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ABSTRACT. We explore a natural class of semigroups that have word problem de-
cidable by finite state automata. Among the main results are invariance of this
property under change of generators, invariance under basic algebraic construc-
tions and properties of the group of units.

1. MOTIVATION5

Finite state automata are a simple concept that is well-established in the theory6

of computation. They are very restricted in that they only possess a finite memory.7

These restrictions cause many problems in the theory of finite state automata to be8

decidable and quite a few are tractable complexity-wise.9

The word problem is a computational problem that is connected to finitely gen-10

erated structures, especially finitely generated semigroups, monoids or groups. In11

this paper we want to explore the properties of semigroups that have word prob-12

lem decidable by certain types of finite state automata.13

There has been some research in this area by various authors, for example Kam-14

bites shows in [Kam09a] and [Kam09b] that semigroups with small cancellation15

have rational word problem, Holt et al. in [HOT08] investigate properties of semi-16

groups with one-counter word problem.17

Let us fix basic notation. Let A be a finite set. A string over A is a finite sequence18

of elements of A, and we denote the special case of the empty sequence by ””A or19

simply ”” if there is no ambiguity. We denote by A∗ the set of all strings over A20

and by A+ the set of all nonempty strings over A. Obviously A+ ⊆ A∗. We denote21

by |s| the length of a string s and by |s|a the number of occurrences of the letter a22

from A in s. In the following it will be important to distinguish between strings23

and elements of semigroups, monoids or groups, we write literal strings enclosed24

in quotation marks. Thus ”abc” is a string of length three in A∗ for a, b, c in A in25

contrast to abc being the product of a, b and c in some structure containing A. The26

most important operation on strings is concatenation. Given two strings v and w,27

we denote the concatenation of v and w by v.w, which is just the juxtaposition of28

the two strings. Given a string v, we denote by vi for any natural number i the29

i−fold concatenation of copies of v. The special case v0 is defined to be ””.30

A string s is a prefix of a string t if there is a string u in A∗ such that t = s.u, and31

analogously s is a suffix of t if there is a string u such that t = u.s.32

A semigroup S is a set together with a binary associative operation, which we33

usually denote by s · t. We allow ourselves to leave out the dot in most cases. A34

monoid M is a semigroup which contains an identity element e for which ea = ae =35

a for all a in M holds. A group G is a monoid with the additional condition that36
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for each g in G there is an element h such that gh = hg = e. We can make every37

semigroup into a monoid by adjoining an identity element. For a semigroup S we38

denote the semigroup with an adjoined identity element by S1. Another important39

element in the theory of semigroups is a zero element, or zero for short. A zero40

z has the property that za = az = z for all a in S. We can adjoin a zero to every41

semigroup and we denote this semigroup by S0.42

The set A+ together with the concatenation operation is isomorphic to the free43

semigroup on A, which is uniquely defined by the following universal property:44

For a given semigroup S and any map p from A to S, the map p can be extended45

to a unique semigroup homomorphism from A+ to S. Analogously the set A∗46

together with concatenation is isomorphic to the free monoid on A, which in turn47

is defined analogously.48

In the following it is important to distinguish between strings over an alphabet49

representing elements of some semigroup, monoid or group and elements of the50

respective structure.51

A semigroup S is finitely generated if there is a finite subset A of S such that52

the inclusion map from A to S extends to a surjective semigroup homomorphism53

: A+ → S. In this situation we write S = Sg 〈A〉 to say that S is a semigroup54

that is finitely generated by the subset A of S. At this point it should be noted that55

although A is a subset of S, the set A+ is a set of strings and is not a subset of S.56

If we want to pass over to the semigroup S we write v to denote the image of the57

string v in S.58

Since monoids and groups are also semigroups the above defintion for semi-59

group generation works for groups and monoids too. In addition, we can also60

generate a monoid as a monoid by making the identity element implicit and we61

write M = Mon 〈A〉 to say that the monoid M is generated as a monoid by the62

subset A of M. A group can be generated as a group by making inverses implicit.63

We might for some examples use presentations to give semigroups or monoids64

and use Sg 〈A | R〉 for the semigroup generated by A with relations R and Mon 〈A | R〉65

for the monoid generated by A with relations R. For a reference on presentations66

the reader is referred to standard literature, for example [CP67].67

For a finitely generated semigroup S and a generating set A for S we define the68

semigroup word problem to be the following set69

SgWP(S, A) :=
{
(v, w) ∈ A+ × A+ | v = w

}
⊆ A+ × A+.

For a finitely generated monoid M and some generating set A for M we define the70

monoid word problem to be the following set71

MonWP(M, A) := {(v, w) ∈ A∗ × A∗ | v = w} ⊆ A∗ × A∗.

This is in close relation to the usual definition of the word problem for a finitely72

generated group G with respect to a finite semigroup generating set A73

GrpWP(G, A) :=
{

v ∈ (A ∪ A−1)∗ | v = e
}
⊆ (A ∪ A−1)∗,

because if G is a finitely generated group then SgWP(G, A) consists of pairs (v, w)74

such that v · w−1 = e.75

Note that we defined three word problems for any given finitely generated76

group G, and two word problems for any given finitely generated monoid M.77

A fundamental computational question that arises in this context is whether the78

word problems of finitely generated semigroups, monoids and groups are decidable79

subsets of A∗ × A∗ or (A ∪ A−1)∗ respectively. That is, do there exist algorithms80
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that take as input elements from A∗ × A∗ or (A ∪ A−1)∗ respectively and that ter-81

minate with the output true or false depending on whether the input is contained82

in the respective word problem or not. A finite state automaton can be seen as a83

very simple algorithm, in particular one that does requires constant memory.84

In the following we want to explore the properties of semigroups, monoids and85

groups with word problem decidable by a finite state automaton. The results for86

groups are already well-known, results concerning semigroups and monoids are87

original work of the authors.88

The paper is structured as follows: Section 2 will introduce the basic theory we89

want to use in proving our results. In particular, we define what we mean by a90

semigroup with regular or rational word problem. After that, Section 3 presents91

basic and motivational results and in Section 4 we prove the first main result, in-92

variance of rational word problem under change of generating sets, and Section93

5 establishes the related result that a finitely generated monoid has rational word94

problem generated as a semigroup if and only if it has rational word problem gen-95

erated as a monoid. Section 6 establishes a few structural properties of semigroups96

with rational word problem, and Sections 7 and 8 then deal with constructions in-97

volving semigroups with rational word problem and closure properties. Section 998

will give a few pointers towards followup research and papers.99

2. AUTOMATA100
{sec:prelim}

In this section we recall the definitions of finite state automata that take strings101

as input, and two tape finite state automata which take pairs of strings as input.102

In addition to the basic definitions we give some results from the theory of finite103

state automata for later reference.104

Definition 2.1 (finite state automaton). A finite state automaton A is a tuple105

A = 〈Q, A, q0, F, ∆〉
consisting of a finite set Q of states, an alphabet A, an initial state q0 in Q, a set F ⊆ Q of106

final states and a transition relation ∆ ⊆ Q× (A ∪ {ε})×Q.107

We also denote elements (q, a, r) from ∆ by108

q a−→ r.

