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Abstract

Let G be a finite group with a non-abelian minimal normal sub-
group N which is a direct product of the simple group X. The maxi-
mal subgroups of G which complement N and their conjugacy classes
are parametrised in terms of certain homomorphisms taking values
in AutX and satisfying particular conditions.

1 Introduction

In [8], Parker and the author classified maximal subgroups of a wreath prod-
uct which complement its base group. This was subsequently applied to
establish that certain iterated wreath products of non-abelian finite simple
groups can be generated by two randomly chosen elements with high prob-
ability (see [9] for a precise statement). It is the author’s hope that such
probabilistic results can be extended to far wider classes of groups than just
iterated wreath products. Accordingly we seek to generalise the main the-
orem of [8] so as to parametrise the complements of a normal subgroup in
an arbitrary finite group.

Before we summarise the methods and results of the paper, let us set
the scene for the situation we shall examine. Let G be a group and let N be
a non-trivial normal subgroup of G. We are interested in understanding
the possibilities for subgroups which both complement N and which are
maximal in G. The following observation is straightforward.

Lemma 1.1 Let G be a group with a non-trivial normal subgroup N . If
G has a maximal subgroup which is a complement to N , then N is a minimal
normal subgroup of G and so is characteristically simple. �

A characteristically simple subgroup of a finite group is necessarily a
direct product of isomorphic simple groups. We therefore have a dichotomy:
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either N is an elementary abelian p-group or it is a direct product of iso-
morphic non-abelian simple groups. In the former case, we obtain a rep-
resentation of G/N over the field of p elements via the conjugation action
on N . If a complement to N were to exist then it acts on N in the same
way as G/N and we deduce that if one complement is maximal, then this
representation is irreducible and hence all complements are maximal. Thus
in this case one is required to determine whether the representation of G/N
on N is irreducible and to determine all complements to N in G. The for-
mer takes us into the realm of representation theory while the latter leads
to extensions with abelian kernels. We refer to Chapter 11 of Robinson [10]
for a potential starting point for this type of extension theory.

In this paper we concentrate on the other possibility for N , namely the
case when N is a direct product of isomorphic non-abelian simple groups.
These direct factors are the minimal normal subgroups of N and they are
permuted transitively under conjugation by elements of G.

In Section 2 below we discuss complements to a minimal normal sub-
group N in G of this form. Standard arguments from the world of ex-
tension theory show that such complements correspond to homomorphisms
ζ : G/N → AutN satisfying a particular ‘compatibility’ condition. Since
N is a direct product of isomorphic copies of some non-abelian finite simple
group X, the automorphism group AutN is isomorphic to a wreath product:

AutN ∼= (AutX) wrΩ Sym(Ω),

where the direct factors of N are indexed by the set Ω. We are there-
fore considering homomorphisms into a wreath product and accordingly the
techniques of [8], in particular those in its second section, come into play.
The principal role of our Section 2 below is to adapt these techniques to this
more general situation and, as we do so, to set up the necessary notation.

We will have cause to consider a number of wreath products, all of which
will have Sym(Ω) as the top group. Let us recall the definition of a wreath
product and also set up a few abbreviations to simplify our notation later
on. Fix the set Ω and let L be any group. Throughout we shall write LΩ

for the direct product of copies of L indexed by Ω:

LΩ =
∏
α∈Ω

Lα.

The symmetric group Sym(Ω) acts on LΩ by permuting the direct factors:

Lπα = Lαπ for all α ∈ Ω and π ∈ Sym(Ω).

Then the wreath product LwrΩ Sym(Ω) is the semidirect product of LΩ

by Sym(Ω) via this action. We call LΩ the base group of the wreath
product and we shall also always use W (L) to denote the wreath product
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LwrΩ Sym(Ω). We shall also follow the convention from [8] of writing (xα)
for the element (xα)α∈Ω of LΩ. We shall always index the entries of such
elements by the variable α which will range over the set Ω. Given an ele-
ment w = (xα)π in W (L), we refer to xα as being the α-component of w.

We shall define Q = G/N and give a method to induce a homomorphism
Φ: Q → AutN from φ : StabQ(ω) → AutX (where StabQ(ω) denotes the
stabiliser of a point ω under an action of Q on Ω which will be determined
by the group G). Theorem 2.8 and its corollary describes a parametri-
sation of the complements to N in G in terms of such homomorphisms
φ : StabQ(ω) → AutX satisfying another compatibility condition and here
the complements are constructed via the induced maps. We then note (in
Proposition 2.10) that the complements corresponding to homomorphisms
φ1 and φ2 are conjugate in G if and only if φ1 = φ2σ for some inner auto-
morphism σ of InnX.

In Section 3 we discuss conditions for when the complement correspond-
ing to an appropriate homomorphism φ : StabQ(ω) → AutX is a maximal
subgroup of our group G. Our main theorem is Theorem 3.4 where we ob-
serve that the complement is maximal in G if and only if the (compatible)
homomorphism φ satisfies the following two conditions:

(a) the image of φ contains InnX; and

(b) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q.

These are the natural generalisations of the conditions (c) and (d) that
appear in [8, Theorem A]. We can then bring our condition for two comple-
ments to be conjugate to bear on this situation and obtain a parametrisation
for the conjugacy classes of complements to N which are maximal subgroups
in terms of equivalence classes of certain types of homomorphism.

To draw this introductory section to a close, we note (as we did in [8])
that studying maximal subgroups of a finite group has a considerable history.
Two of the most significant examples of this are the work of Aschbacher
and Scott [1] and that of Kovács [6]. The latter is probably closest to
the study presented here and the third collection of maximal subgroups
in [6, Theorem 4.3] are those we are considering in this paper. Kovács’s
techniques, however, appear very much to be from extension theory and he
relies on two technical conditions for subgroups, which he calls ‘high’ and
‘full,’ respectively, and which are discussed at length in [5].

