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Abstract. The publication of the Erdés-Ko-Rado Theorem in 1961 sparked
an interest in classifying the largest intersecting sets of various combinatorial
structures such as sets, words, permutations and graphs. In this paper we
introduce the idea of intersecting posets: two posets on n points intersect
if they share a comparison. It is easily seen that an intersecting set of linear
orders on n points has size at most n!/2. Let Y% ,, be the set of all posets which
can be obtained from a linear order on n points by removing the comparison
between the k" and k + 1°% smallest points. We show that an intersecting
subset of Yj , has size at most n!/4 and classify the intersecting families
attaining this bound. Moreover, we obtain a sharp bound on intersecting
subsets of Uz;ll Yin-
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1. Introduction and Definitions

Ever since Erdés, Ko, Rado, Katona and others investigated t-intersecting families
of subsets of a set in the 1960s, classifying the largest collections of intersecting
subsets of an underlying set has been a standard problem of extremal set theory.
Building on the original question, one approach has been to impose additional
restrictions on the collection. Another approach is to vary the combinatorial ob-
jects which are the elements of the underlying set. Structures which have been
considered more recently in this context are sets, permutations, words and partial
permutations. In this paper, we introduce the idea of intersecting posets.

Denote the set of the first n natural numbers by [n]. A partially ordered
set, or poset for short, on [n] is a set of ordered pairs, p C [n] X [n], which is
antisymmetric and transitive: for all x,y,z € [n] we have (y,2) ¢ p whenever
(z,y) € p and (x,y), (y,2) € p implies (x,z) € p. The ordered pair (z,y) denotes
the comparison x < y, though we often write x <, y instead of (z,y) € p. The set
of all partial orders on [n] is denoted by P,,.
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Definition 1.1. Two partial orders p,q € P, intersect if they share a comparison,
i.e. if there exist x,y € [n] such that (z,y) € pNq. A set of partial orders F C P,
is intersecting if every pair of elements of F is intersecting.

Investigations in this field usually begin by finding the size of the largest
intersecting subset of the set of all objects of a given type. Having found a bound,
the next natural aim is to classify all intersecting families attaining the bound.

For instance, let S,, be the set of all permutations on n points. After Deza
and Frankl showed in [5] that an intersecting subset of S,, has size at most (n—1)!,
Cameron and Ku showed in [3] that an intersecting family attaining this bound
must be the coset of a stabiliser of one point.

Similarly, let A} be the set of all k-partial permutations on [n]. These are
injections from any k-subset of [n] into [n]. A bound for intersecting subsets of A}
was obtained by Ku and Leader in [8]. Then Li and Wang proved in [9] that for
any intersecting subset A of A} attaining this bound, there exist z,e € [n] such
that A consists of all k-partial permutations which map z to e.

The results described above follow the spirit of Erdos-Ko-Rado: they show
that, for certain values of the parameters or in general, the largest possible inter-
secting set consists of all such elements which have a fixed set of image points in
common. To generalise this idea, it helps to view this fixing concept as a special
case of a saturation process. We will illustrate this by describing the results about
t-intersecting subsets of [n] which have size k.

A family F of k-subsets of [n] is t-intersecting if |[ANB| > ¢ for all A, B € F'.
Erdés, Ko and Rado showed in [4] that given k, t and n > ng(k, t), a t-intersecting
family of k-subsets of an n-set has size at most (Z:;) Moreover, if a family attains
this bound, then all of its elements contain some fized t-subset of the n-set.

This classical result was complemented 36 years after the publication of [4]:
Ahlswede and Khachatrian showed in [1] that for n < ng, we have a different
bound and optimal families are obtained by saturation: up to permutations of [n],
any t-intersecting family of k-subsets of an n-set attaining the bound must be the
collection of k-subsets of [n] containing at least t + r of the first ¢ + 2r points,
where 7 is given explicitly as a function of n, k, ¢.

In a subsequent article [2], Ahlswede and Khachatrian proved a conjecture of
Frankl and Fiiredi in [6] by showing that the principle of saturation also applies
to t-intersecting sets of words of maximal size.

For many combinatorial structures, the generalisation from fixing to satu-
ration does not become relevant before we move from considering 1l-intersecting
sets to studying t-intersecting families for ¢ > 1, and even then it is only optimal
for small values of n. We will see that this is not the case for the poset classes
considered in this paper.

Classifying all intersecting subsets of P, of maximal size in general is likely
to be very difficult, so we need to consider subclasses. One approach is to fix the
poset, and consider all permutations of the labels. The scenario where the fixed
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poset is simply a chain of length n is easily dealt with in Section 2: both fixing
and saturation are optimal here, and there are many other families attaining the
bound.

The main purpose of this paper is to investigate what happens if we remove
just one of the comparisons in a linear order. In Section 3 we fix such a poset
and take our class to be all permutations of the labels. We partition this class
according to whether the individual posets intersect. By describing the blocks
of this partition, we obtain a complete classification of intersecting families of
maximal size in this class. To get an idea of where these intersecting families lie
on the fixing — saturating spectrum, we show that fixing is not optimal in this
class whereas, in all but a few marginal cases, a saturation family does attain the
bound.

In Section 4 we no longer fix the poset, but consider the union of the classes
in the previous section. Here we use the classical method of cyclic orderings to
obtain a bound on intersecting subsets of this class. The comparisons on [n] are
arranged on a circle, and it is shown that posets in the class are equivalent to
intervals on the cyclic orderings. Finally, we show that both fixing and saturating
give optimal intersecting families in this class.

2. Linear Orders

Two elements x,y of [n] are comparable under the poset p if either z <, y or
y <p x. If all pairs of elements of [n] are comparable under p, we say that p is
a linear order. For some labelling {x1,x2,...,2,} = [n] we may use the notation
T1Tsy...xT, for the linear order under which x7 < zo < --- < x,. The set of all
linear orders on [n] is denoted by L,,.

