap> A2 :=r10.generators|[ 2 ];;
gap> Bl := r32.generators|[ 1 ];;
gap> B2 := r32.generators|[ 2 ];;
gap> Cl : = KroneckerProduct( Al, Bl );;
gap> C2 : = KroneckerProduct( A2, B2 );;

gap> V. =Gvbdul eByMats( [ C1, C2 ], G(2) );;
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The At | asRep Share Package

gap> ccfV := MIX Col | ectedFactors( V );;




The At | asRep Share Package

gap> ccfV := MIX Col | ectedFactors( V );;
gap> tine;
6610




The At | asRep Share Package

gap> ccfV := MIX Col | ectedFactors( V );;
gap> tine;

6610

gap> Length( ccfV );

4




The At | asRep Share Package

gap> ccfV := MIX Col | ectedFactors( V );;
gap> tine;

6610

gap> Length( ccfV );

4

gap> List(ccfV, x -> MIX. D nension( x[1] ));
[ 1, 10, 32, 44 ]
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The At | asRep Share Package

gap> ccfV := MIX Col | ectedFactors( V );;
gap> tine;

6610

gap> Length( ccfV );

gap> List(ccfV, x -> MIX D nension( x[1] ));
[ 1, 10, 32, 44 ]
gap> List( ccfV, x ->x[ 2] );

| 4, 2, 1, 6 ]
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Brauer Characters

Assume from now on that K Is algebraically
closed and has prime characteristic p.
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Brauer Characters

Assume from now on that K Is algebraically
closed and has prime characteristic p.

Let X be a representation of G over K.

The character yx of X as defined in Lecture 1
does not convey all the desired information, e.g.,

xx(1) only gives the degree of X modulo p.

Instead one considers its Brauer character ¢x.
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Brauer Characters
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eigenvalues of the matrices X(g) for g € G,y to C.

Here, Gy Is the set of p-regular elements of G.

More precisely: Let R denote the ring of
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Brauer Characters

This Is obtained from consistently lifting the
eigenvalues of the matrices X(g) for g € G,y to C.

Here, Gy Is the set of p-regular elements of G.

More precisely: Let R denote the ring of
algebraic integers in the field Q(exp(27i/|G))).

Choose a ring homomorphisma : R — K.
(A reduction modulo p of the |G|-ths roots of unity.)
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Brauer Characters

The Brauer character (with respect to «)
ex Gy — R
satisfies

a(px(g)) = xx(g) forall ge Gy.
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The Brauer Character Table

Put IBr,(G) := set of irreducible Brauer
characters of G (all with respect to the same «),

|BI’p(G) — {g&l, C e ey gOl}.

Let ¢1,..., g; be representatives of the conjugacy
classes contained in G, (same [ as above!).

The square matrix
[%‘ (gj)] 1<i,j<I

IS called the Brauer character table of &.
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An Examplein GAP

gap> ct := CharacterTable( "S7" )
mod 2;
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An Examplein GAP

gap> ct := CharacterTable( "S7" )
mod 2;

BrauerTable( "A7.2", 2 )

gap> Display( ct, options );

# The GAP-record "options' contailns
display options defined previously.
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The Decomposition Numbers

For x € Irr(G) = {x1, ..., xx}, write x for the
restriction of y to G .

Then there are integers d;; > 0,1 <17 <k,
1 <9< [ such that )A(Z — Zé’zl dij L

These Integers are called the decomposition
numbers of G modulo p.

The matrix |d;;| is the decomposition matrix of G.




Decomposition M atricesin GAP

gap> c2 := CharacterTable( "A6" ) nod 2;;

gap> D spl ay( DeconpositionMatrix( c2 ) );

N P O OR R BE
P P OOOZRrR O
P P OORrR OO
O OO0 Fr oo o
O Or OO OO
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IBr,(G) is linearly independent and so the
decomposition numbers are uniquely
determined.
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IBr,(G) is linearly independent and so the
decomposition numbers are uniquely
determined.

Knowing lrr(G) and the decomposition matrix is
equivalent to knowing Irr(G) and IBr,(G).
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Tasks and Results

Describe all ordinary character tables and Brauer
character tables of all finite simple groups.
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Tasks and Results

Describe all ordinary character tables and Brauer
character tables of all finite simple groups.

Almost finished for ordinary character tables.
For sporadic groups and other “small” groups:
Atlas of Finite Groups (Conway et al.)

Wide open for Brauer character tables.
For Atlas groups up to McL.:

An Atlas of Brauer Characters (Jansen et al.)
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TheModular Atlas Project

More information is available from the Web site
of the Modular Atlas:

http://www.math.rwth-aachen.de/ MOC/

Methods: GAP, MOC, Meat-Axe, Condensation




It Is a pleasure to thank all the people who have
assisted me In preparing this presentation.
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It Is a pleasure to thank all the people who have
assisted me In preparing this presentation.

| should like to mention In particular:
— Thomas Breuer
— Frank Lubeck

— Max Neunhoffer
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It Is a pleasure to thank all the people who have
assisted me In preparing this presentation.

| should like to mention In particular:
— Thomas Breuer
— Frank Lubeck
— Max Neunhoffer

— Felix Noeske
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Thank you for your attention!
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