On the other hand, in [8] our arguments are more group-theoretical and
revolve around whether it is possible to normalise certain subgroups of the
base group of the wreath product that was considered there. Equally the
goal with the work presented below has been to maintain this flavour as
much as possible. Indeed, one of the points we address in the final section
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of this paper is the link between the two conditions (a) and (b) that appear
in Theorem 3.4 below and subgroups of the normal subgroup N which are
normalised by the constructed complement. In the end, one of the goals of
this paper is to demonstrate that the methods of [8], which on the face of
it appear to concern the specific case of a wreath product, can actually be
extended to apply to complements in an arbitrary finite group (provided the
minimal normal subgroup is non-abelian).

Around the time that the first draft of this paper was being completed,
work by Cannon and Holt [4] was published. They returned to Kovács’s
work and described how to implement a practical algorithm for computing
representatives for the conjugacy classes of maximal subgroups in a finite
group. Our principal construction (see Definition 2.3 below) also appears
in [4, Section 2.2]. However, we are using it to consider complements whereas
Cannon and Holt use it to construct what they call ‘diagonal-type subgroups’
which are then used in the construction of the first collection of maximal
subgroups from [6, Theorem 4.3].

The maximal subgroups that complement the normal subgroup are in-
stead discussed in [4, Section 3.6]. The methods described there appear to be
different from those given below in the current work. The induced homomor-
phism does not appear and, although condition (b) from our Theorem 3.4
is present, an alternative condition appears instead of our condition (a),
namely that the complement corresponds to a maximal complement in a
quotient. This latter condition is not used in our work below.

There are also links between our work here and that of Baddeley in
his fundamental paper [2]. Lafuente [7] observes that if N is a minimal
normal subgroup of a group G, N is the direct product of copies of the
non-abelian simple group X, and there is a complement H to N in G, then
G is isomorphic to a twisted wreath product X twrH (see also Bercov [3]).
Section 3 of [2] discusses conditions for the top group to be a maximal
subgroup of the twisted wreath product and perhaps unsurprisingly our
conditions (a) and (b) can also be found in the discussion there. In view
of this, it is interesting to consider what the link is between our work and
twisted wreath products and this is discussed in Section 4 below.

In both Kovács’s and Baddeley’s work, the possibility of parametrising
the complements which are maximal seems to be implicit. The goal of the
work presented here is to make such a parametrisation explicit and concrete
noting both the need for the conditions (a) and (b) and also the compatibility
condition required for a complement to exist. In doing so we bring the work
begun in [8] to what appears to be its logical conclusion.

Finally we note that the proof of Lemma 3.2 (and hence the proof of the
necessarity of condition (a) in Theorem 3.4) depends on the Classification of
Finite Simple Groups. We did not need this in [8] since the corresponding
homomorphism φ took values in the simple group X, whereas here we have
the possibility that the image of φ : StabQ(ω) → AutX is non-trivial but
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has trivial intersection with InnX. The corresponding point in Baddeley’s
work [2, Lemma 3.2] relies on the Schreier Conjecture and hence also on the
Classification.

2 Complements and induced homomorphisms

In this section we consider basic properties of complements to a normal
subgroup in a finite group. In particular, we shall see that if N is a nor-
mal subgroup of a finite group G and N is a direct product of k copies of
a non-abelian finite simple group X then a complement to N corresponds
to a certain type of homomorphism from Q = G/N to the automorphism
group of N . In this situation, this automorphism group is isomorphic to
the wreath product W (AutX) = (AutX) wrΩ Sym(Ω) where |Ω| = k. We
then demonstrate how such homomorphisms may be induced from homo-
morphisms φ : StabQ(ω) → AutX and obtain a parametrisation of the com-
plements to N in terms of certain such homomorphisms. The notation we
develop in this section will be maintained throughout the paper.

So let N be a normal subgroup of the finite group G and let Q = G/N .
An element of Q is then a right coset Ng of N and we may define a map
χ : Q → OutN by Ng 7→ (InnN)σg, where σg denotes the automorphism
of N induced by conjugation by the element g. This is a homomorphism and
in the study of extension theory is known as a coupling. If x is an element
of Q, then the image of x under χ is a coset of InnN so it makes sense to
define

E = { (x, σ) ∈ Q×AutN | σ ∈ xχ }.

There is a homomorphism from G to Q×AutN given by g 7→ (Ng, σg). The
image of this homomorphism is E while the kernel is the centre Z(N) of N .
Hence if this centre is trivial, this homomorphism is actually an isomorphism
from G to E.

Henceforth we shall assume that Z(N) = 1. Under the above iso-
morphism, the normal subgroup N then corresponds to the normal sub-
group 1 × InnN of E. A complement H to N in G corresponds to a sub-
group H̃ of E such that for each x ∈ Q there exists a unique automorphism σ
of N with (x, σ) ∈ H̃. (For if both (x, σ1) and (x, σ2) lie in H̃, then H̃ con-
tains the element (1, σ−1

1 σ2) and here σ−1
1 σ2 ∈ 1χ = InnN . Since H is

a complement to N this forces σ1 = σ2.) It follows that H determines a
homomorphism ζ : Q→ AutN via (x, xζ) ∈ H̃ for each x ∈ Q.

This homomorphism has a further property which we shall express in
terms of the following notation.

Definition 2.1 If η : Q → AutY is a homomorphism taking values in the
automorphism group of some group Y , let OutY denote the outer automor-
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phism group of Y and write η̄ : Q→ OutY for the homomorphism obtained
by composing η with the natural map AutY → OutY .