A computation of A from q1 to qn+1 with label ”a1a2 · · · an” is a finite sequence of109

transitions110

γ : q1
a1−→ q2

a2−→ q3
a3−→ · · · an−1−−→ qn

an−→ qn+1.
The computation γ is said to be accepting if q1 is the initial state and qn+1 is an111

element of F. Note that the label of a computation is an element of (A ∪ {ε})∗.112

Consider the map113

p : (A ∪ {ε})→ A∗ : a 7→
{

”a” for a ∈ A
”” for a = ε

,

which extends to a surjective monoid homomorphism π : (A ∪ {ε})∗ → A∗.114

We say that A accepts a string s in A∗ if there is an accepting computation la-115

belled by a string t in (A ∪ {ε})∗ such that π(t) = s. The set of all strings in A∗116

that are accepted by A is called the language of A, denoted L (A).117

Conversely, subsets L of A∗ with L = L (A) for some finite state automaton A118

are called regular.119
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A slight generalisation of the concept of a finite state automaton is the notion120

of a synchronous two tape finite state automaton. For this we take an alphabet A and121

add a padding character � forming A� := A ∪ {�}. As alphabet for a two tape122

synchronous finite state automaton we take A� × A�. To be able to feed pairs123

(s, t) from A∗ × A∗ of strings of differing length to such an automaton we pad the124

shorter of the two strings by using the padding symbol, more formally125

(s, t)� := ”(s′1, t′1)(s
′
2, t′2) · · · (s′n, t′n)”,

where n = max{|s|, |t|} and126

z′i =

{
zi i ≤ |z|
� otherwise

for 1 ≤ i ≤ n and z ∈ {s, t}.127

We call a subset R of A∗ × A∗ regular if there is a synchronous two tape finite128

state automaton that accepts a padded pair (s, t)� if and only if (s, t) is in R.129

Note that (A× B)∗ is isomorphic to the submonoid of pairs of strings of equal130

lengths in A∗ × B∗ and we will use this isomorphism implicitly.131

Generalising further, an asynchronous two tape finite state automaton has the abil-132

ity to read its two tapes at different speeds.133

Definition 2.2 (asynchronous finite state automaton). An asynchronous finite state134

automaton A is a tuple135

A := 〈Q, A, B, q0, F, ∆〉
consisting of a finite set Q of states, two alphabets A and B, an initial state q0 in Q, a set136

F ⊆ Q of final states and a transition relation ∆ ⊆ Q× (A ∪ {ε})× (B ∪ {ε})×Q137

Analogous to the case of a finite state automaton, we denote elements (p, a, b, q)138

of the transition relation by139

p
(a,b)−−→ q,

and a computation γ of A from q1 in Q to qn+1 in Q with label ”(a1, b1) · · · (an, bn)”140

is a finite sequence of transitions, denoted141

γ : q1
(a1,b1)−−−→ q2

(a2,b2)−−−→ q3 · · · qn
(an ,bn)−−−→ qn+1.

We shorten this to γ : q1 →∗ qn+1 to say that there is a computation of finite length142

from q1 to qn+1. A computation γ is said to be accepting if q1 = q0 and qn+1 is in143

F.144

In the case of an asynchronous automaton the label of a computation is an ele-145

ment of ((A ∪ {ε})× (B ∪ {ε}))∗.146

To get a pair of strings from the label of a computation we apply maps πA and147

πB analogous to the case of finite state automata to both components of the pair148

of strings that arises from the label of the computation. We also say that a pair149

(v, w) of strings induces a computation γ : q1 →∗ qn if γ has label (s, t) such that150

(πA(s), πB(t)) = (v, w).151

An asynchronous automaton A is said to accept a pair (s, t) of strings in A∗× B∗152

if there is an accepting computation of A with label (v, w) such that (πA(v), πB(w)) =153

(s, t).154

The set of all pairs (s, t) that are accepted by a finite state automaton A is called155

the language of A and is denoted L (A).156

Subsets R of A∗ × B∗ for which there is an asynchronous finite state automaton157

A with L(A) = R are called rational relations or simply rational.158
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For any of the above automaton models, we call a state q in A accessible if there159

is a computation in A from the initial state q0 to q and co-accessible if there is com-160

putation from q to a final state. An automaton is unambigious if for any string s and161

any pair p and q of states there is at most one computation from p to q induced by162

s. Furthermore an automaton A is deterministic, if it is unambigous and for any163

given input there is at least one computation that is induced by that input.164

The above automaton models have a natural interpretation as finite, directed,165

labelled graphs where the set of vertices is the set of states and there is a labelled166

edge between two states if and only if there is a transition between them.167

We now recall the well known Pumping Lemmas which enable us to prove that168

a set is not regular or rational respectively. For proofs of the two lemmas we refer169

the reader to [HMU01] for the finite state automaton case and to [Ber79] for the170

asynchronous finite state automaton case. In fact, the proof of the asynchronous171

case uses the synchronous one.172
{prop:pump}

Proposition 2.3 (Pumping Lemma for finite state automata). Let A be a finite state173

automaton. Then there is a natural number n0 such that for every string s accepted by A174

with |s| > n0 there is a decomposition s = x.u.y into strings x, u and y such that175

• |u| ≥ 1176

• |x.u| ≤ n0177

• For all i ∈N the string x.ui.y is also accepted by A.178

Note that there are languages that are not regular but fulfill the Pumping Lem-179

ma. In our context the Pumping Lemma is useful to show that a language cannot180

be accepted by a finite state automaton.181
{prop:async}

Proposition 2.4 (Pumping Lemma for asynchronous finite state automata). Let A182

be an asynchronous finite state automaton. Then there is a natural number n0 such that for183

every pair (s1, s2) of strings accepted by A with |s1|+ |s2| > n0 there is a decomposition184

(s1, s2) = (x1.u1.y1, x2.u2.y2) into pairs (x1, x2), (u1, u2) and (y1, y2) such that185

• |u1|+ |u2| ≥ 1186

• |x1|+ |x2|+ |u1|+ |u2| ≤ n0187

• For all i ∈N the pair (x1.ui
1.y1, x2.ui

2.y2) is also accepted by A.188

The following proposition states that the composition of rational relations is189

again a rational relation.190
{prop:ratcomp}

Proposition 2.5. Let A,B and C be alphabets and let R ⊆ A∗ × B∗ and S ⊆ B∗ × C∗ be191

rational relations. Then R ◦ S is also a rational relation, where192

R ◦ S = {(r, s) ∈ A∗ × C∗ | there is x ∈ B∗ such that (r, x) ∈ R and (x, s) ∈ S }

