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ABSTRACT

We describe an algorithm for finding a canonical image of
a set of points under the action of a permutation group.
Specifically if we order images by sorting them and ordering
the resulting sequences lexicographically, we find the first
image. This has applications to combinatorial and other
search problems, allowing isomorphic results to be elimi-
nated more efficiently.

We give worst-case asymptotic running time estimates
and practical results obtained with a GAP implementation.
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1. INTRODUCTION

Many combinatorial and other problems of interest [10,
1] reduce to finding all inequivalent subsets of the domain
of some permutation group with a specified property. Here
equivalence of two subsets simply means that there exists an
element of group mapping one to the other as a set. Typi-
cally such problems are addressed using depth-first search,
modified to avoid some parts of the search tree which are
known to be equivalent to parts not avoided. Often however,
it is not possible, or too expensive, to ensure that the search
produces no pairs of equivalent sets. It may therefore be
necessary to perform a final pass to reduce the list strictly
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to a set of equivalence class representatives. This process is
called isomorph rejection.

Effective algorithms exist [3, 4], to test whether two sets
are equivalent (although this problem is polynomially equiv-
alent to graph isomorphism [5], so polynomial worst-case
running time is not to be expected), however using these
to perform isomorph rejection on a collection of n sets in-
volves O(n2) equivalence tests. The algorithm in this paper
determines the minimal set equivalent to a given set, in the
ordering given by first sorting the sets into increasing or-
der and then comparing them lexicographically. It seems
to run in a time practically comparable to that required for
a single equivalence test and allows isomorph rejection on
a collection of n sets in using O(n) calls to this algorithm,
plus O(nlogn) comparisons of sequences, a dramatic im-
provement.

The algorithm of this paper has been implemented in GAP
[2] and will be included in a forthcoming version of the
GRAPE [9] share package. An implementation of it can
also be obtained from the deposited contributions section of
the GAP web site www.gap-system.org.

2. STANDARD ALGORITHMS

We refer to [6] for standard results and algorithms for
computing with permutation groups. We especially use the
existence of the stabilizer chain data structure, which rep-
resents a chain of subgroups

G:G0>G1>”'G[:<()>

where each G; is the stabilizer in G;_; of a single base point
b;. The cosets of G; in G;_1 are thus in bijection with the

basic orbit b ' and the product of the lengths of the basic
orbits is |G|. The data structure also involves a fixed set of
permutations which includes generators for all the G;, the
strong generating set, and allows one to find very efficiently a
word in the strong generators representing an element of the
coset G;g for any g € G;—1, equivalently a word representing
an element mapping any point in the ith basic orbit to b;.
Theorem 4.5.5, of [6], essentially tells us that, provided
that we either know |G| a priori or are prepared to tolerate
a small error probability, and that G is given by a reasonably
small generating set, then we can construct a stabilizer chain
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encoded in this structure have length at most O(logn), and
the number of generators constructed for each G; is also at
most O(logn).



Also important for our purposes in the change of base
algorithm, described in section 5.4 of [6], which allows one
to compute a stabilizer chain corresponding to a different
sequence b} given a stabilizer chain for b;. This runs in time
O(n(logn)?(log |G])2).

Finally, we refer to section 9.2 of [6], for an outline of the
partition backtrack algorithm for finding a set stabilizer or
testing equivalence of sets under a permutation group, which
is described in detail in [4] and [3].

3. THE BASIC ALGORITHM
3.1 Outline

We assume that we are given (generating permutations
for) a group G, acting on a finite set Q of size n and a
subset A of Q of size k.

The basic algorithm proceeds iteratively in k iterations.

At iteration ¢, we determine the initial length i subset
M; of the smallest setwise image of A, which, crucially, is
simply the lexicographically smallest sequence of length i
onto which any sequence of i elements of A can be mapped.

In addition, at each iteration, we find all length i se-
quences I' of elements of A which can be mapped onto M;,
which we call candidates. The ith iterative step then exam-
ines each candidate I' emerging from the previous step to
see what extended sequences I :: § can be mapped to a new
global minimum image M;.