Using this notation, we note that if H is a complement to N then the
homomorphism ζ : Q → AutN determined by H̃ must satisfy ζ̄ = χ (since
H̃ is contained in E). Conversely, given a homomorphism ζ : Q → AutN
such that ζ̄ = χ, we determine a complement { (x, xζ) | x ∈ Q } to 1× InnN
in E and hence a complement to N in G. Thus, complements to N in G are
in one-one correspondence with homomorphisms ζ : Q → AutN with the
property that ζ̄ = χ. We refer to this condition ζ̄ = χ as the compatibility
condition for complements.

We shall now further restrict to the situation we are most interested in,
namely that where N is a direct product of k copies of a non-abelian finite
simple group X, say N = XΩ where |Ω| = k. Then

AutN ∼= W (AutX) = (AutX) wrΩ Sym(Ω)

and
OutN ∼= W (OutX) = (OutX) wrΩ Sym(Ω).

The notation of Definition 2.1 will then take a homomorphism η : Q →
W (AutX) and produce η̄ : Q → W (OutX) (here we are taking Y = N in
the definition).

In this context, homomorphisms taking values in AutN will also give
rise to permutation representations on Ω. To exploit this, we shall make a
similar notational definition to the previous one.

Definition 2.2 If η : Q → W (L) is a homomorphism taking values in the
wreath product W (L) where L is any group, write η∗ : Q→ Sym(Ω) for the
homomorphism obtained by composing η with the natural map W (L) →
Sym(Ω).

Comparing Definitions 2.1 and 2.2, we note that if η : Q→W (AutX) is
a homomorphism, then η∗ = (η̄)∗.

The coupling χ associated to the extension G of N by Q is a homo-
morphism χ : Q → W (OutX) from which we obtain the permutation rep-
resentation χ∗ : Q → Sym(Ω) of Q on the set Ω. Since this permutation
representation is determined by G and is fixed throughout our discussion,
we shall write ρ = χ∗ to have a permanent record of this map. Of course,
this gives us an action of Q on Ω and we shall simplify notation by writing αx
for the image of α (from Ω) under the action of the permutation xρ.

The action of G on N induces an action of G on the set Ω corresponding
to the permutation of the direct factors of N . It is straightforward to check
that the corresponding permutation representation G→ Sym(Ω) equals the
composition of the natural map G→ Q with ρ.
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We are interested in the case when G permutes the direct factors of N
transitively. Consequently let us assume the action of Q on Ω determined
by ρ is transitive. Fix ω in Ω and write StabQ(ω) for the stabiliser of ω in Q.
Let T = { tα | α ∈ Ω } be a transversal to StabQ(ω) in Q such that ωtα = α
for all α ∈ Ω. We shall assume that tω = 1. For x ∈ Q, define elements hα,x
in StabQ(ω) by

tαx = hα,xtαx.

Definition 2.3 Let L be any group and let φ : StabQ(ω) → L be a homo-
morphism. Define a map Φ: Q→W (L) by

xΦ = (hα,xφ)(xρ).

We shall say that this Φ is induced from φ.

Recall here that we are using an abbreviated notation for elements in
the wreath product W (L). Thus the α-component of the element xΦ is the
image of hα,x under the homomorphism φ. The terminology ‘induced’ is
appropriate as there are similarities to induced representations and similar
constructions. (Cannon and Holt term the similar construction appearing
in [4, Definition 2.2] the wreathed monomorphism.)

Lemma 2.4 The induced map Φ is a homomorphism.

Proof: If x, y ∈ Q, then tαxy = hα,xtαxy = hα,xhαx,ytαxy, so hα,xy =
hα,xhαx,y. Thus

(xy)Φ = (hα,xφ)(hαx,yφ)(xy)ρ
= (hα,xφ)(xρ) · (hαx,yφ)xρ(yρ)
= (hα,xφ)(xρ) · (hα,yφ)(yρ) = (xΦ)(yΦ),

as required. �

Therefore if we start with a homomorphism φ : StabQ(ω) → AutX we
can construct a homomorphism from Q to AutN . Of course, these induced
homomorphisms will not typically determine a complement to N in G. It
turns out that we will need to make particular choices for φ and then com-
pose the induced map Φ with an inner automorphism of the wreath product
to obtain a homomorphism ζ satisfying ζ̄ = χ. Note that a homomorphism
satisfying ζ̄ = χ necessarily satisfies ζ∗ = χ∗ = ρ, while an induced homo-
morphism Φ satisfies Φ∗ = ρ by construction.

Also observe that given φ : StabQ(ω) → AutX we may on the one hand
induce Φ: Q → W (AutX). On the other hand, we can compose φ with
the natural projection to produce φ̄ : StabQ(ω) → OutX and then induce
this to a homomorphism Q → W (OutX). It is easy to see that this latter
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induced homomorphism coincides with Φ̄, obtained from Φ by the recipe
described in Definition 2.1.

Although we shall be mostly considering homomorphisms which are in-
duced with respect to the fixed transversal T , there will be points where
we need to consider a different choice of transversal. The following lemma
shows that this simply corresponds to conjugation of our image.

Lemma 2.5 For each α ∈ Ω, let bα be an element of StabQ(ω) and t′α =
bαtα. Let Φ′ : Q→W (L) be the homomorphism induced from φ with respect
to the transversal T ′ = { t′α | α ∈ Ω }. Then Φ′ = Φβ where β denotes
conjugation by the element (bαφ−1) of LΩ.

Proof: We define elements h′α,x in StabQ(ω) by the formula t′αx = h′α,xt
′
αx.

We calculate

t′αx = bαtαx = bαhα,xtαx = bαhα,xb
−1
αxt

′
αx.

Hence h′α,x = bαhα,xb
−1
αx for all α ∈ Ω and x ∈ Q, so

xΦ′ =
(
(bαφ)(hα,xφ)(b−1

αxφ)
)
(xρ)

= (bαφ) · (hα,xφ)(xρ) · (b−1
αxφ)xρ = (xΦ)(bαφ)−1

.