Proof. See [Ber79]. �193

J.H. Johnson in his PhD thesis [Joh83] examined rational equivalence relations194

over strings, that is rational relations that are equivalence relations. He proved195

the following theorem which we will use in a later section to show that infinite196

semigroups with rational word problem cannot be periodic. The proof can be197

found in the referenced paper.198
{prop:rateqthin}

Proposition 2.6. Let A be an alphabet and R ⊆ A∗ × A∗ be a rational equivalence199

relation. Then there is a regular language D ⊆ A∗ that contains at least one element of200

each equivalence class of R and is such that R∩ (D× D) is a rational equivalence relation201

on D202
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Proof. The idea of the proof is to remove loops from an automaton that decides R203

that are labelled by (s, ε) for some s ∈ (A ∪ {ε})∗ to make it accept long represen-204

tatives. The language of long representatives is regular and thus its complement205

is language D. See [Joh85]. �206

The following two propositions will help simplify the proofs of a few theorems.207

The proofs are straightforward and can be found in [Ber79].208
{prop:directproduct_reg_rat}

Proposition 2.7. Let A and B be two alphabets. If L1 is a regular language over A and209

L2 is a regular language over B, then L1 × L2 is a rational relation.210
{prop:preimage_regular}

Proposition 2.8. Let A and B be alphabets and R ⊆ A∗× B∗ be a rational relation. Then211

the languages {w ∈ B∗ | (v, w) ∈ R} and {v ∈ A∗ | (v, w) ∈ R} are regular for all212

v ∈ A∗ and w ∈ B∗.213

3. MOTIVATING RESULTS AND EXAMPLES214
{sec:firstres}

This section is dedicated to motivate the presented work by starting from a215

well known result about groups: Anisimov showed in [Ani71] that the class of216

groups with regular word problem is the class of finite groups. We show that217

finite semigroups and monoids have regular word-problem as well and give a218

very simple example of a semigroup with regular word-problem that is infinite.219

We also motivate the usage of rational word-problem for infinite semigroups and220

monoids. In Section 5 we show that groups with rational word-problem are finite221

and thus our theory does not yield more expressiveness for groups.222
{gp_regwp_iff_finite}

Theorem 3.1 (Anisimov). Let G be a group and let A be a finite monoid generating set223

for G. Then GrpWP(G, A) ⊆ A∗ is regular if and only if G is finite.224

Proof. Suppose G is finite and consider the automaton225

A = 〈G, A, 1, {1} , ∆〉 ,

where (g, a, h) is in ∆ if and only if ga = h. This automaton is the Cayley graph of226

G with respect to the generating set A extended by predicates for the initial state227

and final states.228

A string s in A∗ is accepted by A if and only if there is a computation from 1 to229

1 labelled by s. This also means that s = 1 by the definition of A.230

Conversely, assume that there is a finite state automaton A = 〈Q, A, q0, F, ∆〉231

that has as its language all strings s with s = 1. Without loss of generality we can232

assume A to be deterministic, because if it was not we can construct an equivalent233

deterministic automaton by applying the powerset construction, which is a stan-234

dard tool in the theory of finite state automata and can for example be found in235

[HMU01].236

Let s and t be two strings that label paths in A from q0 to some state q in Q.237

Since G is a group and A is deterministic there has to be a path from q labelled u238

to an accept state. Thus239

s.u = s · u = 1 = t · u = t.u,

which implies s = t and therefore G is finite. �240

One direction of the above theorem stays true for semigroup and monoid word-241

problems.242
{thm:finmon_regular_wp}

Theorem 3.2. Let S be a finite semigroup or monoid. Then S has regular word-problem243

with respect to all generating sets.244
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Proof. Let S be a finite semigroup and let A be any generating set for S. Consider245

the following automaton.246

A =
〈

Q, A� × A�, q0, F, ∆
〉

consisting of247

Q = {q0} ∪ (S× S× {L, N, R})
F = {(s, s, N) | s ∈ S}
∆ = {[q0, (x, y), (x, y, N)]}

∪ {[(s, t, i) , (x, y), (sx, ty, i)] | x, y 6= �, i ∈ {L, N, R}}
∪ {[(s, t, N) , (x,�), (sx, t, R)]}
∪ {[(s, t, N) , (�, y), (s, ty, L)]}
∪ {[(s, t, R) , (x,�), (sx, t, R)]}
∪ {[(s, t, L) , (�, y), (s, ty, L)]} .

This automaton consists of three copies of the direct product of two copies of the248

Cayley graph of S together with an initial state. Reading a pair of symbols it keeps249

track of right multiplication by a generator with the � symbol acting as identity.250

This way, the automaton determines the elements represented by the input strings251

and accepts if and only if these are the same.252

The copies indexed by L, N and R are needed to take care of padding symbols:253

if a padding symbol is read on one tape for the first time the automaton is only254

allowed to read padding symbols from that tape and non padding symbols from255

the other tape.256

This automaton accepts a pair (v, w)� of padded strings if and only if v = w.257

The proof for monoids is similar. �258

In contrast with the group case there are examples of infinite semigroups and259

monoids that do have regular word problem. The most striking examples are the260

free semigroup and the free monoid on any finite set. Additionally, in Sections261

7 and 8 it will be shown that we can construct infinite semigroups with rational262

word problem from semigroups which are known to have rational word problem.263

Example 3.3. Let A be a finite, non-empty set. Then the free semigroup A+ and the free264

monoid A∗ are infinite and SgWP(A+, A) and MonWP(A∗, A) are regular.265

Proof. The following automaton accepts pairs of equal strings.266

q0 q1
(a, a) , a ∈ A

(a, a) , a ∈ A

In a free semigroup on a finite set A two strings v and w represent the same element267

if and only if they are equal, therefore SgWP(A+, A) is regular. For an automaton268

that decides MonWP(A∗, A) we turn q0 into an accept state. �269

One important aspect in the above definitions of the word problem is the de-270

pendence on the generating set. In general, if for a semigroup S with generating271

set A the set SgWP(S, A) is regular, then this might not be true for other finite gen-272

erating sets of S. The following theorem characterises the semigroups that have273

regular word problem with respect to every generating set.274
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{thm:regular_iff_finite}
Theorem 3.4. Let S be a finitely generated semigroup. Then SgWP(S, A) is regular for275

all finite generating sets A if and only if S is finite.276

Proof. The if part is precisely Theorem 3.2.277

Suppose S is infinite. Then by Theorem 6.1 there exists some s in S that has278

infinite order. Let A be a generating set for S. The set B := A ∪ {s, t} where t = s2279

also generates S. Applying the Pumping Lemma to the pair (tn0 , s2n0)� shows that280

the set SgWP(S, B) is not regular. �281

A consequence of the preceding paragraph is that SgWP(S, A) being regular de-282

pends on the choice of the generating set for infinite semigroups. We will show in283

Section 4 that using asynchronous finite state automata is the appropriate choice of284

automaton model to achieve independence of change of generators while keeping285

a finite state device.286

The following example shows that there are semigroups that are finitely gener-287

ated, not finitely presentable and have rational word problem.288
{exam:non_fin_pres_rat_wp}