For o € L,,, denote its reverse by rev(c). That is, if 0 = x122...2, then
rev(o) = Zp&n—1 ... 21. The following proposition classifies the intersecting subsets
of L,, of maximal size.

Proposition 2.1. If F C L, is intersecting then |F| < n!/2. In particular, F has
mazimal size if and only if F is a transversal of

{{o,rev(o)} | o€ L, }.

Proof. Tt is not hard to see that two linear orders do not intersect if, and only if,
one is the reverse of the other. The result follows. O

By making the simple observation that a linear order intersects any other
except its reverse, we have succeeded in classifying all intersecting subsets of L,, of
maximal size. In the following section, we investigate what happens if we remove
just one of the comparisons in the linear orders: can we classify the intersecting
subsets of maximal size in that case?
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Yk,n Y;L—l,n

FIGURE 1. Hasse diagrams of elements of Y3, ,, 1 <k <n—1,n > 3.

3. Fixing the Isomorphism Class

Consider those isomorphism classes in P, whose elements are chains with one
point replaced by an antichain of size 2: for a linear order o = x122...2, € Ly,
n>3,and 1 <k <n-—1, define

Ye(0) = o \ {(z, Tr+1)}
and set

Vi ={yr(o) o€ Ln}.

To characterise the intersecting subsets of Y} ,,, we wish to partition Y} ,, in
such a way that for any p € Y} ,,, the elements of Y}, which p does not intersect
are in the same block as p. So we begin by considering the following set:

Np)={q€Yin|png=0}

which is the subject of the lemma below. For any poset p € P,,, we denote by L(p)
the set of linear extensions of p, i.e.

Lp)={oe€Lln|pCo}.
Lemma 3.1. If p € Y}, then N(p) = {yr(rev(o)) | o € L(p) }.

Proof. Let p,q € Y, be such that p and ¢ do not intersect. Then there exist
linear extensions p of p and ¢ of ¢ such that p and ¢ do not intersect. But two
linear orders do not intersect if, and only if, one is the reverse of the other. Thus
G = rev(p), which gives ¢ = yi(rev(p)). In other words,

N(p) € {yk(rev(o)) | o € L(p) }.

Conversely, for p € Y, and o € L(p), we have p C ¢ and yy(rev(o)) C rev(o)
by definition. Therefore p Ny (rev(c)) = () since o Nrev(c) = 0. O

To obtain the blocks of the desired partition of Yy ,,, we keep adding all such
posets to N (p) which do not intersect with some poset that is already in N(p): for
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a set of posets X C Y} ., define
NX)={qgeYyn|png=0forsomepe X}

and set

B(p) = J N'(p).

€N

L,

L,

Ix,, b1 Ixn Ixn b] X,
xn—kﬂ Ixn—k
Xk X
: ;T Xk Xk+1 Xk Xk+1
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k<(m-1)2=h
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n

(n+1)/2 =h+1 <k

FIGURE 2. elements of B(p) where p = yp(z1...2,) and k < h
on the left, or £k > h+1 on the right. Posets which do not intersect
are joined by a line. On either side, the elements of by (B(p)) and
ba(B(p)) are shown on the top and bottom respectively.

Intuitively, B(p) is obtained from linear extensions of p by successively ap-
plying the following operations: taking the reverse, decoupling at the k** level,
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.
xk+1<>-xk Xk <>xk+l
le Ixn

FIGURE 3. elements of B(p) when k =n/2 and p = yi(z1 ... zp).
Posets which do not intersect are joined by a line. The set by (B(p))
merely contains the poset on the left. Similarly, bs(B(p)) consists
of the poset on the right.

k=mn/2

and swapping at the (n — k)" level. In fact, it is not difficult to convince oneself
that when these two levels do not overlap, B(p) contains the posets in Figure 2.
If k = n — k then B(p) has only one element other than p, which is obtained by
turning p upside down: see Figure 3. A slightly more complicated situation occurs
when the k" and (n — k)** level are adjacent; see Figure 4.

To summarise, we have

+
4 k¢ {5
B =2 k=3
_ ntl
6 k="
and the precise elements of B(p) are given by Lemma 3.2, which is the main
auxiliary result enabling us to obtain a bound on the size of intersecting subsets
of Yk,n~
To state the lemma, note that we already have the decoupling operator yy, so
we need to define a swapping operator. Clearly, a permutation can act on an order

by permuting the labels. Let 0 € £, and define 7; € S,, to be the transposition
swapping the labels of the it and i + 15 smallest points in o:

(1o .. . Xy) = XT1Xo o Ty T 1T it - - Ty

Lemma 3.2. For positive integers k and n with 1 <k <n—1, set h=(n—1)/2.
Letp € Yy and let 0 = 21 ...y € Ly, be such that p = yi(o).

1. If k ¢ {h,h + 1} then

B(p) = {yr(0), yr(rev(0)), yr(Tn-r(9)), ye(tn-r(rev(c)))}.
2. If k € {h,h+ 1} then B(p) = { yx(w), yx(rev(w)) | w € Q5 }, where

Qp ={21...xp_1uvwWahys... ¢y | {u,v,w} = {xn, Tpe1, Thaat -
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Ixn by I.Xn IXV, xn by xn Ixn
13 Xp3 ]
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FIGURE 4. elements of B(p) where p = yp(z1...2,) and k = h
or k = h + 1. Posets which do not intersect are joined by a line.
On either side, the elements of b1 (B(p)) and by(B(p)) are shown
on the top and bottom respectively.