This establishes the lemma. �

Now consider any homomorphism η : Q→W (L) with the property that
the map η∗ coincides with the permutation representation ρ. If we consider
the restriction of η to the stabiliser StabQ(ω), then we note that its im-
age StabQ(ω)η must normalise the direct factor Lω of the base group of the
wreath product and hence

StabQ(ω)η 6 Lω ×
(
LwrΩ\{ω} Sym(Ω \ {ω})

)
.

It therefore makes sense to make the following definition.

Definition 2.6 If η : Q → W (L) is a homomorphism satisfying η∗ = ρ,
write θη : StabQ(ω) → L for the homomorphism obtained by composing the
restriction of η to the stabiliser StabQ(ω) with the projection

Lω ×
(
LwrΩ\{ω} Sym(Ω \ {ω})

)
→ L

onto the direct factor of the base group indexed by ω.

Thus, by definition, xθη equals the ω-component of the element xη for
each x in StabQ(ω).

In particular, if we apply Definition 2.6 when η is an induced homo-
morphism Φ: Q → W (L) as given in Definition 2.3, then θΦ is the map
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x 7→ hω,xφ (for x ∈ StabQ(ω)). However, since we chose tω = 1 we see
that hω,x = x for all x ∈ StabQ(ω). Hence θΦ = φ and so the recipe of
Definition 2.6 simply recovers the homomorphism φ used to construct Φ.

We could equally well apply the recipe of Definition 2.6 to the coupling
χ : Q → W (OutX) to yield θχ : StabQ(ω) → OutX. This homomorphism
will be important in the context of our compatibility condition ζ̄ = χ, so we
will record θχ as ψ : StabQ(ω) → OutX.

Returning to our general homomorphism η : Q→ W (L) satisfying η∗ =
ρ, we have our recipe to construct θ = θη : StabQ(ω) → L and, via Def-
inition 2.3, we induce Θ: Q → W (L). For each γ ∈ Ω, let a(γ)

α be the
α-component of tγη, so that tγη = (a(γ)

α )(tγρ). Let x ∈ Q and consider hγ,xθ
for γ ∈ Ω. Writing xη = (xα)(xρ), we have

hγ,xη = (tγxt−1
γx )η

= (a(γ)
α )(tγρ) · (xα)(xρ) · (t−1

γx ρ)(a
(γx)
α )−1

=
(
a(γ)
α xαtγ (a(γx)

αhγ,x
)−1

)
(hγ,xρ).

We obtain hγ,xθ by projecting onto the ω-component of the above element,
so

hγ,xθ = a(γ)
ω xωtγ (a(γx)

ωhγ,x
)−1 = a(γ)

ω xγ(a(γx)
ω )−1.

Therefore

xΘ =
(
a(α)
ω xα(a(αx)

ω )−1
)
(xρ)

= (a(α)
ω ) · (xα)(xρ) · (a(α)

ω )−1

for all x ∈ Q and we deduce

xη = (xΘ)a

where a = (a(α)
ω )α∈Ω, an element of the base group LΩ of W (L). Thus

η = Θτa

where τa is the inner automorphism of W (L) obtained by conjugating by
the element a. Note that the ω-component of a is a(ω)

ω , which is the identity
element since tω = 1 according to our original choice.

We shall use this observation repeatedly, so we record it as a lemma.

Lemma 2.7 Let η : Q → W (L) be a homomorphism satisfying η∗ = ρ.
Define aγ to be the ω-component of the element tγη. Then

η = Θητa
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where Θη is the homomorphism induced from θη : StabQ(ω) → L (the latter
as given by Definition 2.6) and τa is the inner automorphism of the wreath
product obtained by conjugating by the element a = (aα) from the base
group LΩ of W (L). �

Now suppose that ζ : Q→W (AutX) is a homomorphism corresponding
to a complement to N in G, which means, of course, that ζ̄ = χ. By
Lemma 2.7, there exists a such that

ζ = Θτa

where Θ is induced from θ = θζ : StabQ(ω) → AutX. Note that the homo-
morphism θ̄ : StabQ(ω) → OutX coincides with ψ = θχ since ζ̄ = χ.

Conversely, suppose φ : StabQ(ω) → AutX is a homomorphism satis-
fying φ̄ = ψ. Then the induced map Φ: Q → W (AutX) satisfies Φ̄ = Ψ,
where Ψ is the map induced from ψ. Applying Lemma 2.7 to χ produces a
in the base group (AutX)Ω of W (AutX) such that

χ = Ψτā

where ā is the image of a in (OutX)Ω. Therefore ζ̄ = χ where ζ = Φτa and
hence this ζ corresponds to a complement to N in G.

This leads us to the following:

Theorem 2.8 Let G be a finite group with a normal subgroup N which is
a direct product of k copies of a non-abelian finite simple group X. Let Q =
G/N and χ : Q → W (OutX) be the coupling associated to this extension.
Define ψ = θχ : StabQ(ω) → OutX to be as constructed by Definition 2.6.

(i) Every complement to N in G corresponds to a homomorphism ζ : Q→
W (AutX) of the form ζ = Φτa, where Φ is induced from a homomor-
phism φ : StabQ(ω) → AutX satisfying φ̄ = ψ and a = (aα) is an
element in the base group (AutX)Ω of W (AutX) satisfying aω = 1.

(ii) Given a homomorphism φ : StabQ(ω) → AutX satisfying φ̄ = ψ,
there exists a = (aα) in (AutX)Ω with aω = 1 such that ζ = Φτa
satisfies the compatibility condition ζ̄ = χ and therefore corresponds
to a complement to N in G.

Furthermore, the element a in both parts can be chosen so that its image
in OutN (that is, its image in (OutX)Ω) is uniquely determined indepen-
dently of the complement in (i) and of the homomorphism φ in (ii).