Example 3.5. Let S = Sg 〈a, b | (abna = aba)n≥2〉. This semigroup is infinite, not289

finitely presentable and SgWP(S, {a, b}) is rational. Furthermore there is no generating290

set A′ for S such that SgWP(S, A′) is regular.291

Proof. The monoid S is infinite because the submonoid generated by a is infinite.292

If S had a finite presentation then there would be a set X ⊆ {abna = aba | n ≥ 2}293

such that S ∼= Sg 〈a, b | X〉. This would mean that there is an N ∈ N such that294

abN a = aba is a consequence of abka = aba for k less than N, which is impossible.295

To show that S has rational word problem we give the following asynchronous296

finite state automaton that decides the word problem of S.297

q0

q1 q2

q3

q4

(a, a)

(b, b)

(a, a)

(b, b)

(b, b)

(b, ε) , (ε, b)

(a, a)

(b, ε) , (ε, b)

(a, a)

(b, b)

(a, a)

To show that SgWP(S, B) is not regular for any finite B, we first show that SgWP(S, A)298

is not regular. For this assume SgWP(S, A) to be regular and to be accepted by a299

finite state automaton with n states. Choose n0 > n and consider the pair300 (
”ab”n0 .”a”.”b”2n0 .”a”, ”a”.”b”2n0 .”ab”n0 .”a”

)
.

Both strings represent the same element (ab)n0+1a of S and therefore the pair is an301

element of SgWP(S, A).302
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Since n0 > n there are two natural numbers i and j with i < j such that after303

reading (”ab”i, ”a”.”b”2i−1) and (”ab”j, ”a”.”b”2j−1) the automaton is in some state304

q. From (”ab”i, ”a”.”b”i−1) the automaton can reach an accept state by reading the305

pair (”a”.”b”2i−3.”a”, ”ab”i−1.”a”). Hence the automaton also accepts306

(”ab”j.”a”.”b”2i−3.”a”, ”a”.”b”2j−1.”ab”i−1.”a”)

which would mean that (ab)j+1a is equal to (ab)i+1a in contradiction to j > i.307

Any generating set for S must give rise to representatives for a and b and thus308

this argument also holds for any generating set of S. Therefore there cannot be a309

generating set B for S such that SgWP(S, B) is regular. �310

The following lemma shows that a free commutative semigroup of rank at least311

two does not have rational word problem. This will also become one way of show-312

ing that a semigroup does not have rational word problem.313

{exam:nonregular}
Lemma 3.6. Let A = {a, b} and S = Sg 〈A | ab = ba〉. Then SgWP(S, A) is not314

regular.315

Proof. For completeness we demonstrate how the pumping lemma is useful in this316

context.317

Two strings s and t over A represent the same element of M if and only if |s|a =318

|t|a and |s|b = |t|b.319

For a contradiction assume that SgWP(M, A) is regular. By the Pumping Lemma320

there exists a natural number n0 such that for all strings s ∈ SgWP(S, A) with321

|s| > n0 there is a factorisation s = x.u.y of s with |x.u| < n0 such that x.ui.y is also322

in SgWP(S, A) for all i ∈N.323

Consider the two representatives ”a”n0 .”b”n0 and ”b”n0 .”a”n0 of the same ele-324

ment of S. Thus s = (”a”n0 .”b”n0 , ”b”n0 .”a”n0) is an element of SgWP(S, A). Since325

|s| = 2n0 > n0, there is a factorisation s = x.u.y of s with |x.u| ≤ n0 such that326

x.ui.y is also in SgWP(S, A). The factors are327

• x = (”a”k, ”b”k)328

• u = (”a”l , ”b”l)329

• y = (”a”n0−k−l .”b”n0 , ”b”n0−k−l .”a”n0) for k, l ∈N with k + l < n0.330

But ”a”k.”a”il .”b”n0−k−l and ”b”k.”b”il .”a”n0−k−l do not represent equal elements331

in S for i > 1, thus SgWP(S, A) is not regular, not even rational by Proposition332

2.3. �333

As a closing example for this section, we show that a very important and well334

known monoid does not have rational word problem.335

{lem:bicyc_not_rat}
Lemma 3.7. The bicyclic monoid B = Mon 〈b, c | bc = 1〉 does not have rational word336

problem.337

Proof. This can be proven by applying the Pumping Lemma to (”b”n0”c”n0 , ””) for338

an appropriate n0. �339

4. CHANGE OF GENERATORS AND SUBSEMIGROUPS340
{sec:change_of_generators}

This section is dedicated to showing that for finitely generated semigroups ra-341

tional word problem is independent of the choice of a finite generating set. The342

proof employs closure of rational relations under composition.343

To prove the main result of this section we first give a few technical lemmas. We344

observe that the graph of a map that replaces every occurrence of some symbol in345
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a string by a string is a rational relation, after that we show how closure of rational346

relations under compositions helps proving the main theorem.347

{lem:ratmap}
Lemma 4.1. Let A be an alphabet and B = A ∪ {b}, where b is not an element of A. For348

some string w over A consider the following map:349

ϕ : B→ A∗, x 7→
{

w if x = b
x otherwise

.

This map extends to a surjective morphism Φ : B∗ → A∗ that replaces all occurrences of350

b in a string over B with w. The sets351

R := {(v, Φ(v)) ∈ B∗ × A∗ | v ∈ B∗}

and352

Rr := {(Φ(v), v) ∈ A∗ × B∗ | v ∈ B∗}
are rational relations.353

Proof. Let w = ”t1 . . . tn” and consider R = 〈Q, B, A, q0, F, ∆〉, where354

Q = {q0, . . . , qn}
F = {q0}
∆ = {(q0, a, a, q0) | a ∈ A}

∪ {(qi−1, ε, ti, qi) | 1 ≤ i ≤ n}
∪ {(qn, b, ε, q0)}

Note that the states of R correspond to prefixes of w. A picture makes the situation355

much easier to understand.356

q0 q1 · · · qn

(a, a) , a ∈ A

(ε, t1) (ε, t2) (ε, tn)

(b, ε)

This automaton decides R. �357

This next lemma shows how composition of rational relations helps us.358

{la:equal}
Lemma 4.2. Let S be a semigroup generated by the finite set A and let B = A ∪ {b},359

where b is an element of S not in A. Choosing w in A+ such that w = b, define R and Rr360

as in Lemma 4.1. Then the word problem SgWP(S, B) can be written in terms of R, Rr361

and SgWP(S, A) as follows:362

SgWP(S, B) = R ◦ SgWP(S, A) ◦ Rr.

If SgWP(S, A) is rational then so is SgWP(S, B).363

Proof. Note that for all u ∈ B∗ the equality u = Φ(u) holds. Therefore for all364

(v, w) ∈ A+ × A+365

(v, w) ∈ SgWP(S, B)⇔ (Φ(v), Φ(w)) ∈ SgWP(S, A) .