Note that the case k = n/2 is subsumed in (1) in the statement of Lemma
3.2. In this case, the swapping operator 7, = 7 swaps the two incomparable
points in elements of Y , and hence does not change the poset: we have B(p) =
{yr(0), yr(rev(o))} when k = n/2.

A formal proof of Lemma 3.2 is rather tedious, and we omit it here. Referring
to Figures 2 - 4 is much more informative for the reader. Moreover, these figures
show that B(p) is generated by any of its elements: for any ¢ € B(p), we have
B(q) = B(p) and so

Bin ={B({p) |p € Yen}

is a partition of Yy .
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To characterise the intersecting subsets of Y}, ,, of maximal size, we partition
each B(p) in two halves, such that for every ¢ € B(p), the posets which do not
intersect with ¢ are not in the same half as ¢: see Figures 2 - 4. More formally, for
p € Y, with p=yi(0), 0 =21...2,, set

k(@) yr(Tak(0))} & #2EL

bl(B(p)):{{yk(w)leQU} k:nTil

and

3
H
A

B
=

[ {onlrev(o)), plraonlrev(@))} 7
raB)) = {{yk<rev<w>> weq,) b

where Q, is given in Lemma 3.2. Note that the partition {b1(B),bs(B)} of B =
B(p) does not depend on the choice of p.

~ ‘

Theorem 3.3. Let k, n be natural numbers with 1 < k <n and n > 4.
Then F is an intersecting subset of Yy, ,, of mazimal size if, and only if, F is
the union of a transversal of

{{b:1(B),b2(B)} | B € By }-

Proof. Let B € By . It is clear from the definitions of N and B that for any
g € B, all posets in Y;, which do not intersect with ¢ are also in B. Thus if
{Fp | B € By}, is a collection of intersecting families with Fp C B, then their
union is also intersecting. Conversely, any intersecting subset of Y}, can be de-
composed in this way.

Indeed, let 7 C Y} ,, be intersecting and suppose F has maximal size. Then

we must have
]: == U FB
BeBg,n

where for each B € By, the set Fp = F N B is an intersecting subset of B
of maximal size. So to prove the proposition, we need to demonstrate that for

B € By, p, if F'is an intersecting subset of B of maximal size, then either F' = by (B)
or F'=by(B).

We begin by showing that b;(B) and bo(B) are intersecting and maximal in
terms of set inclusion. Let p € Yy, B = B(p) and 0 = x1...x, € L, such that
p = yr(o). We begin by considering the case k # (n+1)/2 and let 7w € {o,rev(c)}.
The transposition 7; only replaces a single comparison in 7 by its reverse, so
provided |yx(7)| > 2, then yi(7) must intersect yi(7;(7)). Similarly, the operator
yr only removes a single comparison from 7, so |yx ()| > 2 is satisfied whenever
|| > 3. Since 7 € L,,, we have || > 3 for all n > 3. We have shown

23 k4" gen(B) = N@Ch(B), ()= {12} ()

in other words, by (B) and by(B) are intersecting.
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Now suppose k = (n =+ 1)/2. This clearly requires n to be odd, so we have
n > 5, which guarantees

(@,20) € () wrw), (@nz1) € () yulrev(w)):.

weN, WEN

Thus again, by (B) and by(B) are intersecting for all B € By, ,,.
Recall that posets are only added to B if they do not intersect with some
element of B. Indeed, it is clear from Figures 2 - 4 that

q € bi(B) = 3¢’ € bj(B) such that ¢ng =10, {i,j} ={1,2}.

Therefore both b;(B) and by(B) are maximal under set inclusion as intersecting
subsets of B.

It remains to be shown that b;(B) and by(B) have maximal size among
intersecting subsets of B. If k = n/2 then this follows immediately from Figure 3.
If k¢ {251, 2,241} then it follows from Figure 2 that (1) becomes

q € bi(B) = b;(B) = N(q), {i,5} = {1,2}.

Thus any intersecting subsets of B must be contained in either b (B) or b2(B), as
required.

Finally, let k& = “£L and let F be an intersecting subset of B of size |F| >
|b;(B)| = 3. Suppose, for a contradiction, that F' is not contained in b;(B), i = 1, 2.
By the pigeonhole principle, |F N b;(B)| = 2 for some i € {1,2} = {i,j}; say
FNbi(B) ={q1,q2}. But then it is clear from Figure 4 that any element of b;(B)
does not intersect with at least one of g1, go. Thus FNb;(B) = (), which contradicts

[F'| = [b:(B)| = 3. O
Corollary 3.4. Let F be an intersecting subset of Yy . Then |F| < nl/4.

Proof. Any intersecting F C Y}, ,, of maximal size must be the union of a transver-
sal of { {b1(B),b2(B)} | B € By, } by Theorem 3.3. Clearly for any B € By, ,,, both
b1(B) and by(B) have half the size of B. Thus

B |Bl  [Yinl n!
1= Z 2 2 4
BeBi,n

as required. O

We say that an intersecting subset F of a class of posets X' is optimal if it
attains the bound for the size of an intersecting subset of X'. As was mentioned in
the introduction, fixing and saturating are two common forms in which solutions
to extremal problems occur. For the classes Y} ,, we can see that saturation is
optimal unless k is around n/2, but fixing is never optimal:

Remark 3.5. The fix-family
Flkyn)={peYyn|zi <pz2}
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is not optimal in Y%, for any z1,z2 € [n]: by Theorem 3.3, to show that F(k,n)
does not attain the bound of Corollary 3.4, it suffices to find B € B, such that
neither by (B) nor be(B) are entirely contained in F'(k,n).
Let p € Yy, such that x1||pz2. By the definition of Yj ,,, such a p exists for
any k € [n — 1]. Then p cannot be an element of F(k,n), so bi(B(p)) ¢ F(k,n)
since p € by (B(p)). Let h = 251
o If h <k < h+1 then it is easily seen from Figures 3 and 4 that b2(B(p))
must contain an element ¢ with z1||q22, which implies ¢ ¢ F'(k,n) by the
definition of F'(k,n).
o Otherwise, it follows from Figure 2 that there exists ¢ € ba(B(p)) with z1 >,
X2 S0 again, g ¢ F(k,n).
Hence fix-families are not optimal in Y} ,. On the other hand, Propositions
3.6 and 3.7 show that provided the k' and (n — k)" level do not interact, we can
find saturation families which are optimal.