Proof: It just remains to check the uniqueness claim at the end of the state-
ment. In our discussion prior to the statement of Lemma 2.7 we considered
an arbitrary homomorphism η : Q → W (L) and noted that the element a
could be determined by the values of tγη. When we compare this to how
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we established part (i) of this theorem, we note first that given a homomor-
phism ζ : Q→ W (AutX) such that ζ̄ = χ, the required a is determined by
the tγζ and hence the image of a in OutN is determined by ζ̄ = χ. Thus this
image of a is indeed determined by χ and is independent of the particular
complement.

Equally in establishing (ii), it was necessary to pick a such that χ = Ψτā
where ā is the image of a in OutN . Then as noted above, a can then be
chosen so that ā is determined by the values of tγχ. This image is therefore
independent of the homomorphism φ. �

We refer to the condition φ̄ = ψ occurring in the theorem as the com-
patibility condition for homomorphisms StabQ(ω) → AutX.

Corollary 2.9 There is a one-one correspondence between complements
to N in G and homomorphisms φ : StabQ(ω) → AutX satisfying the com-
patibility condition φ̄ = ψ.

Proof: Part (ii) of Theorem 2.8 provides us with a map φ 7→ ζ = Φτa from
the set of homomorphisms satisfying the compatibility condition to the set
of homomorphisms ζ : Q → AutN that correspond to a complement to N
in G. We shall check that this map is a bijection.

We first note that part (i) of Theorem 2.8 tells us that the map is sur-
jective. Secondly, if ζ = Φτa where a = (aα) satisfies aω = 1, then applying
the construction of Definition 2.6 yields

θζ = θΦ = φ.

This ensures our map φ 7→ ζ is injective. �

Finally for this section, we consider how conjugation relates to our con-
struction.

Proposition 2.10 Let H1 and H2 be complements to N in G (where N is
a direct product of k copies of the non-abelian finite simple group X). For
i = 1, 2, let Hi correspond to the homomorphism ζi : Q→W (AutX) where

ζi = Φiτai , Φi is induced from φi : StabQ(ω) → AutX and ai = (a(i)
α ) is

an element of the base group (AutX)Ω with a
(i)
ω = 1. Then H1 and H2

are conjugate in G if and only if φ1 = φ2σ for some inner automorphism σ
of InnX.

Proof: The subgroup Hi corresponds to H̃i = { (x, xζi) | x ∈ Q } and we
shall assume that H̃1 and H̃2 are conjugate in E. Since they complement
the subgroup 1 × InnN , we see this conjugation may be achieved by an
element of the latter normal subgroup. Hence

ζ1 = ζ2τb
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for some b = (bα) in InnN = (InnX)Ω. Since a(1)
ω = a

(2)
ω = 1, we calculate

that
θζ1 = θΦ1τa1

= θΦ1 = φ1

and that
θζ2τb = b−1

ω θΦ2bω = b−1
ω φ2bω.

Hence φ1 = φ2σ where σ denotes conjugation by the element bω from InnX.
Conversely suppose that φ1 = φ2σ where σ denotes conjugation by some

element b0 from InnX. Then, for x ∈ Q,

xΦ1 =
(
(hα,xφ)b0

)
(xρ)

= b−1 · (hα,xφ)(xρ) · b = xΦ2τb

where b = (b0)α∈Ω ∈ InnN . Therefore

xζ1 = xΦ2τbτa1 = xζ2τa−1
2 ba1

.

It follows that H̃1 = H̃2
(1,a−1

2 ba1)
. The uniqueness part of Theorem 2.8

tells us that a1 and a2 are congruent modulo InnN . Hence a−1
2 ba1 is an

element of InnN and we see that H̃1 and H̃2 are conjugate in E. Therefore
H1 and H2 are conjugate in G and the proof is complete. �

3 Conditions for maximality

In the context we are interested in, Theorem 2.8 and its corollary provides
us with a parametrisation for the complements of our normal subgroup. In
this section, we link this parametrisation to criteria for the maximality of
the particular complement.

Let G be a finite group with a normal subgroup N which is a direct
product of k copies of a non-abelian finite simple group X. We maintain
the notation of the previous section. Specifically, let H be a complement
to N in G and H̃ = { (x, xζ) | x ∈ Q }, where the homomorphism ζ : Q →
W (AutX) satisfies ζ̄ = χ. By Theorem 2.8(i), we may write ζ = Φτa, where
Φ is induced from φ : StabQ(ω) → AutX and a ∈ (AutX)Ω has its image
in (OutX)Ω uniquely determined by G (that is, it is independent of H).

It is straightforward to see that H is a maximal subgroup of G if and
only if it does not normalise any non-trivial proper subgroup of N . Passing
to E (as in Section 2) and its subgroup H̃, we note that H̃ normalises a
subgroup 1 ×M of 1 × InnN if and only if the image of ζ normalises M
and, since ζ = Φτa, this is in turn equivalent to the image of Φ normalising
the subgroup Ma−1

of InnN . We record this observation as a lemma.

12



Lemma 3.1 The complement H corresponding to ζ = Φτa is maximal in G
if and only if the image of Φ normalises no non-trivial proper subgroup
of InnN . �

This lemma means that when determining whether the complement cor-
responding to a homomorphism φ : StabQ(ω) → AutX is maximal or not,
we need only consider the induced homomorphism Φ and we can ignore
the conjugation by the element of (AutX)Ω used to finish constructing the
complement.

Let us first assume that our complement is a maximal subgroup of G;
that is, that the image of Φ in W (AutX) normalises no non-trivial proper
subgroup of InnN . We begin by showing that the conditions appearing in
the main theorem hold in this situation.

Lemma 3.2 If the image of Φ normalises no non-trivial proper subgroup
of InnN , then the image of φ in AutX contains InnX.