Also observe that for all (u, w) ∈ B+ × A+366

(u, w) ∈ R⇔ w = Φ(u)⇔ (w, u) ∈ Rr.
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Therefore367

(v, w) ∈ SgWP(S, B)
⇔ (v, Φ(v)) ∈ R, (Φ(w), w) ∈ Rr and (Φ(v), Φ(w)) ∈ SgWP(S, A)
⇔ ∃v′, w′ ∈ A∗ such that (v, v′) ∈ R, (w′, w) ∈ Rr and (v′, w′) ∈ SgWP(S, A)
⇔ (v, w) ∈ R ◦ SgWP(S, A) ◦ Rr.

It follows from Proposition 2.5 and Lemma 4.1 that if SgWP(S, A) is rational, then368

SgWP(S, B) is rational as well. �369

The preceding lemmas are tied together to form the following theorem.370
{thm:change_of_generators}

Theorem 4.3. Let S be a semigroup finitely generated by A such that SgWP(S, A) is371

rational.372 {thm:change_of_generators:1}
(1) If B := A∪{b} where b is an element of S not in A, then SgWP(S, B) is rational.373 {thm:change_of_generators:2}
(2) For the subsemigroup S′ generated by C := A\ {c} for any c ∈ A the word374

problem SgWP(S′, C) is rational.375

Proof. To prove (1), the relation SgWP(S, B) can be decomposed as shown in Lemma376

4.2 and is rational. For (2) assume A = 〈Q, A, A, q0, F, ∆〉 to be the asynchronous377

finite state automaton that decides SgWP(S, A), then by removing all transitions378

involving a results in a new automaton that decides SgWP(S′, C). �379

The promised results for this section are now corollaries of Theorem 4.3.380
{cor:fg_change_of_gens}

Corollary 4.4. Let S be a semigroup. If there exists a finite generating set A for S such381

that SgWP(S, A) is rational then for all finite generating sets B of S the set SgWP(S, B)382

is rational.383

Proof. If there is a generating set A such that SgWP(S, A) is rational and given any384

other generating set B for S, we add generators from B\A to A using Theorem 4.3385

(1). Then we remove everything in A\B by application of Theorem 4.3 (2). �386
{cor:fg_subsemigroups}

Corollary 4.5. Let S be a semigroup finitely generated by A and with SgWP(S, A) ra-387

tional. Then for every finitely generated subsemigroup T the word problem SgWP(T, A′)388

is rational.389

Proof. Given any finitely generated subsemigroup T of S, this follows from 4.3 by390

first adding a generating set for T to A and then removing superflous generators391

from the resulting set. �392

The preceding corollaries give us a means of proving non-rationality of the393

word problem of semigroups. For example, if a semigroup contains a free commu-394

tative semigroup of rank greater than one, it cannot have rational word problem.395

This leads into Section 6 in which we discuss structural properties of semigroups396

with rational word problem.397

5. CHANGE OF TYPE398
{sec:change_of_type}

In this section we will show that groups with rational word problem are finite,399

and that monoids have rational word problem regardless of whether they are gen-400

erated as a semigroup or a monoid.401

We show that using asynchronous finite state automata does not result in more402

power for groups: A group G with rational monoid word problem is still finite.403

We will extend this result further by showing that the group of units of a monoid404

is finite in Theorem 6.2 and by showing that in fact any group contained in a semi-405

group with rational word problem has to be finite in Theorem 6.3.406
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{thm:group_as_monoid_finite}
Theorem 5.1. Let G be group, generated by a finite set A as a monoid. Then the monoid407

word problem MonWP(G, A) is rational if and only if G is finite.408

Proof. If G is finite, it follows from Theorem 3.2 that the MonWP(G, A) is regular409

and thus rational.410

Suppose that G is an infinite group finitely generated by A and that A = 〈Q, A, A, q0, F, ∆〉411

an asynchronous finite state automaton that decides MonWP(G, A). Without loss412

of generality assume A to be accessible and co-accessible because any state not413

reachable from the initial state and every state from which no final state can be414

reached cannot occur in an accepting computation and can be removed without415

changing the accepted relation.416

Let (v1, w1) and (v2, w2) be two pairs of strings that induce computations γ1 :417

q0 →∗ q and γ2 : q0 →∗ q respectively for some fixed state q ∈ Q. The quotients418

w1
−1v1 and w2

−1v2 coincide, because q is co-accessible and there is a pair (s, t) that419

induces a computation δ : q →∗ q f to some accept state q f , because G is a group.420

Therefore v1.s = w1.t and v2.s = w2.t which after rearrangement yields421

w1
−1v1 = ts−1 = w2

−1v2.

In particular if there are computations γ1 : q0 →∗ q and γ2 : q0 →∗ q induced422

by (v1, ”ε”|v1|) and (v2, ”ε”|v2|) respectively then v1 = v2. Since G is infinite, there423

have to be two strings w1 and w2 such that w1 6= w2 and such that (w1, ”ε”|w1|) and424

(w2, ”ε”|w2|) induce computations γ1 : q0 →∗ q and γ2 : q0 →∗ q for some state q.425

This contradicts the choice of w1 and w2. �426

Moving from semigroup generation to monoid generation and vice versa is pos-427

sible for monoids without destroying rational word problem.428

Theorem 5.2. Let M be a finitely generated monoid and let A be a finite monoid gener-429

ating set for M. Let S = Sg 〈A〉 be the subsemigroup of M generated by A. Then the430

semigroup word-problem SgWP(S, A) is rational if and only if the monoid word-problem431

MonWP(M, A) is rational.432

Proof. Let M be a finitely generated monoid and let A be a finite monoid generat-433

ing set for M that does not contain the identity element of M and let S = Sg 〈A〉.434

Suppose that SgWP(S, A) is rational. The set435

E =
{

v ∈ A+ | v = e
}

,

where e is the identity element of M is regular, because if e ∈ Sg 〈A〉 then there436

is a string w over A with w = e and thus E is regular by Proposition 2.8, and if437

e 6∈ Sg 〈A〉 then E is empty. Therefore the set438

W = SgWP(S, A) ∪ (E× {ε}) ∪ ({ε} × E) ∪ {(ε, ε)}

is rational and in fact W = MonWP(M, A).439

Conversely, assume MonWP(M, A) is rational. We observe that440

SgWP(S, A) = MonWP(M, A) ∩
(

A+ × A+
)

.