This is essentially a breadth-first search technique. This
has the advantage for this problem, compared to the more
usual depth-first approach, that, at each iteration, we can
definitively recognise the global optimum partial solution,
and eliminate branches of the search tree which do not lead
to it. It has the disadvantage that a great deal of storage
may be required to record all the search nodes (candidates)
at a given depth, before going on to the next depth. As we
shall see below, this does not seem to be a major problem
in practice. If necessary, an approach such as iterative deep-
ening could be used to reduce storage requirements at some
cost in run time.

3.2 The Algorithm in Detall

We fix an ordering of A so that A = [d1,...,dx] as a
sequence. We denote the set {1...k} by I. Given any se-
quence J = [j1, j2, - - ., jm]| of elements of I, we write A; for
the sequence [0, .. .,d;,.]. We write J for I\ J when J is
a subset of I. We write S :: x for the sequence obtained by
appending z to the sequence S.

We define a candidate record R as consisting of Jr a
duplicate-free sequence of elements of I, and a sequence
Dr = AY where g is some element such that AQJR = M.
We write R as an ordered pair (Jr, Dr). We define the
depth of a record R to be |Jr|.

As an example, consider the cyclic group Cig in its natural
action on = {1,...,10} and take A = [1,7] and 7 = 1.
Then M; = [1] and the set of candidates of depth one is

£ (17D, (21, [5, 1)

In this, case, this set of candidates is actually unique,
because Cig is sharply 1-transitive. In general, there will
be some ambiguity in the choice of Dr for some or all R,
corresponding to choice of g in the definition of Dr. This
causes no problem for our algorithm.

Each iterative step of the algorithm will take a list of
candidate records of depth i — 1 and produce a new list of
candidate records of depth 7. The step also determines M;
and G; = Stabg(M;) (where the stabilizer is taken sequence-
wise).

We can now state the basic algorithm.

ALGORITHM 1.

1. Set Cands to [([], A)]
2. Set Gg to G
3. Set Mo to []

4. If one is not already known, compute a stabilizer chain
for Go

5. Fori from 1 to k do

(a) Setm=n+1
(b) For each R € Cands.
i. Compute the smallest element mpr in the orbit
of any x € (Dr)y;; under Gi—1.
i. if mr < m then set Pass to [R], and m to
MR
1. if mr = m then add R to Pass.
(c) Set M; to M;—1 ::m

(d) Change the base of the stabilizer chain of Gi—1 so
that m is the first base point. G; is therefore the
first stabilizer in the chain.

(e) Set Cands to []
(f) For each R in Pass.

i. For each x € Dr NmSi—1

A. Let g be an element of G;—1 mapping x
tom

B. Let j be the index of x in Dgr
C. Add (Jr :: §,D%) to Cands

6. Return M.

REMARK 2. There are a number of points to note about
this algorithm:

e On the final pass, when i = k, we can stop the compu-
tation after step 5c, since we will have computed Mjy,.

e The element g defined in step 5(f)iA need not actually
be computed. Using the stabilizer chain data structure
for Gi—1 we can compute a word for g in the generators
of Gi—1 and apply this to Dr as a sequence without
actually multiplying permutations.

e All of the base change computations can be done within
a single stabilizer chain data structure for G, which
will eventually have My as an initial subsequence of
its basis. No separate permutation groups need to be
computed explicitly.

o If at any iteration we find that G;—1 is trivial, then M,
will simply be smallest of the Dr for R € Cands.



3.3 Proof of Correctness

It is clear that the algorithm terminates and returns a set
in the orbit of A. To prove that this is the lexicographically
smallest such set, we need

LEmMA 3. With the notation established above, let J be
a length i sequence of elements of I such that there exists
g € G with A% = M,;. After the ith iteration of the outer
loop in algorithm 1, Cands will contain a record R with
Jr=J.

Proor. This is proved by induction on i. The base case,
¢ =0 is clear, since [] is the only possible J.

Otherwise suppose the lemma holds for ¢ — 1. Let J be
a sequence as in the lemma and g the corresponding group
element, and let J = J’ :: j. Then since J'9 = M;_1 there
must be an R’ in Cands after step i — 1 with Jr/ = J'.