Proof: First assume that the image of φ normalises a non-trivial proper
subgroup R of InnX. It follows that the image of the stabiliser StabQ(ω)
under Φ normalises the subgroup

Rω = { (xα) ∈ (AutX)Ω | xω ∈ R, xα = 1 for α 6= ω },

of InnN . The distinct conjugates of Rω under the action of QΦ lie in distinct
factors of InnN . Therefore the subgroup S generated by these conjugates
has the form

S =
∏
α∈Ω

Rα,

a direct product of copies Rα of R. This subgroup S is then a non-trivial
proper subgroup of InnN which is normalised by the image of Φ, contrary to
assumption. Hence the image of φ normalises no non-trivial proper subgroup
of InnX.

Now consider L = imφ ∩ InnX. If L 6= 1, then L is a normal subgroup
of imφ and taking R = L in the above argument shows that L = InnX;
that is, imφ contains InnX and the lemma would be proved.

The only remaining possibility is that L = 1. Then an argument of
Wilson (see the proof of [11, Lemma 1]) shows that the centraliser in InnX
of a minimal normal subgroup M of imφ is non-trivial. On the other hand,
this centraliser is certainly a proper subgroup of InnX and it is normalised
by imφ, so we could take R = CInnX(M) in the first paragraph. Thus, it is
not possible that L = 1 and the proof of the lemma is complete. �

Lemma 3.3 If the image of Φ normalises no non-trivial proper subgroup
of InnN and φ equals the restriction of some homomorphism φ̂ : H → AutX
where H is a subgroup of Q containing StabQ(ω), then H = StabQ(ω).
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Proof: The subgroupH yields a (possibly trivial or improper) block system

Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs

for the action of Q on Ω. Assume that ω ∈ Ω1, so that Ω1 = ωH, the orbit
of H containing ω. Since StabQ(ω) also equals the stabiliser of ω in H, there
exists a transversal U = {uα | α ∈ Ω1 } to StabQ(ω) in H such that ωuα = α
for each α ∈ Ω1 and we may assume that uω = 1. Let V = {v1, v2, . . . , vs}
be a transversal to H in Q such that Ω1vi = Ωi for i = 1, 2, . . . , s and
assume that v1 = 1. Let T ′ = {uαvi | α ∈ Ω1, 1 6 i 6 s }, which is
a transversal to StabQ(ω) in Q. Write t′α for the element of T ′ satisfying
ωt′α = α. Then t′α = uα for all α ∈ Ω1 since v1 = 1. Let Φ′ : Q→W (AutX)
be the homomorphism induced from φ with respect to T ′. Lemma 2.5 tells
us that Φ and Φ′ differ by conjugation by some element of (AutX)Ω.

For each α ∈ Ω1, let ψα = uαφ̂ and define

D = { (xψ
−1
α )α∈Ω1 | x ∈ InnX },

a diagonal subgroup of (InnX)Ω1 . (Here xψ
−1
α denotes the conjugate ψαxψ−1

α

of x by ψ−1
α .) We shall view D as being embedded in InnN in the obvious

way. Let y ∈ H. Then if α ∈ Ω1, we have

h′α,y = t′αy(t
′
αy)

−1 = uαyu
−1
αy

and from this
h′α,yφ = h′α,yφ̂ = ψα(yφ̂)ψ−1

αy .

Therefore, upon conjugating an element of D by yΦ′, we find[
(xψ

−1
α )α∈Ω1

]yΦ′

=
[
(xψ

−1
α )α∈Ω1

](h′α,yφ)α∈Ω(yρ)

=
[(

(xψ
−1
α )h

′
α,yφ

)
α∈Ω1

]yρ
=

[
(zψ

−1
αy )α∈Ω1

]yρ
= (zψ

−1
α )α∈Ω1 ,

where z = xyφ̂ ∈ InnX. In particular, D is normalised by HΦ′. Conjugating
by the appropriate element of (AutX)Ω, we deduce that HΦ normalises
some diagonal subgroup E of (InnX)Ω1 .

Note that {v1Φ, v2Φ, . . . , vsΦ} is a transversal to HΦ in QΦ and that
EviΦ 6 (InnX)Ωi for each i. Hence the conjugates EviΦ generate a direct
product

F = Ev1Φ × Ev2Φ × · · · × EvsΦ

and this is normalised by QΦ. Our assumption that the image of Φ nor-
malises no non-trivial proper subgroup of InnN then forces |Ω1| = 1. There-
fore H = StabQ(ω), as required. �
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The previous two lemmas tell us that if a complement is maximal then
we have two conditions on the associated homomorphism φ : StabQ(ω) →
AutX. Conversely consider a complement to N in G and assume that
it corresponds to the homomorphism ζ = Φτa where Φ is induced from
φ : StabQ(ω) → AutX. We assume that the conditions established above
hold; that is,

(a) the image of φ in AutX contains InnX, and

(b) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q.

We seek to show that our complement is maximal in G and, in view of
Lemma 3.1, this is equivalent to establishing that the image of Φ does not
normalise any non-trivial proper subgroup of InnN .

Let L be a subgroup of InnN which is normalised by the image of Φ.
Let Lα be the subgroup of InnX which is the image of L under the projec-
tion of InnN onto its direct factor indexed by α. Since the representation
of ρ used to construct the induced map Φ is transitive and since im Φ nor-
malises L, it follows that the subgroups Lα are conjugate in AutX. We
therefore have three possibilities:

(i) Lα = InnX for all α ∈ Ω,

(ii) 1 < Lα < InnX for all α ∈ Ω, or

(iii) Lα = 1 for all α ∈ Ω.

Of course, the third case implies L = 1, which is perfectly acceptable for
a subgroup of InnN normalised by im Φ. We shall show that our two as-
sumptions (a) and (b) above will force L = InnN in case (i) and will yield
a contradiction in case (ii).