Proposition 3.6. For positive integers k, h, n with k <n =2h+1, let v, € P, be
the poset v, = {(i,n)|i=1,...,n—1} and define
G(k,n) ={p €Yy, | either [pNuv,| >h+1orpNuv,|=h,1<,n}.
Then G(k,n) is an intersecting subset of Yy , of size
) -(n—11/4 ke{hh+l
Gy~ { =1 =04 ke (hhr1y
nl/4 otherwise

Proof. Firstly, observe that G(k,n) is intersecting: set

Ak,n = {pEYk’n | |pﬂ1)n| > h+1},

Bin = {peYi,|l<,n, |pNu,|=h},

so G(k,n) = Agn U By, and let p,q € G(k,n). We need to show that p and ¢
have non-empty intersection.

If p, g € Ak, then they both contain at least 241 elements of the 2h-element
set vy, which guarantees [pNgq| > 2. If p,q € By, then (1,n) € pN q. If, without
loss of generality, p € A, and g € By, then

[pNvg|+lgNuva| > (h+1)+h=n>|v,|=n—1.

Thus, again by the pigeonhole principle, p, ¢ and v, must share at least one
comparison. In conclusion, G(k,n) is intersecting.

Now let p € Ay, and let 0 = z1...2, € L, such that p = yx(o). Then p
must contain at least h + 1 distinct comparisons (a,n) for some a € [n — 1]. If
k # h+ 1 then clearly [pNw,| > h+ 1 if, and only if, n € {xp4o,...,2,}. Thus

[Agn]l = —=(h+1)-(n—1)1/2=(n—-1)-(n—1)!/4, k#h+1.
If k=h+1and n € {xp41,Tht2}, then there are only h elements below n with
respect to p, and so p ¢ Ay . Thus we must have n € {x43,...,2,}, giving

|[Agn| =M —(h+2))-(n—1)!/2=(n-3)(n—1)!/4, k=h+1.
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Now let p € By, and 0 = 21 ... 2, € L, such that p = yx (o). Then p contains
precisely h comparisons of the form (a,n) for some a € [n — 1]. If k = h then such
a p does not exist. For k # h we have |[p Nwv,| = h if, and only if, 11 = n.
The other condition for p € By, is 1 <, n which is now clearly equivalent to
1e{xr,...,zn}

If k = h+1, then Yy ,, has (n — 1)! elements p with x511 = n and precisely
half of them have 1 € {z1,...,x5}. If £ ¢ {h,h + 1}, then Y}, has (n —1)!/2
elements p with z41 = n, and precisely half of these have 1 € {z1,...,2,}.

In summary, we have

m—1)1/2 k=h+1
|Binl =<0 k=h
(n—1)!/4 otherwise

and, since Ay, and By, are disjoint,

(n—1)-(n—1)1/4 ke{hh+1}

|G (K, n)| = |Ak,n| + | Bk.nl {n!/4 otherwise

as required. O

For n even we have the following proposition, which has an analogous and
shorter proof than the above proposition.

Proposition 3.7. For positive integers k, n with k < n and n even, let v, € P, be
the poset v, ={(i,n) |i=1,...,n—1}, and define

Gk,n)={peYin|lpNv,| >n/2}.
Then G(k,n) is an intersecting subset of Y, n, of size

n=2)-(n=11/4 ifk=mn/2
n!/4 otherwise

|G(k,n)| = {
4. Almost Linear Posets

We now wish to study maximal intersecting subsets of the class M,, of all posets
that are one comparison away from being linear. It is easy to see that a linear
order on n points contains r, = n(n — 1)/2 comparisons, and so we define M,, as

My ={p€Pullpl=r,—-1}.

Our first lemma relates M,, and the posets Y} ,, from the previous section.

Lemma 4.1. M, = U?:_ll Yin.
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Proof. Clearly, each p € Y} ,, contains precisely r, — 1 comparisons. Conversely,
any element p of M,, can be obtained from some linear order ¢ by removing one
comparison, say (a,b). Suppose there exists ¢ € [n] with a <, ¢ <, b. Since p
contains all comparisons of ¢ other than (a,b), we have a <, ¢ and ¢ <, b which
implies a <, b, a contradiction. Thus such a ¢ cannot exist, which implies p € Yy, ,,
for some k € [n — 1]. O

In extremal combinatorics, one standard method of obtaining bounds for the
size of 1-intersecting sets of certain combinatorial structures is to arrange elements
of the ground set on a circle. This method was first introduced by Katona in [7]
who arranged the elements of [n] on a circle to give a simple proof of the bound in
the Erd6és-Ko-Rado Theorem for ¢ = 1. Recently, a nice exposition of this method
was given by Li and Wang in [9] to classify intersecting sets of partial permutations
of maximal size.

In our context, we wish to arrange the comparisons (a, b) for distinct a, b € [n]
on a circle, so let

Comp,, = {(a,b) | a #b, a,b € [n]}.

Definition 4.2. Given a linear order ¢ = z122...2, € Ly, let a(o,z;) be the
sequence of comparisons

T <ZTj, T2 <Tj, ..., Tj—1 < Tj.