Let ¢’ be such that Dp = A9

Now g'ilg fixes M;_1 as a sequence, and so lies in G;_1.
But, 53’-’, = (Dg); € (D)7 and (5]’7,)9’719 =4y = my, so
that after R’ has been processed in step 5(b)i, m will be set
to m; and R’ will be in Pass. Furthermore, since m does
not change in processing any later candidate, R’ will still be
in Pass at the completion of step 5b.

Now when we come to step 5(f)i, we see by the same

calculation that 535/ is certainly in D/ Nm &~ and so there

will be a pass through this loop with z = 6;?/, which will
certainly add to Cands a record R with Jg = J. This
completes the induction and proves the lemma. []

Now we can prove

THEOREM 4. Algorithm 1 computes the lexicographically
earliest image of A under the setwise action of G.

PROOF. Suppose that there exists I' = AY which is lexico-
graphically smaller (when sorted) than Mj. Specifically, let
' =[y1,...,7] (inincreasing order) and My = [mq, ..., mg]
(also in increasing order by construction). Let 7 be a per-
mutation of {1...k} such that v; = 7 for each j.

Let i be such that v; = m; for all j <4 and v; < m;.

Then, by lemma 3, we know that there will be a can-
didate record R after pass ¢ — 1 such that Jg = M;—1 =
[v1,---57i-1]. Let Dr = A9, As above, g'ilg € Gi-,
65’; € (Dr)7;- Now (65;)9/719 = 7; < m;, But now, when
record R is considered, at step 5(b)i, m will be set to 7,
and can then never be increased to m; which is defined to
be its final value, a contradiction. [

EXAMPLE 5. Let G be Sy acting on unordered pairs of
points, ordered lexicographically. We write ab (where a < b)
for the unordered pair {a,b}.

Let A be [36,25,34, 55,67].

e When i =1, Cands is initially [([], [36, 25, 34, 55, 67])]

The smallest G-image of any point of A is 11 which
can be reached as an image of 55.

Thus, on this iteration, m = 11, Pass = Cands, and
G = Stabc(l) ~ Sg

In the second loop, we find that only 55 can be mapped
tom, and g can be taken to be (1,5), thus we set Cands
to [([4],[36, 12,34, 11, 67))]

o When i = 2, there is just one candidate record R and
the smallest image of any element of (Dr)y; is 12
So, m =12, Pass = [R] and G2 = Stabg([1,2]) = S7

In the second loop, only one element of (DR)K can be
mapped onto 12, namely 12 itself, say by the identity
permutation, so we set Cands to

[([4,2],[36,12,34,11,67])]

o When i = 3, there is again just one candidate record
R and the smallest image of any element of (DR)7R s
34
So, m = 34, Pass = [R] and

Gg = Sta.b(;([l, 2], {3,4}) = S5 X Sa

In the second loop, however, all three of 34, 36 and
67 can be mapped onto 34, by, say, (), (4,5,6) and
(3,7,4,6) respectively. So we set Cands to

[([4,2,1],[34,12, 36,11, 67]),

([4,2,3],[35,12,34,11,47)),
([4,2,5],[37,12,67,11, 34])]

e When i = 4, there are three candidate records, which
we denote R1, Ra and Rs.

In the first loop, we find the minimal image of any
point of any (DR)7R to be 35 and this image is achieved
at least once for each R

So, m = 35, Pass = [R1, Ra, R3] and
G4 = Stabg([1,2,3,4,5]) 2 S,
In the second loop, we find that Ri, Rs and Rs con-

tribute 1, 2 and 1 entry to the new Cands respectively,
which becomes

[(]4,2,1,3],[34,12,35,11,57]),

1 )
([4,2,3,1],[35,12, 34,11, 47)),
([4,2,3,5],[47,12,34,11, 35]),
([4,2,5,1],[35,12, 56,11, 34])
e [Finally, when i = 5, we have these four candidate
records Ri,...Ra and in the first loop, examining R

we see that 57 can be mapped to 56, which initially be-
comes m, and Ry is added to Pass. Eramining Ra,
however, we find that 47 can be mapped to 46, so we
change m and reset Pass to [R2]. Eramining R3 we
see that once again 47 can be mapped to 46, so that
we add Rs to Pass. Finally R4 is not added to Pass,
since 56 cannot be mapped to anything as small as 46.