We first deal with case (ii). Note that L is also normalised by the
image of StabQ(ω) under Φ and hence Lω is normalised by the image
of (StabQ(ω))Φ under the projection onto the direct factor of InnN in-
dexed by ω. However, the image of (StabQ(ω))Φ under this projection is
merely the image of φ and thus Lω is normalised by the image of φ. Our
first assumption (a) then shows that Lω is a normal subgroup of InnX and
since X (∼= InnX) is simple we obtain the required contradiction.

We then turn to case (iii) where Lα = InnX for all α ∈ Ω. This says
that L is a subdirect product in InnN . Since InnX is isomorphic to the
non-abelian simple group X, this subdirect product is a direct product of
diagonal subgroups, say

L = D1 ×D2 × · · · ×Ds

where Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs is a partition of Ω and each Di is a diagonal
subgroup of the direct product of copies of InnX indexed by Ωi. Therefore
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each Di is isomorphic to X and they are the minimal normal subgroups of L.
Conjugation by elements of the image of Φ permutes the Di and noting that
the action of Q on Ω is defined by ρ = Φ∗, we see that {Ω1,Ω2, . . . ,Ωs} is
a block system for the action of Q on Ω. Assume ω ∈ Ω1 and let J be the
subgroup of Q containing StabQ(ω) that stabilises the block Ω1 in the block
system. Then Ω1 = ωJ , the orbit of ω under the action of J .

Now JΦ is a subgroup of QΦ which normalises the subgroup (InnX)Ω1

of InnN and hence normalises L ∩ (InnX)Ω1 = D1. We may write

D1 = { (σxφα)α∈Ω1 | x ∈ X }

where each φα is an automorphism of X and σa denotes the inner automor-
phism of X obtained by conjugating by a. Without loss of generality we
shall assume φω is the identity map. Then

(σxφα)α∈Ω1 7→ x

is an isomorphism and is equal to the composition of the projection of ele-
ments of D1 onto their ω-component followed by the inverse of the natural
isomorphism X → InnX. The action of JΦ on D1 then induces an action
of J on X and hence a homomorphism φ̂ : J → AutX.

Consider the restriction of φ̂ to StabQ(ω). If y ∈ StabQ(ω), then the
ω-component of

[(σxφα)α∈Ω1 ]
yΦ

is
σ
hω,yφ
x = σyφx = σx(yφ).

Hence yφ̂ is the map x 7→ x(yφ); that is, yφ̂ = yφ. Since then φ is the
restriction of φ̂ to StabQ(ω) we may now use assumption (b) to deduce
J = StabQ(ω) and hence |Ωi| = 1 for all i. Therefore L = D1×D2×· · ·×Ds

is the direct product of copies of InnX indexed by Ω. Thus in case (i) the
subgroup normalised is InnN .

We now conclude that under our assumptions there is no non-trivial
proper subgroup of InnN normalised by im Φ which tells us that our com-
plement to N in G is a maximal subgroup. This completes the proof of the
following theorem.

Theorem 3.4 Let G be a finite group with a normal subgroup N which is a
direct product of copies of a non-abelian finite simple groupX indexed by the
set Ω. Let Q = G/N and let Q act on Ω via the coupling χ : Q→W (AutX).
A complement corresponding to a homomorphism φ : StabQ(ω) → AutX
(which necessarily satisfies the compatibility condition φ̄ = ψ, where ψ = θχ)
is maximal in G if and only if

(a) the image of φ in AutX contains InnX, and
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(b) φ is not the restriction of some homomorphism φ̂ : J → AutX where
StabQ(ω) < J 6 Q. �

The set of all complements is parametrised by homomorphisms φ sat-
isfying the compatibility condition (see Corollary 2.9). This theorem tells
us that those complements which are maximal are parametrised by homo-
morphisms satisfying the compatibility condition and the two conditions
(a) and (b).

4 Further considerations: normalised subgroups
and twisted wreath products

As has been the case throughout the majority of this paper, let G be a
finite group with a normal subgroup N which is a direct product of copies
of a non-abelian finite simple group X indexed by the set Ω. We retain
the notation previously described. In particular, Q = G/N and there is an
action of Q on Ω determined by the coupling χ : Q → W (AutX). Corol-
lary 2.9 tells us that complements to N in G correspond to homomorphisms
φ : StabQ(ω) → AutX satisfying the given compatibility condition. The-
orem 3.4 then says that a complement is maximal in G if and only if the
associated homomorphism φ satisfies two further conditions. Since a com-
plement to N is maximal if and only if it normalises no non-trivial proper
subgroup of N , we would expect these two conditions to provide information
about possible normalised subgroups of N . Accordingly we begin this final
section by extracting from the work of Sections 2 and 3 the subgroups which
are normalised.

Suppose first that the homomorphism φ : StabQ(ω) → AutX satisfies
the compatibility condition φ̄ = ψ but fails condition (a) of Theorem 3.4.
The proof of Lemma 3.2 shows that the induced homomorphism Φ: Q →
W (AutX) has the property that its image normalises a subgroup S of InnN
of the form

S =
∏
α∈Ω

Rα

where each Rα is an isomorphic copy of a non-trivial proper subgroup R
of InnX normalised by the image of φ. The discussion prior to Lemma 3.1
then tells us that the image of the corresponding ζ : Q → W (AutX) nor-
malises

Sa =
∏
α∈Ω

R′
α

where R′
α is the conjugate of Rα by some element in AutX. (Note that

Theorem 2.8 tells us what form the element a has.) It follows that H̃ =
{ (x, xζ) | x ∈ Q } normalises the subgroup 1 × Sa of 1 × InnN . Finally
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recall that the isomorphism from G to E = { (x, σ) ∈ Q×AutN | σ ∈ xχ }
is given by

g 7→ (Ng, σg).

Applying the inverse of this isomorphism, we deduce that the complement H
corresponding to φ normalises the subgroup

M = { g ∈ N | σg ∈ Sa }

of N . Now the isomorphism InnN → N given by σg 7→ g (for g ∈ N)
preserves the decomposition of Sa into a direct product of isomorphic copies
of R. We have therefore established our first observation.