Denote by c¢(o) the cyclic arrangement of the comparisons on [n] obtained as
follows: on one half of the circle, we have

alo,x2), alo,z3), ..., alo,zy,)

clockwise in that order. (Note (o, 1) is an empty sequence.) Moreover, for all
comparisons « < y € Comp,,, we have y < = directly opposite < y on c(o).
We collect these cyclic arrangements together in

Cn:={clo)]|oeLl,}
and make some further, intuitive definitions.

e An interval A on a cyclic arrangement ¢ € C, is a sequence of elements
of Comp,, which are consecutive on c. Sometimes A will refer to the set
containing the elements of the sequence; it will be clear from the context
whether we consider A as a set or as a sequence.

We say that A has length |A| and an [-interval is simply an interval of
length [. Finally, we make the convention that all intervals are read clockwise.

e Note that for o € L,, the circle ¢(rev(o)) cannot be obtained from c¢(o)
by combinations of rotations and reflections. For instance, note from Fig-
ure 5 that [(1,4),(2,4)] is an interval in ¢(1234), whereas any interval in
c(rev(1234)) containing (1,4) and (2,4) must also contain (2, 3).

e Given a set of comparisons X C Comp,, and a partial order p € P,,, we say
that X defines p if p is the transitive closure of X.
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c(4321)
c(1234) <3

1<2

4<2
4<3

4< 3<2

4<1 1<4 1<4 4<1

3<2 2<4 2<3 3«1

2<1 3<4

FIGURE 5. ¢(1234) and c(rev(1234)).

FIGURE 6. posets p and g are respectively defined by the 3-
interval and 4-interval starting clockwise at 2 < 4 in ¢(1234).

Observe that there are | Comp,, | = n(n — 1) = 2r, points on each circle
¢ € Cy,. No interval on ¢ longer than r, can define an order, since it contains both
(a,b) and (b, a) for some a,b € [n].

Example 4.3. Consider the 3-interval starting clockwise at 2 < 4 in ¢(1234) (see
Figure 5): A =[2 < 4,3 < 4,2 < 1]. As aset, A is the poset p whose Hasse diagram
is shown in Figure 6.

Now consider the 4-interval starting clockwise at 2 < 4 in ¢(1234). We have p
together with the comparison 3 < 1, which gives the poset ¢ whose Hasse diagram
is depicted in Figure 6 as well.

Note that neither of these posets contain any comparisons other than the
ones from the interval which originally defined them. The following proposition
shows that this is true in general: any interval of length up to r, not only defines
an order, but coincides precisely with some order p.

Proposition 4.4. If A is an interval of length at most v, = n(n — 1)/2 in some
c=c(o) € Cp, then A is in fact a poset, i.e. A € Py,.
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Proof. Let S be the semicircle of ¢ = ¢(o) defining o and let R be the semicircle
complementing S. We need to show that A is closed under transitivity, so suppose
(z,9), (y,2) € A for some z,y, z € [n].

Case I: x <, ¥y, y <o 2.

Since o is transitive, we have z <, z. Now y <, z implies that reading
clockwise, (z,y) comes before both of (y, z) and (x, z) in S. Similarly, since z <, y
we must have (z, z) before (y, z) in S by the definition of a(c, 2). In other words,
S contains the subinterval

(z,9), ...y (2,2), ..., (y, 2). (2)

Since A is an interval and (z,y), (y, z) € A, it follows that A must contain either
the interval (2) or the interval

(:2), s (2, y)- 3)

Now (2) is contained in S, and so can have length at most |\S| = r,,. Since |¢| = 2r,,,
this means that (3) is strictly longer than r, and thus cannot be contained in A.
Hence A contains (2) and so (z, z) € A.

Case 2: 2 £, Y, Yy Lo 2.
This is settled in an analogous manner to Case 1.

Case 3: ¢ <, ¥, Yy Lo 2.

Since o is linear, we must have z <, y. We do not know how x and z compare
under o, but since both = and z are less than y under o, the comparison relating
2 and z must come before both of (x,y), (z,y) in S: one of the intervals

(x,2)y.. ., (2,9), ..., (2,y), (4)
(z,2),. ., (2,Y)y .-, (z,y) (5)

must be contained in S.

Suppose z <, z and consider the semicircles on ¢ clockwise ending at (z,y)
and (y,x) respectively, call them D; and Ds,. Since (4) is a subinterval of the
rp-interval S, we have (z,z) € D; and (z,y) € Ds. Since (y, z) occurs directly
opposite (z,y) on ¢, (z,y) € Do implies (y,z) € D;j. Thus the r,-interval D,
contains the subinterval (y, z),...,(x,2),...,(x,y), which implies (z,2z) € A as
required. This situation is illustrated in Figure 7 (Case 3.a).

Case 3.b, when z <, z, is very similar to Case 3.a: here (5) is a subinterval of
S. Thus if we draw a line on ¢ connecting (y, z) and (z,y), we must have (z,y) and
(z, z) on the same semicircle with respect to that line, because reverse comparisons
are opposite each other on c. Since A cannot cover more than half of ¢, this implies

(x,2) € A.

Case 4: x £, Yy, Yy <o 2
This is settled in an analogous manner to Case 3.
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Case 3.a. Case 3.b.
< Z<X
X<z
y<z X<y y<x <y
Z<y e X<y
y<x
7<X X<z

FIGURE 7. possibilities for ¢(o) in Case 3. Elements of A are underlined.

We have shown that A is closed under transitivity. Moreover, |A| < r,, means
that A cannot cover both of two opposite points on the circle ¢(o). Hence A € P,
as required. 0

Definition 4.5. We say that p € P, and ¢ € C,, are compatible, denoted p < c, if
the set of all comparisons of p can be found as an interval on c.

For any ¢ € Cp, a,b € [n] and 1 <[ <, denote by [(a,b)]. the interval of
length [ starting clockwise at (a,b) in c.