So, m = 46, and we can stop, concluding that the
smallest image of A is {11,12,34, 35,46}.

REMARK 6. The last step of this example demonstrates
a possible optimisation, which we call “pruning”. It can
happen that two candidate records R and R’ have (DR)7,.
equal to (D%‘)TR as sets. In this case R’ can be ignored,

since any My eventually arising from considering R’ will
also arise by considering R. In practice this optimisation
rarely seems to be worth the overhead involved in applying
it, except in cases when the advanced algorithm is in any
event better.



3.4 Complexity Analysis

The work of the computation can essentially be divided
into four parts

e The initial computation of a stabilizer chain for G.
In most applications this will be known anyway, since
G will be the overall symmetry group of the problem,
and so this work need not be accounted to the smallest
image algorithm. When this is not the case, it can be
computed in ......

e k calls to the base change algorithm to modify the
stabilizer chain of GG. Each takes time .....

In the context of isomorph rejection, the algorithm
will often be called twice in succession with sets in the
same orbit. In this case, the second call will not need
to change the stabilizer chain.

e Computing orbits under G;_1. The calculation can be
arranged so that each orbit is computed at most once.
Furthermore G;_1 has at most O((logn)®) generators,
so this work thus takes time at most O(n(logn)°) on
each pass, or O(kn(logn)°) in total.

e Work on the candidates. The processing of each candi-
date takes time O(k(logn)) since for each candidate,
we need to compute the image of a sequence of &k points
under a word which can be shown to have length at
most O((logn)®). The other work on each candidate
is dominated by this.

The first three of these parts give very satisfactory esti-
mates. This leaves the problem of bounding the number of
candidates at each iteration. Three bounds can be easily
seen:

o At iteration ¢ there can be at most k!/d! distinct Js

e At iteration i there can be at most (k"_l) distinct

Ds, so provided we use the pruning optimization, this
limits the number of candidates

e At any iteration there can be at most |G| candidates.

While it is perfectly possible that each of these will ap-
ply at different steps in the same computation, and experi-
ment suggests that the actual number of candidates is much
smaller, if you sum each of these over ¢ you obtain:

e A total of O(k!)
e A total of O(n*) or O(2™) whichever is smaller
o A total of k|G|

for the total number of candidates to be considered.

For different assumptions about the relative growth of
n, k and |G| these facts can be combined to obtain vari-
ous asymptotic overall worst-case complexities for the algo-
rithm. In particular

e if k = O(logn) which is realistic for some families of
problems, then log(k!) = O(klogk) so running time is
O(n°'°81°e ™) which is very close to polynomial.

e Even when k is close to n, the running time is still
exponentially bounded.

e Finally if |G| grows polynomially in n then the running
time is polynomial in n for any k.

4. ADVANCED ALGORITHM

One situation in which the basic algorithm performs very
badly is when the setwise stabilizer of A induces a large
permutation group on A. In this case, if any sequence X
of elements of A can be mapped onto a sequence M, then
so can all sequences in the orbit of X under this group,
which thus has an action on the set of candidates after each
iteration of algorithm 1. All but one of the candidates in an
orbit under this action will be redundant for the purposes
of this problem.

We can modify the algorithm to avoid computing some of
these redundant candidates, at the cost of some extra group
theoretic computation. This gives a big speed-up in some
difficult cases, but can slow the algorithm down in simple
cases.

We take as an additional input to the algorithm H, a sub-
group of the action of the setwise stabilizer Ga on A. One
possibility is to simply compute Ga using partition back-
track as part of the initialization of the algorithm, but this
is not always a good choice, as the time for this computation
can overwhelm the saving made later.

We extend our definition of a candidate record R, adding
a field Hr which is a subgroup of the sequence stabilizer
StabH(JR).