Lemma 4.1 If the homomorphism φ : StabQ(ω) → AutX satisfies the
compatibility condition φ̄ = ψ but the image of φ does not contain InnX,
then the complement to N in G associated to φ normalises a subgroup of N
of the form

∏
α∈ΩMα where the Mα are isomorphic copies of a non-trivial

proper subgroup of X. �

Now consider the case when φ : StabQ(ω) → AutX satisfies the compat-
ibility condition φ̄ = ψ but fails condition (b) of Theorem 3.4. Thus we are
assuming that φ is the restriction of some homomorphism φ̂ : J → AutX
where StabQ(ω) < J 6 Q. The proof of Lemma 3.3 shows that the image
of Φ normalises a subgroup of InnN of the form

F = Ev1Φ × Ev2Φ × · · · × EvsΦ

where Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωs is a block system for Q on Ω with Ω1 = ωJ ,
{v1, v2, . . . , vs} is a transversal to J in Q, v1 = 1, and E is a diagonal
subgroup of the direct product of copies of InnX indexed by Ω1. Thus F is
a direct product of diagonal subgroups. Conjugating by the element a in
the base group of W (AutX) produced by Theorem 2.8 preserves this state
of affairs and we deduce that the image of ζ normalises the subgroup

F a = F1 × F2 × · · · × Fs

where each Fi is a diagonal subgroup of copies of InnX indexed by Ωi. Then
H̃ normalises 1× F a and, applying the inverse of the isomorphism G→ E,
we deduce that the complement H associated to φ normalises the subgroup

D = { g ∈ N | σg ∈ F a }

of N . Once again the isomorphism InnN → N preserves the decomposition
into the direct product and we obtain our second observation about the
conditions in the main theorem.
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Lemma 4.2 If the homomorphism φ : StabQ(ω) → AutX satisfies the
compatibility condition φ̄ = ψ but is the restriction of some homomorphism
φ̂ : J → AutX where StabQ(ω) < J 6 Q, then the complement to N in G
associated to φ normalises a subgroup of N of the form

D = D1 ×D2 × · · · ×Ds

where Ω = Ω1∪Ω2∪· · ·∪Ωs is a block system for the action of Q on Ω with
Ω1 = ωJ and each Di is a diagonal subgroup of the direct product of copies
of X indexed by Ωi. �

Finally let us discuss the link between our work and work relating to
twisted wreath products (particularly that of Lafuente [7]). Before we define
what is meant by a twisted wreath product we shall examine our earlier work
in sufficient detail that the link to twisted wreath products can be elucidated
with ease.

We continue to assume that G is a finite group with a normal subgroupN
which is a direct product of copies of a non-abelian simple group X indexed
by a set Ω. Suppose that H is a complement to N in G. Then the projection
G→ Q = G/N induces an isomorphism from H onto Q and therefore G is
isomorphic to the semidirect product of N by Q. The isomorphism class
of G is therefore determined by the induced action of Q on N .

We observed earlier that G is isomorphic to E = { (x, σ) ∈ Q× InnN |
σ ∈ xχ } and that under this isomorphism N corresponds to 1× InnN and
H corresponds to H̃ = { (x, xζ) | x ∈ Q } where ζ = Φτa as determined by
Theorem 2.8. One isomorphism of N with 1× InnN is given by g 7→ σag =
a−1σga and the conjugation action of H̃ on 1× InnN is then

(1, σag )
(x,xζ) = (1, σa(xΦτa)

g ) = (1, σ(xΦ)a
g ) = (1, σag(xΦ)).

It follows that the induced action of Q on N is given by the homomorphism
Φ: Q→ AutN .

Now let us recall the definition of a twisted wreath product. We shall
express this in a similar form to our earlier description of the wreath prod-
uct. We shall construct the twisted wreath product X twrQ with respect
to the homomorphism φ : StabQ(ω) → AutX and the previously chosen
transversal T = { tα | α ∈ Ω }. Define elements hα,x in StabQ(ω) by the
formula

tαx = hα,xtαx

for α ∈ Ω and x ∈ Q. Let
N =

∏
α∈Ω

Xα,

the direct product of copies of X indexed by Ω, and define an action of Q
on N by

(gα)x = (g
(h−1

α,x−1 )φ

αx−1 )
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for gα ∈ X for all α ∈ Ω and x ∈ Q. (Lafuente [7] uses the set of maps T →
X instead of the direct product of copies of X. There is, of course, an
obvious translation between the two and the previous formula is simply the
translation of the formula he gives for multiplication of the elements of the
twisted wreath product into this setting.) The definition of the elements hα,x
ensures that h−1

α,x−1 = hαx−1,x and hence the action of Q on N is given by

(gα)x = (g
(hαx−1,x)φ

αx−1 ). (1)

The twisted wreath product X twrφQ is then the semidirect product of N
by Q with respect to this action.

Now, however, we note that Equation (1) says that the image of an
element g ∈ N under the action of x ∈ Q is simply the image of g under the
automorphism

xΦ = (hα,xφ)(xρ)

from AutN . That is, X twrφQ is the semidirect product of N by Q with
respect to the homomorphism Φ: Q → AutN . Since we used precisely the
same action to construct G as the semidirect product of N by Q, we deduce
G ∼= X twrφQ. Since Q is isomorphic to H, we deduce Lafuente’s result as
a consequence of our work.

Theorem 4.3 (Lafuente [7]) If G is a finite group with a minimal normal
subgroup N that is a direct product of copies of a non-abelian finite simple
group X and H is a complement to N in G, then G is isomorphic to a
twisted wreath product X twrH. �

The similarities between our conditions for maximality of a complement
and those of Baddeley [2] for the maximality of the top group of a twisted
wreath product are therefore unsurprising.
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