It remains to be shown that the intersection on the left hand side is rational. For441

this we use that the intersection of a rational and a recogniseable subset of a442

monoid is rational. This result can be found in [Ber79]. Since MonWP(M, A ∪ {e})443

is rational and A+ × A+ as a subset of A∗ × A∗ is recogniseable, the result fol-444

lows. �445
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6. STRUCTURAL PROPERTIES446
{sec:structural_properties}

Having proven in Section 4 that SgWP(S, A) being rational is independent of447

the choice of A and thus a property of S, we want to establish structural results448

about such semigroups. We prove that semigroups with rational word problem449

cannot be periodic, monoids with rational word problem have finite group of units450

and that in fact all groups contained in a semigroup with rational word problem451

have to be finite.452

We first show that an infinite semigroup with rational word problem cannot be453

periodic.454
{thm:rat_not_periodic}

Theorem 6.1. Let S be an infinite semigroup with rational word problem. Then there is455

an element y such that the subsemigroup Sg 〈y〉 of S is infinite.456

Proof. Proposition 2.6 ensures existence of a regular language D that contains only457

finitely many representatives for each element of S. Since D is regular, Proposition458

2.3 implies the existence of a natural number n0 such that for every v in D with459

|v| > n0 there exists a factorisation of v into three substrings x, y and z, such that460

|y| ≥ 1, |x.y| < n0 and x.yi.z ∈ D for all i ∈ N. This means that the element y has461

to have infinite order. �462

For monoids an interesting submonoid is the group of units. A monoid with463

rational word problem can only contain a finite group of units as is shown in the464

following theorem.465
{thm:group_of_unity_finite}

Theorem 6.2. Let M be a finitely generated monoid and let U(M) denote the group of466

units of M. If M has rational word problem then U(M) is finite.467

Proof. Let M be a monoid generated by A with MonWP(M, A) rational and let468

C = M\U(M).469

Note that C is an ideal if and only if every right-invertible element is also left-470

invertible, if and only if every left-invertible element is right-invertible.471

If C is an ideal, then U(M) is finitely generated by U(M) ∩ A and has rational472

word problem by Corollary 4.5. This means that by Theorem 5.1, the group U(M)473

is finite.474

If C is not an ideal, we can pick a from C and and b in U(M) with the property475

that ab = 1 and ba 6= 1. By [CP61], Corollary 1.32 the submonoid of M that is476

generated by a and b is a bicyclic monoid. By Corollary 4.5 and Lemma 3.7 this477

cannot happen for a monoid with rational word problem. �478

The following theorem extends Theorem 6.2 to semigroups, stating that every479

group that is contained in a semigroup with rational word problem has to be finite.480

This is straightforward for groups that are finitely generated subsemigroups by481

Theorem 4.3.482
{thm:subgrp_rational_finite}

Theorem 6.3. Let S be a semigroup with rational word problem. Then all subsemigroups483

of S that are groups are finite.484

Proof. Let S be a semigroup finitely generated by A with rational word problem485

and assume there exists an infinite subsemigroup G of S that is a group. Let A be486

an asynchronous finite state automaton that decides SgWP(S, A) and let N be the487

number of states of A. Let e be the identity of G, let f be a string with f = e, and488

let n be the length of f .489

Since G is infinite, there exist g = w in G with the property that a shortest string490

w′ such that w f w′ = e has length greater than (n + 1)N + n.491
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The automaton accepts (w f w′, f ), therefore it has to go into a loop while read-492

ing a subword of w′ on the first and reading nothing on the second tape. This493

means that there are strings a, b and c with |b| ≥ 1 such that w′ = abc and494

(w f abic, f ) is accepted by the automaton for all i ∈ N, in particular (w f ac, f )495

is accepted by A. Therefore496

e = w f ac = geac
which implies497

g−1 = g−1geac = eeac = eac = f ac = f ac
in contradiction to the choice of w′ as a shortest string such that f w′ represents of498

g−1 of this form. �499

7. CONSTRUCTIONS500
{sec:constructions}

In this section we examine natural algebraic constructions or decompositions501

involving semigroups and show which of them preserve rational word problem.502

In particular we show that rational word problem is preserved under adding a503

zero element or an identity and that a semigroup that is a disjoint union of an504

infinite semigroup and a finite ideal has rational word problem if and only if the505

infinite semigroup has rational word problem.506
{thm:add_zero_one}

Theorem 7.1. Let S be a finitely generated semigroup. Then the following statements are507

equivalent.508{rational}
(1) S has rational word problem.509{add_zero}
(2) S0 has rational word problem.510{add_one}
(3) S1 has rational word problem.511

Proof. We only prove the equivalence of (1) and (3), the equivalence of (1) and (2)512

is a special case of Theorem 7.2.513

Let A = 〈Q, A, A, q0, F, ∆〉 be an asynchronous finite state automaton that de-514

cides SgWP(S, A).515

For S1 we add 1 to the set of generators. To form an automaton that decides516

SgWP
(
S1, A ∪ {1}

)
we add transitions (q, ε, 1, q) and (q, 1, ε, q) for all q ∈ Q.517

If S1 has rational word problem, we remove 1 from the generating set. By The-518

orem 4.3, S has rational word problem. �519

We show that an infinite semigroup that consists of a finite ideal and an infinite520

semigroup has rational word problem if and only if the infinite semigroup has521

rational word problem. In particular the equivalence of (1) and (2) in Theorem 7.1522

is a special case of Theorem 7.2.523
{thm:ideal}

Theorem 7.2. Let T = S∪ I be a finitely generated semigroup and assume I to be a finite524

ideal of T and S to be an infinite subsemigroup of T. Then S has rational word problem if525

and only if T has rational word problem.526

Proof. To show that S has rational word problem if T has rational word problem,527

let A be a finite generating set for T. The set B = A ∩ S generates S and therefore528

S has rational word problem by Theorem 4.3.529

Conversely, let S be finitely generated by B and let SgWP(S, B) be rational. De-530

note by lb for b ∈ B the map that maps every element i of I to bi and let531

ϕl : B→ TI , b 7→ lb,

where TI is the full transformation monoid of the set I. We denote concatenation532

for TI by ◦ for better readability, and α ◦ β for α and β in TI means that we first533
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apply β and then α. The map ϕl uniquely extends to a homomorphism ϕ from A∗534

to TI . Also note that since TI is finite, we may use it as a subset of the set of states535

in a finite state automaton.536

Let B = 〈Q, B, B, q0, F, ∆〉 be an asynchronous finite state automaton deciding537

the word problem for S with respect to the finite generating set B. The idea of the538

constructed automaton is as follows.539

Given two strings v and w over the generating set A of T, to decide whether540

v = w we can distinguish the following cases.541 {noneI}
(1) None of the two strings contain an element of I and both elements lie in S,542

or543 {oneI}
(2) precisely one string contains an element of I, or544 {bothI}
(3) both strings contain an element of I and both elements lie in I.545

To construct an automaton that decides the word problem of T we need three546

components that provide accepting runs for the cases (1) and (3), and for (2) we547

have to make sure that there is no run that accepts. For (1), we include the au-548

tomaton B, for (3) we use a direct product of two copies of TI that memorises549

left-transformations of I by S that are read on both tapes and a direct product of550

two copies of I to compare elements of I.551

For a formal construction consider the automaton552

A = 〈R, A, A, r0, G, Γ〉 ,

over the alphabet A = B ∪ I, with the set553

R = {r0} ∪ Q ∪ TI ×TI ∪ I × I,

of states and the following transition relation in which we denote by α and β el-554

ements of TI , by i and j elements of I, by x and y elements of B and by a and b555

elements of A,556

Γ = {(r0, ε, ε, q0)} ∪ {(r0, ε, ε, (id, id))}
∪ ∆
∪ {((α, β), x, ε, (α ◦ (ϕl x), β)) | x ∈ B}
∪ {((α, β), ε, y, (α, β ◦ (ϕly))) | y ∈ B}
∪ {((α, β), a, b, (αa, βb) | a, b ∈ I}
∪ {((i, j), a, ε, (ia, j)) | a ∈ A}
∪ {((i, j), ε, b, (i, jb)) | b ∈ A} .