To obtain a bound on intersecting subsets of M,,, we need to investigate the
posets arising from elements of C,, in some more detail.

Definition 4.6. For 0 = z1z5...2, € L, and 1 < i < j < n, define a set of
comparisons A(o,i,j) as follows:

(a) the chain ;41 < zj42 < -+ < xp_1 < Ty, is preserved from o;

(b) the chain on x1,22,...,x;_1 is reversed: in (0,1, j) we have z;_1 < z,;_2 <
< Ty < X1

(c) all elements of (b) are less than all elements of (a); and

(d) Ty <Tj < Ti—1 when ¢ > 1, and z1 < Tj; < Tjy1 ifi=1.

It is not difficult to see that this description defines the linear order depicted in
Figure 8.

Proposition 4.7. Let 0 = 2122 ...2, € Ly, and let 1 < i < j < n. Then
[(xiaxj)]:-?g) = /\(Uv 173)7 and
(2], = rev(A(o,i, 7).



16 F. Brunk and N. Ruskuc

Xn Xn-1 Xn Xn I
X,
nI Xn—-1 .
Xn-1 ¢ Xn_2 Xn-1
H . Xjs2
x, .
Jj+2 . Xj1
x.
g Xjgl X
« Xj X
X X
Xi-1 : X
Xj * :
X °
JXirl
° X Xi_3
Lo J L
Xi_q X
! X Xj-1 Xjo it

FIGURE 8. for ¢ = z;...2, € L,, we have, from left to right,
Hasse diagrams of posets A(o,1,j), pu(o,1,2), p(o,1,5) for j > 3,
and p(o,4,7) for 1 <i < j<n.

Proof. Let r = r, and ¢ = ¢(o0). By Proposition 4.4, any r-interval on a cyclic
ordering is equivalent to some linear order on [n]. The second claim, namely
(zj, ;)] = rev(X(o,i,j)), will follow from the first, since for a,b € [n], it is
clear that

(a,0) € [(zj,2:)]c <= (b;a) € [(zi, 2))]c.

So to prove the proposition, it suffices to show that [(x;, z;)]L = A(0, 1, 7).
Now it follows from the definition of the cyclic ordering c(o) that [(z;, z;)]L
consists of the following comparisons:

(1) the intervals a(o, z;41),. .., a(0, ),

(ii) the reverse of each comparison in the intervals a(c, z1),. .., a(0,zj-1),
(iii) the comparisons (x;, x;), (Tit1, ;). .., (Tj—1,Z;),
(iv) and the comparisons (z;, xi—1),..., (j,22), (x;, 21).

Note that (7) implies (a) and (c¢) in Definition 4.6, and (i7) implies (b). We have
(2, ;) by (4t) and (x;,x,—1) by (4v) for ¢ > 1. Finally, z; < x;41 follows from
(¢), so we conclude that (i) — (iv) also imply (d) in Definition 4.6. Thus [(x;, ;)]
contains A(o, 4, j), which means they must be equal since both are linear orders on
[n]. O
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In the next proposition we will show how elements of Y}, ,,, and hence elements
of M,,, arise as intervals of cyclic arrangements. For ¢ = z;...2, € L, and
1 <i < j <n, define posets u(o,i,j) € P, by their Hasse diagrams in Figure 8.

Remark 4.8. Observe that for any o € £,,, we have
/14(0, 1, 2) € YTL*LTU
,[L(O',l,j) S Yl,ﬂ? SSJ §n7
M(O’,’L',j) € }/j—i-ﬁ—l,'ru 1< <.7 <n.
Note also that the statement of Proposition 4.9 below is only concerned with
intervals of ¢(o) starting at elements of 0. The remaining ones can be determined

by recalling that as a poset, the [-interval starting at (x;,z;) is isomorphic to the
reverse of the l-interval starting at (z;, z;).
Proposition 4.9. Let 0 = x129... 2, € L, and 1 < i < j <n. Then
n_l — Y
[(xiv xj)]Z(g) - M(Uv z, J)'

Proof. Set r = r,, ¢ = c(0), and let p be the poset equivalent to [(z;,x;)]7 .

Suppose firstly that ¢ > 1 and recall that there are precisely 2r points on c.
Since (x;_1, ;) is the comparison clockwise preceding (z;, ;) on ¢, the last point
in [(@;, ;)] is (z;,x;—1). Considering intervals as sets, we therefore have

p= (s, 2p)le™ = (s, 2))e \ {2, 2i-1)}-
But [(x;, ;)]s = A(0,4,7) by Proposition 4.7, and so

p= Ao, i,5) \ {(zj,zi-1)}.
It is easy to see from Figure 8 that the previous equation implies p = (o, 1, 7).
The case ¢ = 1 is very similar; we need to show that p = (o, 1,5). When
j = 2, clearly [(x1,2;)]%~! contains all elements of o except (z,,—1,2y), S0 p =
(o, 1,2).
When j > 2, the comparison preceding (x1,2;) in ¢ is (zj_2,x;_1) and so

p =z, 2l \{(zj-1,25-2)} = Mo, L j) \{(z;-1,5-2)}
by Proposition 4.7. Reconsidering Figure 8, we see that removing the comparison
(21, 2;—2) from A(o, 1,j) gives u(a, 1, ). O

Proposition 4.10. Let ¢ € C,, and 1 < k < n — 1. Then c is compatible with n
elements of Yy, .

Proof. Let 0 = z1x2...2, € L, be such that ¢ = ¢(o). By Proposition 4.9, we
obtain elements of Y} ,, from c simply by picking appropriate starting points of
(r, — 1)-intervals. Denote by p(a, b) the poset equivalent to the (r,, — 1)-interval
on c starting at (a,b).