ALGORITHM 7. The advanced algorithm differs from the
basic algorithm in just two places:

o At step 5(f)i, we take a set A of orbit representatives

of the action of Hr on Jr and loop only over (Dg)aN
Gi_1
m .

o In step 5(f)iC add the point stabilizer Stabg, () as a
third field in the new candidate record being constructed

We prove this algorithm correct in the same way as the
basic algorithm. In this case, the appropriate algorithm of
lemma 3 is:

LEMMA 8. With the notation established above, let J be
a length i sequence of elements of I such that there exists
g € G with A% = M,;. After the ith iteration of the outer
loop in algorithm 1, Cands will contain a record R such that
there exists h € H such that J% = J.

ProOF. This is proved by induction on i. The base case,
¢ = 0 is clear, since [] is the only possible J and h = ()
suffices.

Otherwise suppose the lemma holds for ¢ — 1. Let J be
a sequence as in the lemma and ¢ the corresponding group
element, and let J = J’ :: 5. Then since J'9 = M;_1 there
must be an R’ in Cands after step i — 1 and h € H with
Jr =J.

Let ¢’ be such that Dg = A9 and let a be an element
of g stabilizing A as a set and affording the permutation h
there.

Now g'ilag fixes M;_1 as a sequence, and so lies in G;_1.
But, 6¢ = (Dpr); € (Djp)yr and (55;,1)9”1a9 =87 = m,,

so that after R’ has been processed in step 5(b)i, m will be
set to m; and R’ will be in Pass. Furthermore, since m does
not change in processing any later candidate, R’ will still be
in Pass at the completion of step 5b.

Now when we come to step 5(f)i, we see by the same

!
calculation that 5’fh_1 is certainly in Dg N m% -1, and, in
J



fact, so is any 57 for any h' € Stabp(Jg/). There will

h—1pt
thus be a pass through this loop corresponding to the orbit
-1
of 5 under Hj, which will add an entry R to the new list

Cands. Now Jg will be Jg = 5" % so JE P = J. This
completes the induction and proves the lemma. []

Now we can prove:

THEOREM 9. Algorithm 7 computes the minimal image
of A under G.

PROOF. Suppose that there exists I' = A which is lexico-
graphically smaller (when sorted) than M. Specifically, let
I'=[y,...,7] (in increasing order) and My, = [ma, ..., mg]
(also in increasing order by construction). Let 7 be a per-
mutation of {1...k} such that v; = §7_ for each j.

Let ¢ be such that v; = m; for all j <4 and v; < m;.

Then, by lemma 3, we know that there will be a can-
didate record R after pass ¢ — 1 and h € H such that
J}}% = Mi_1 = [")/1,...,’}/1‘_1]. Let DR = Agl. Let a be an
element of G affording h on A. As above, ¢ ‘'ag € Gi_1,
5f;h,1 c (DR)E' Now (657;,171)9/71(19 = v; < m;, But now,
when record R is considered, at step 5(b)i, m will be set to
vi, and can then never be increased to m; which is defined
to be its final value, a contradiction.

O

5. IMPLEMENTATION ISSUES

The algorithm has been implemented in GAP version 4.3.
The standard GAP functions for computing stabilizer chains
and doing base changes were used. In step 5(b)i we need to
run through a possibly long list of candidates and find the
smallest point to which any relevant point of any of them can
be mapped under a group. This involves computing orbits
under the group, finding the minimal point in each orbit, and
being able to recognise quickly which orbit a point is in. To
do this, we compute an array of length n which records for
each point the number of the orbit it is in, or a special value
indicating that that orbit has not been constructed yet. A
second array records the smallest point in each orbit, which
can be recorded while the orbit being constructed. Using
this array, each orbit is constructed at most once, unneeded
orbits are never constructed and the minimal element in the
orbit containing a point can be identified in constant time.

Like any breadth-first search, the space required to store
the search nodes (candidate records in this case) is a signif-
icant constraint. We first observe that each node uses only
O(k) space (not O(n)), as no permutations of Q are stored
in the candidate record. Additionally, the candidate records
at each level are constructed and read sequentially, so they
could be efficiently stored on secondary storage if necessary.
Alternatively, as remarked, an iterative deepening approach
could be used, finding the correct value of M; using a search
limited to depth ¢ and then using that to prune a depth-first
search to depth ¢ + 1 to find m;y+1. This would be slower,
especially in easy cases, since much work is repeated, but
would use vastly less memory.