The set G of accept states is F ∪ {(i, i) | i ∈ I}.557

To prove correctness we show that (v, w) is accepted by A if and only if v = w.558

Assume that a pair (v, w) is accepted by A. This means there is an accepting559

computation γ of A on (v, w). If the computation has the form560

γ : r0
(ε,ε)−−−−−→ q0

(v,w)−−−−−→
∗

q ∈ F,

we are in case (1). By assumption B decides SgWP(S, B), and therefore v = w.561

If γ has the form562

γ : r0
(ε,ε)−−−−−→ (id, id)

(v,w)−−−−−→
∗
(i, i)

for some i in I, we are in case (3) and by construction v = w because they represent563

equal elements of I.564

Conversely assume v = w in T. In case (1) there is an accepting computation on
B by assumption, and thus an accepting computation on A exists by construction.
In case (3) we can decompose v and w as v = v1av2 and w = w1bw2, where v1 and
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w1 are elements of B∗, a and b are elements of I and v2 and w2 are elements of A∗.
By construction of A the following computation of A on (v, w) exists:

γ : r0
(ε,ε)−−−−−→(id, id)

(v1,w1)−−−−−→ (ϕlv1, ϕlw1)
(a,b)−−−−−→ ((ϕlv1)a, (ϕlw1)b)

(v2,w2)−−−−−→((ϕlv1)a)v2, ((ϕlw1)b)w2).

What is left to show is that (ϕrv2)(ϕlv1)a = (ϕrw2)(ϕlw1)b.565

((ϕlv1)a)v2 = v1av2 = v1av2 = v = w = w1bw2 = w1bw2 = ((ϕlw1)b)w2

�566

8. PRODUCTS567
{sec:products}

In this section we examine products of semigroups with rational word prob-568

lem. The direct product of two semigroups with rational word problem does not569

have rational word problem in general, even if we assume the direct product to570

be finitely generated. This can most easily be seen by considering N0 ×N0 which571

does not have rational word problem by 3.6.572

It has been shown in [RRW98] that for two finitely generated semigroups S and573

T the direct product S× T of S and T is finitely generated if and only if one of the574

following conditions is true.575

(1) S and T are finite,576

(2) S is finite and S2 = S,577

(3) T is finite and T2 = T, or578

(4) S2 = S and T2 = T.579

Following an example which can be found in Remark 7.5 of [RRW98] we con-580

sider a finitely generated infinite semigroup S with rational word problem that has581

the property S2 = S, effectively enabling us to form the finitely generated infinite582

semigroup S× S.583

Example 8.1. Let S be given by the presentation584

S = Sg
〈

a, b | a2 = a, ba = b
〉

.

The semigroup S is infinite, finitely generated and has rational word problem. The direct585

product S× S is finitely generated but does not have rational word problem.586

There is an easily described set of representatives of elements of S consisting of587

non-empty strings of the form ”a”α”b”β for α ∈ {0, 1} and β ∈N.588

Consider the automaton A depicted in Figure 1. We prove that two non-empty589

strings v and w over {a, b} are accepted by A if and only if v = w.590

Let v and w be two non-empty strings such that v = w. Then either both begin591

with a or they both begin with b. In either case the automaton ends up in a final592

state after reading the first character of both strings. After that, both strings can593

contain any number of as as long as there is an equal number of bs in both strings.594

The automaton can just skip occurrences of a until it reaches a b on each tape which595

it can read then. Now consider T = S × S. Following [RRW98], the resulting596

semigroup T is finitely generated and finitely presented. A generating set is for597

example598

B = {(a, a), (a, b), (b, a), (b, b)} .

The elements (b2, b) and (b, b2) generate a free commutative semigroup of rank 2599

in T and therefore by Theorem 4.3 T does not have rational word problem.600
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q0

q1

q2

(a, a)

(b, b)

(a, ε) , (ε, a)

(b, b)

(b, b) , (a, ε) , (ε, a)

FIGURE 1. Asynchronous finite state automaton A that decides
SgWP(S, {a, b}) for S = Sg

〈
{a, b} | a2 = a, ba = b

〉
.{fig:directproductexample}

The following theorems characterise how rational word problem behaves under601

direct products. Given a direct product of two semigroups with rational word602

problem, it follows that the factors have rational word problem. Conversely, the603

direct product of two semigroups with rational word problem gives a semigroup604

with rational word problem only if the direct product is finitely generated and one605

of the factors is finite.606
{thm:dirprod_rat_wp}

Theorem 8.2. Let S and T be semigroups. If S× T is finitely generated and has rational607

word problem, then S and T are finitely generated and have rational word problem.608

Proof. It is sufficient to prove the statement for S. Assume S× T to be generated609

by the finite set C. Applying the projection610

πS : S× T → S, (s, t) 7→ s,

to C gives the finite generating set πS(C) for S.611

Assume that S× T has rational word problem and that612

A = 〈Q, A, A, q0, F, ∆〉
is an asynchronous finite state automaton that decides SgWP(S× T, A). The fol-613

lowing automaton then decides SgWP(S, πS(A)).614

A′ =
〈

Q, πS(A), πS(A), q0, F, ∆′
〉

,

where615

∆′ = {(p, πSa, πSb, q) | (p, a, b, q) ∈ ∆} .
�616

{lem:finite_infinite}
Lemma 8.3. Let S be a finite semigroup and T be a finitely generated semigroup with ra-617

tional word problem. If S× T is finitely generated, then S× T has rational word problem.618

Proof. Let C be a finite generating set for S × T. We denote by πS and πT the619

projections from S× T onto S and T respectively.620

Since T has rational word problem there is an asynchronous finite state automa-621

ton622

B = 〈R, πT(C), πT(C), r0, G, Γ〉
that decides SgWP(T, πT(C)).623

The automaton C that decides SgWP(S× T, C) can then be given as follows.624

C =
〈

S1 × S1 × R, C, C, (1, 1, r0), H, Π
〉

,
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where625

H = {(s, s, g) | s ∈ S, g ∈ G} ,

and the transition relation Π is given as626

Π = {[(s, t, q), c, d, (s · πS(c), t · πS(d), r)] | (q, πT(c), πT(d), r) ∈ Γ}
∪ {[(s, t, q), ε, d, (s, t · πS(d), r)] | (q, πT(c), πT(d), r) ∈ Γ}
∪ {[(s, t, q), c, ε, (s · πS(c), t, r)] | (q, πT(c), πT(d), r) ∈ Γ}
∪ {[(s, t, q), ε, ε, (s, t, r)] | (q, πT(c), πT(d), r) ∈ Γ} .