Casel <k <n-—1.
We begin by considering intervals starting at elements of . By Proposition
4.9 and Remark 4.8, we have p(z;,z;) € Yy, if, and only if, £ = j — i+ 1 for
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some 1 < i < j < n. For given ¢, we therefore have j = k + i — 1 < n, which
implies ¢ < n — k + 1. Thus there are |{2,3,...,n — k + 1}| = n — k values of ¢
that determine intervals of ¢ which start at elements of ¢ and are equivalent to
elements of Y} .

Since Yy n, = rev(Y,,_g ), it follows by symmetry that there are n—(n—k) = k
such intervals whose starting points are not in ¢. Thus ¢ is compatible with a total
of n — k+ k = n elements of Y} ,,.

Case k=1ork=n—1.

Consider the case & = 1. Since the isomorphism classes Y, ,, are only defined
for n > 3, Remark 4.8 and Proposition 4.9 tell us that p(xz; < x;) € Y1, if, and
only if, i = 1 and 3 < j < n. Hence there are n — 2 intervals of ¢ starting at
elements of ¢ which are equivalent to elements of Y ,,.

The remaining ones are precisely those intervals opposite the (r,, —1)-intervals
on c starting at elements of ¢ and equivalent to elements of Y;,_; ,,. Using Remark
4.8 and Proposition 4.9 again, we have p(z;,x;) € Y,,_1,, if, and only if, either
i=1landj=2o0rj—i+1=mn—1forsomel <i<j<mn.In the second situation,
we have j = n+17—2 < n which implies : < 2, forcingi =2 and j =n+i—2 =n.
We have shown that there are two (r,, — 1)-intervals on ¢ starting at elements of
o and equivalent to elements of Y,,_; ,,. Reversing these gives elements of Y7 ,,. In
summary, then, c is compatible with a total of n — 2 + 2 = n elements of Y7 ,,.

The case k = n — 1 follows by symmetry. O

Theorem 4.11. Let M,, be the class of posets on n points that are one comparison
away from being linear, i.e. M,, = {p € Py ||p|=n(n—-1)/2-1}. If F C M,
is intersecting then
(n—=2)(n+1)(n—1)!

4
and equality implies that for each ¢ € C,, all elements of F compatible with ¢ have
a fized comparison in common.

[FI <

Proof. Let F C M,, be intersecting. We count pairs consisting of a poset in F and
a cyclic ordering in C,, which are compatible with one another:

[{(p.c)|pe F,ceCnhp=<c}|

Elements of C,, are obtained from each other by relabellings of [n], and the same
is true for elements of Y}, for fixed k. Thus by Proposition 4.10, each poset in
Yy n is compatible with n-|C,,|/|Yk,x| elements of C,,. Since |V | = |£n]/2 = n!/2
for all k € [n — 1], each poset in Y}, ,, is therefore compatible with

n- |Cn| - 2‘Cn‘
n!'/2  (n—1)! (©6)

elements of C,. Since F C M,, = Z;ll Yj.n by Lemma 4.1, and since (6) is
independent of k, we conclude that each element of F is compatible with 2|C,|/(n—
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1)! elements of C,,. Thus
2|Cn

{po)|peFieeCup=ell =17 20

(7)

Conversely, fix ¢ € C, and set F, = {pe F|p<c}. Let v,w € F, be
elements of minimal intersection; that is,

lvNnw| <|pNyg]

for all p, g € F.. Note that [vNw| > 1 since F. C F is intersecting. In what follows
we consider different cases relating v N w with other elements of F, in order to
derive a bound for |Fy|.

Case 1: (vNw) Cpfor all p € F..

Recall that all elements of F, are intervals on ¢, all of which have length r, —1
since F,. C M,,. The fact that vNw is contained in all elements of F, implies that,
for any (a,b) € (vNw),

[Fe| <[{p€Pnlp<ca<bl|=rn—1 (®)

Case 2: there exists p € F, with (vNnw)  p.
Denote the set of all such p by A.:

Ac={peF.|(wnw)Zp}.

Let p € A, and suppose v Nw Np # (). All posets compatible with ¢ correspond to
intervals on c: if an order compatible with ¢ contains two comparisons which are
‘points’ on ¢, then it must contains all ‘points’ in between. Thus the fact that p
contains some element of v N w implies that for either ¢ = v or ¢ = w, we must
have (pN¢) C (vNw). But this contradicts the definition of v and w, and so for
all p € A, we have

vNwNp=0. (9)

Recall that intervals are read clockwise and assume, without loss of generality,

that v comes clockwise before w. Now F. C F is intersecting, and so (9) implies

that all p € A, ‘cover the gap’ between v and w on ¢: the elements of A, intersect

w at their starting point and v at their end point. Let z be the element of A, which
has minimal intersection with v as shown in Figure 9: for all p € A, we have

lzNo| < |pNol. (10)

Before we consider two subcases, note that v, w and z together cover ¢, so
2rp =|c| = ||+ |w|+ ]z —|lvNnw| —|wNz|l—|zNv
= 3(rpn—1) —|vNnuw|—|wnNz|l—|zNv|
3(rn—1)—|wnz|— 2,

IN

implying
lwnNz| <r, —5. (11)
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clockwise

on c.

FIGURE 9. intervals v, w and z on c.

Subcase 2a: all p € F, \ {v,w} have their starting point in z.

We divide z into the three intervals wNz, z\ (vUw) and vNz and determine
how many elements of F, \ {v,w} can start in each interval in turn.

Clearly, if two elements of F, have the same starting point on ¢, then they
must be equal, since all posets in F have the same size. Thus F, \ {v,w} contains
at most |w N z| elements with starting points in w N z. Since w and p together do
not cover ¢, and p starts at the end of w, we have p € A.. Since F, is intersecting, p
must intersect v, and this intersection must contain the starting point of v rather
than the end point by (9). Moreover, by (10), p N v must strictly contain v N z,
and so p cannot start at the first |v N z| points of w N z. In summary, we have at
most |w N z| — [vNz| elements p € F, \ {v,w} which are distinct from z and have
their starting point in w N z.