6. BENCHMARKS

Table 1: Results of Random Examples

n m k T T> | no prune prune
20 7 5| 10s 34s | 1009/524 1055/504
20 7 10| 13s | 10.5s | 1314/857 | 1430/876
20 7 20| 13s 9.5s | 1306/1103 | 1255/1057
20 7 40| 12s 10s | 1690/1568 | 1781/1593
25 5 5 9s 58s 705/583 671/442
25 5 10| 10s 19s | 1119/823 | 1240/851
25 5 20 9s 9.5s | 1342/1230 | 1605/1236
25 5 40| 11s 8s | 2533/2431 | 2818/2611
18 9 5 3s 14s 387/283 420/301
18 9 10 3s | 4.5s | 697/482 623/475
18 9 20 | 3.5s 3.5s 686/652 665/639
18 9 40 4s | 3.5s | 951/790 846/806

6.1 Random Examples

Given integers n, m and k, we take the action of S,, on
m-sets (in a random order) and compute minimal images
of random sets of k points in this action. It turns out that
such sets almost never have non-trivial action of the set sta-
bilizer on the set, so there is no point in using the advanced
algorithm. We include here the times to compute the set
stabilizer for comparison with this algorithm, and as an in-
dication of the penalty that would be incurred by computing
the set stabilizer in order to use the advanced algorithm.

We record in table 1 the average time 77 to compute an
initial stabilizer chain for S,, in this action, the average time
T> to compute the stabilizer of a size k set A, and the average
times for the first and second runs (the second run avoids the
base change operations), displayed as time for first run/time
for second run of the two variants of the algorithm:

The averages are taken over 16 runs with different ran-
domly chosen A and different orderings of the collection of
m-sets. Times are in milliseconds unless marked “s” for sec-
onds and were measured on a 1GHz Pentium III using GAP
4.4.

6.2 A special set of points

In the vector space F3 there is just one orbit of maximal
collections of vectors containing no three vectors summing to
zero, each of which contains 20 vectors, (which can be taken
as the non-zero norm zero vectors under a quadratic form of
minus type). The natural group acting on this problem is the
affine general linear group AGL(4, 3), under which such a set
of 20 vectors has set stabilizer of order 2880, acting faithfully
on the set, but also of importance for the algorithm, there
are significant subsets of the set with even larger stabilizers.
Considering random sets in the orbit, but always taking the
vector space in lexicographic order, we find that computing
a stabilizer chain takes 60ms on average, the set stabilizer
calculation 40ms, and the basic algorithm about 2.7 seconds
(for a first or second run) without pruning, and 2.5 second
with pruning. The advanced algorithm takes about 40 ms
with or without pruning. Here the advanced algorithm is
clearly superior, even if the set stabilizer is not known a
priori.

Randomly varying the order of the underlying vector space
typically prevents the basic algorithm without pruning com-
pleting in available memory (512MB). In these cases the
basic algorithm with pruning takes on average 21s and the
advanced algorithm about 210ms. The stabilizer chain and



set stabilizer times are unchanged.

7. CONCLUDING REMARKS

The algorithm works well in many cases. In the random
examples used above, the basic algorithm without pruning
seems the best choice. In particular computing the set sta-
bilizer is a lot of work for little benefit in these cases. On
the other hand, in a more structured case, but with permu-
tations of much smaller degree, the advanced algorithm is
enormously more effective.

The algorithms of this paper, although searching breadth-
first rather than depth-first are essentially examples of the
type of search described in [8, 7], making central use of a
stabilizer chain to structure the search. They does not make
use of the more sophisticated partition-based ideas found in
[3]. In cases where there actually is a large set stabilizer,
the advanced algorithm, which implicitly uses a partition
refinement based computation of a set stabilizer works bet-
ter. It is likely, however that there are cases which, although
no large subgroup stabilizes the set, there are still excessive
numbers of candidates at intermediate stages. It may be
possible to incorporate partition refinement ideas directly
into this algorithm to deal more effectively with such cases,
but this remains to be explored in future work.
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