We show that (v, w) is accepted by C if and only if v = w. Let C accept the pair627

(v, w) in C+. Then, by construction, there exists an accepting computation on B,628

thus πT(v) = πT(w). Also by contruction πS(v) = πS(w).629

Now let v = w. In particular πT(v) = πT(w), and hence there exists an accept-630

ing run of B. One can immediately find a run on C by lifting this run from B to C.631

Since also πS(v) = πT(w) the lifted run is accepting. �632

{lem:infinite_infinite}
Lemma 8.4. Let S and T be finitely generated infinite semigroups with rational word633

problem. Then S× T contains a free commutative semigroup of rank 2.634

Proof. By Theorem 6.1 there are elements s in S and t in T that generate infinite635

monogenic subsemigroups in S and T respectively. The elements (s2, t) and (s, t2)636

generate a free commutative semigroup of rank 2 in S × T. Theorem 4.3 now637

implies that S× T cannot have rational word problem. �638

We summarise the above in the following theorem.639

Theorem 8.5. Let S and T be two semigroups such that S× T is finitely generated. Then640

S× T has rational word problem if and only if at least one of S or T is finite.641

Proof. If S× T has rational word problem, then Theorem 8.2 implies that S and T642

have rational word problem.643

Conversely, if both S and T are finite then the direct product S× T is finite and644

therefore has rational word problem. If S is finite and T is infinite or vice versa, we645

use Lemma 8.3. Finally, if both S and T are infinite Lemma 8.4 proves that S× T646

does not have rational word problem. �647

Inductively it follows that any finite direct product S1× · · · × Sn of semigroups648

has rational word problem if and only if it is finitely generated and there is at most649

one Si that is infinite and has rational word problem.650

Rational word problem is not preserved under monoid free products. Consider651

the cyclic group C2. The monoid free product of two copies of C2 is an infinite652

group. But infinite groups do not have rational word problem by Theorem 5.1.653

Thus monoid free products even of finite monoids with rational word problem do654

not necessarily have rational word problem. The situation is different for semi-655

group free products.656

Theorem 8.6. Let S and T be two semigroups generated by finite sets A and B respec-657

tively. The semigroup free product S ? T has rational word problem if and only if S and T658

have rational word problem.659

Proof. Let S and T be semigroups with rational word problem and let A be an660

asynchronous automaton that decides SgWP(S, A), and B be an asynchronous au-661

tomaton that decides SgWP(T, B). An automaton that decides SgWP(S ∗ T, A ∪ B)662

can be constructed by using both A and B and adding a new initial state q0 and663
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(ε, ε) transitions from q0 to the initial states of A and B as well as from the accept664

states of both automata to q0.665

The converse follows directly from Theorem 4.3. �666

Another product construction that is possible for semigroups is the zero union667

of two semigroups. We define the zero union as follows.668

Definition 8.7. Let U be a semigroup with zero. If there exist subsemigroups S and T of669

U such that S ∩ T = {} and T = S ∪U and st = 0 = ts for all s ∈ S and t ∈ T then U670

is a zero union of S and T, denoted by S ∪0 T.671

Note that S∪0 T is finitely generated if and only if S and T are finitely generated.672

A generating set for S can be obtained from a generating set C for S ∪0 T by the673

intersecting C with S, a generating set for T can be obtained by intersecting C with674

T. Given generating sets for S and T the union of those generating sets together675

with the zero element gives a generating set for S ∪0 T. Rational word problem is676

preserved under zero union.677

Theorem 8.8. Let U be a finitely generated semigroup that is a zero union of two subsemi-678

groups S and T. Then U has rational word problem if and only if S and T have rational679

word problem.680

Proof. If U = S∪0 T has rational word problem, then S and T are finitely generated681

subsemigroups of U and therefore have rational word problem by Theorem 4.3.682

Conversely let C be a generating set for U. Let A = C ∩ S and let B = C ∩683

T be generating sets for S and T respectively and assume that SgWP(S, A) and684

SgWP(T, B) are rational.685

Additionally we observe that the set686

Z =
{

v ∈ C+ | v = 0
}

,

is regular and hence Z× Z is rational. We show that687

SgWP(S ∪0 T, C) = SgWP(S, A) ∪ SgWP(T, B) ∪ (Z× Z) .

Let (v, w) be in SgWP(S ∪0 T, C), which is the case if and only if v = w and we688

distinguish three cases689

(1) v is a non-zero element of S,690

(2) v is a non-zero element of T, or691

(3) v is zero.692

In the first two cases (v, w) is contained in the right hand side, because it is either693

contained in SgWP(S, A) or in SgWP(T, B) respectively. A string v over C repre-694

sents the zero element of S ∪0 T if and only if it is contained in Z, thus if v = 0695

then (v, w) is contained in Z× Z. �696

9. REMARKS AND OUTLOOK697
{sec:remarks_and_outlook}

This section aims at giving reference to further research questions which are698

outside the scope of this paper.699

Obviously a semigroup with rational word problem has decidable word prob-700

lem and it is undecidable whether a given finitely generated semigroup has ra-701

tional word problem because then it would be decidable whether a given finitely702

generated semigroup was trivial, because it can be easily checked whether a semi-703

group with rational word problem is trivial. One interesting project is to find an704

algorithm that, given a presentation of a monoid finds an automaton that decides705

the word problem if it exists.706
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Once one has characterised all semigroups with rational word problem, one707

also has classified all rational congruences. This is because the word problem of708

a semigroup S finitely generated by a subset A is the kernel of the canonical map709

: A+ → S, and every rational congruence is the kernel of such a map. An open710

question that is tied to this is whether rational equivalence relations have regular711

cross sections, that is can we find a regular set of unique representatives for each712

equivalence class or even a finite state automaton that computes for any given713

word this normal form. This problem was investigated in [Joh85] and to this day714

was not solved.715

Further research will aim at finding a full characterisation of all semigroups716

with rational word problem, extending the notion of rational word problem to in-717

tersections of rational relations as well as giving a better picture of the relationship718

between different definitions of word problem and different automaton models719

that decide those word problems. This will provide a more complete picture of720

the complexity of word problems that arise. In connection to the structure theory721

of semigroups, there are questions to be asked about Green’s relations. For ex-722

ample are Green’s relations rational for semigroups with rational word problem?723

How many R− or L−classes can a semigroup with rational word problem have?724

Are all H classes of such semigroups finite?725

A further direction of research is connections to geometric semigroup theory726

because there is an interesting connection between the theory of automatic groups727

and geometric group theory as described in [EPC+92] it should be determined in728

how far there might be a connection of this type for the theory presented in this729

paper.730

10. CONCLUSION731

We have introduced a natural class of finitely generated semigroups with the732

property that the word problem is decidable by an asynchronous finite state au-733

tomaton. We showed this property to be independent of the generating set and734

then also showed behaviour of the property under a few basic constructions. Also735

it was shown that all finite groups are contained in this class but no infinite ones.736

There are some very simple infinite semigroups with rational word problem.737

We were not yet able to achieve a full characterisation of all semigroups with738

rational word problem. This is due to the fact that there is no nice decomposition739

theory for semigroups, but this goal seems to be achieveable. It is also desirable to740

develop this theory with less ad-hoc proofs for the automata theoretic theorems.741
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