Next consider the case where p € F, \ {v,w} has its starting point the gap
between v and w. Then p does not intersect w at its end point, so p N w must
contain the starting point of w. But then (p Nw) C (v Nw) which contradicts the
definition of v and w. Thus there are no p € F, starting in z \ (vUw).

Finally, let p be an element of F, \ {v, w} with starting point in v N z. Then
p cannot start at the starting point of v, so we have at most |v N z| — 1 such p.

Hence we conclude

[Fe\{v,w,2}| < (jwnzl—|vnz]) + (onz[-1)
= |[F|]-3 < |wngz|—-1

which, together with (11), yields |F,| <r, —5+2=r, — 3.

Subcase 2b: there exists p € F, \ {v,w} whose starting point is not in z.
Denote the set of all such p by B.:

B. = {p € F.\ {v,w} | the starting point of p does not lie in z }.
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If p € B, intersected v at the starting point of v then, since p does not start within
z, we would have |p Nv| < |z Nwv|, contradicting (10). Thus p must intersect v at
the end point of v. In fact, since p # w and |v N w| is minimal, (v N w) must be
strictly contained in (v p). In other words, all p € B, must start in v\ w. On the
other hand, elements of B, must intersect z so, since they do not start in z, they
must end in z. In fact, this is true not only for z, but for all elements of

D, :=F\{v,w}\B.={pe F.\{v,w} |pstartsin z }.
Thus the clockwise first element of B, must cover

e the starting points of all other elements of B, which are all in v \ w,
e all of w\ z including v Nw,
e the starting points of all elements of D..

The length of this element is r,, — 1 and so |B.| + |w \ z| + |D¢| < r,, — 1. Thus
|Be| + [De| <7 — 1= (Jw| — |wnNz|) =|wnz|.
Since |F,| = |Bc|+|Dc|+2, this combines with (11) to give | F.| < r, —3, concluding
Subcase 2b.
We have shown that in Case 2, |F.| < r,, — 3 which is strictly less than (8).
Therefore
|{(p,C) |p€.7:,C€Cn,p-<C}\ é ‘CH‘(TH_]')
and combining this with (7) gives
(n=2)(n+1)(n—1)!
1 .
Equality in this bound implies that Case 1 (and not Case 2) holds. We must then

have equality in (8) which is only possible if, for some (a,b) € Comp,,, we have
(vNw) ={(a,b)}, which in turn implies

|F| <

Fo={pePn|lp=<ca<pb}.
Moreover, if |F| attains the bound of the theorem, then this must hold for all
c € Cy,, as required. O

Next we show that one way of obtaining an intersecting family of maximal

size is by fixing a comparison:
Proposition 4.12. For some fized x1,x2 € [n], let

Fn)={peM,|z1<px2}.
Then F(n) is an intersecting subset of M,, of mazimal size.
Proof. Clearly, F(n) is intersecting. To show that this family has maximal size, it
suffices to show that F'(n) attains the bound in Theorem 4.11.

For fixed k, Y}, contains (n — 2)! posets with x;||z2, and exactly half of the
remaining elements of Y}, , have z; < x9. Thus

[Yin| — (n—2)! _ (n=2)!-(n=2)(n+1)
2 4

\{pEYkn|x1< 1’2}|:
5 P
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since |Y | = n!/2. Combining this with Lemma 4.1 gives

|F(n)| = 2|{p€Yk,n|I1 < )| = ("*1)!'(”4*2)(n+1)

i=1

as required. O

From Theorem 4.11 one might expect that the converse of Proposition 4.12 is
true, i.e. that any intersecting subset of M,, of maximal size must fix a comparison.
However, this is not the case:

Proposition 4.13. Let v,, € P,, be the poset v, = {(i,n)|i=1,...,n—1}.
o Ifn is even, set Hn) ={pe M, ||pNuv,| >n/2}.
o Ifn=2h+1, set
H(n)={pe M, |either [pNuv,| >h+1orpNuv,|=h,1<,n}.

Then H(n) is an intersecting subset of M,, of mazimal size.

Proof. Since M,, = Uz_l Y n, it follows that H(n) = Z;ll G(k,n) where G(k,n)

is defined in Propositioﬁs 3.7 and 3.6. Moreover, this union is disjoint since Y; , N
Yjn =0 for i # j, and so

n—1

H(n)| = Y |G(k,n)|
k=1

n-1 |[(n=2)-(n—=1)!/4 neven, k=n/2
= Y S(n-1)-(n-1/4 n=2h+1, ke{hh+1}
k=11 n!/4 otherwise
by Propositions 3.7 and 3.6. When n is even, this gives
Wl (n=2)-(-1  (n=2)n+1)(n— 1)

)| = (n—2) T+ 2L : ,

and when n is odd,

H(n)| = (n—3) - 42 <"—1>-4<n—1>! _ <n—2><nzl><n—1>!.

Hence |H(n)| attains the bound in Theorem 4.11.

Finally, the definitions of G(k,n) for n even and odd do not depend on k,
and so the arguments used in Propositions 3.7 and 3.6 to show that G(k,n) is
intersecting also imply that H(n) is intersecting. O

To summarise, in Section 3 we saw that fixing is not optimal in Yy , (Re-
mark 3.5), whereas saturation is optimal apart from a couple of exceptional cases
(Propositions 3.6 and 3.7). By way of contrast, we saw in Section 4 that both
fixing and saturation yield optimal intersecting families in M,, (Propositions 4.12
and 4.13).
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