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Abstract. Variable symmetries in a constraint satisfaction problem can
be broken by adding lexicographic ordering constraints. Existing general
methods of generating such sets of ordering constraints can require a
huge number of constraints. This adds an unacceptable overhead to the
solving process. Methods also exist by which this large set of ordering
constraints can be reduced to a much smaller set automatically, but
their application is also prohibitively costly. In contrast, this paper takes
a bottom-up approach. It examines some commonly-occurring families
of groups and derives a minimal set of ordering constraints sufficient
to break the symmetry each group describes. These minimal sets are
then used as building blocks to generate minimal sets of ordering con-
straints for groups constructed via direct and imprimitive wreath prod-
ucts. Experimental results confirm the value of minimal sets of ordering
constraints, which can now be generated much more cheaply than with
previous methods.

1 Introduction

Constraint programming supports the solution of a combinatorial problem in two
stages. First, the problem is characterised or modelled as a constraint satisfaction
problem (CSP): a finite set of decision variables, each with a finite set of potential
values, and a set of constraints on the allowed assignments of values to the
variables. Second, a constraint solver is used to search for solutions: assignments
to the decision variables that satisfy all the constraints. Constraint models often
contain symmetries that partition the set of assignments into equivalence classes.
Symmetries can be exploited by restricting the search for a solution to one
member of each equivalence class (symmetry breaking), dramatically reducing
search.

One symmetry-breaking method is to add constraints to the model. Crawford
et al [2] describe one such approach called lez-leader: one member of each equiv-
alence class is designated as lexicographically least, and a set of lexicographic
ordering constraints are added to preclude all other members of that class. The
disadvantage of this method is that, for a CSP with n variables, it can produce
n! lexicographic ordering constraints. The overhead of adding this number of
constraints to the CSP usually outweighs the benefit of breaking the symmetry.



In many cases, this large set of constraints can be reduced to a much smaller
set that still breaks all the symmetry [3,5]. However, these general reduction
methods are themselves prohibitively costly. Puget [8] has identified a special
case, where each variable must be assigned a distinct value, in which the set of
ordering constraints collapses to just n—1 binary inequalities. This paper follows
somewhat in this vein. It considers the mathematical group that describes certain
symmetries, the associated set of lexicographic ordering constraints necessary to
break those symmetries, and how that set can be reduced to a fix-point that we
define as minimal.

Further to this the paper discusses combininations of commonly occurring
groups. These combinations are known to be much larger than the groups they
are constructed from; they therefore pose a similar problem in relation to the
number of constraints required to break the symmetries in a CSP with that
symmetry group. We examine methods of breaking these symmetries by utilising
the minimal sets of constraints defined for the constituent groups.

2 Background

A finite-domain constraint satisfaction problem comprises: a finite set of variables
X; for each variable x € X, a finite set of values (its domain); and a finite set C
of constraints on the variables. Each constraint ¢ € C is defined over a sequence,
X', of variables drawn from X. A subset of the Cartesian product of the domains
of the members of X’ gives the set of allowed combinations of values. A complete
assignment maps every variable in a given CSP to a member of its domain.

A wvariable symmetry of a CSP is a bijection f : X — X of the set of variables
such that {(z;,a;) : 1 <i <mn}is a solution if and only if {(f(z;),a;) : 1<
i < n} is a solution.

Any group can be represented by a set G of bijections from a set X to itself (or
permutations of the set X'), such that G is closed under composition of functions
and inversion. The groups we are interested in are sets of variable symmetries
of the CSP. The symmetric group, S,,, is the group whose elements are the set
of bijections from {1,...,n} into itself.

Having identified a symmetry within a model we identify a set of symmetry-
breaking constraints sufficient to break it using the lex-leader method. We first
define an ordering on the decision variables.!, then add constraints that order the
assignments to these variables. To illustrate, we consider the symmetric group
S3 acting on three variables, 21, 22, and x3. Here the permutation [z, x3, z2]
means x1 maps to itself, and x5 and z3 map to each other:

[xl,l‘z,x?,], [332,961, $3L [$1,$37$2], [333,$27 le [1‘2,3037331], [563, $1,$2]

We choose z7 to be the most significant variable in the ordering, x5 the next
most significant, and x3 the least significant. The next step is to add symmetry-

! Note that recent research suggests that the ordering chosen can affect the search
tree quite considerably [9].



breaking constraints to allow only one member of each equivalence class of as-
signments induced by the symmetry:

1, 22,23 Slex T2,T1,T3, L1,%2,T3 Slex T3,T2,T1, T1,T2,T3 Slex T3, L1, L2

T1,%2, T3 Slex T1,%3,T2, T1,%2,T3 Slex T2,23,T1

Notice that there is one constraint per nontrivial permutation of Ss. In general,
there are n! permutations for the group S, and so (n! — 1) n-ary constraints are
produced by the lex-leader method to break all symmetries.

Every permutation can be written as a composition of disjoint cycles. Con-
sider the following permutation in list notation:

[$379«"1,$6, 174,557,$27938,$5]

We see that f(x1) = x3, f(x3) = x6, f(26) = 22 and f(x9) = x1; similarly,
f(zs) = a7, f(x7) = x5 and f(xs) = x5, while f(x4) = z4. In cycle notation we
have

(z1232622)(24) (T52728)

We generally omit mappings of elements to themselves; this is the notation
we will use to represent permutations in the rest of this paper.

($1$3$6$2)($5$7$8)

3 Reducing the Ordering Constraints

Frisch and Harvey [3] describe two rules to reduce the number and arity of
constraints whilst maintaining complete symmetry breaking.

1. If we have a constraint ¢ of the form aXf <jx 7Y, and a = v logically
implies X =Y then we may replace it with af <jex 6.

2. If we have a set of constraints C' of the form C'U{af <jox 70}, and C'U{a =
~} logically implies 8 <jex 0, then we may replace C with C" U {a <jex 7}-

For example, consider the constraint x1x2 <jex o2x1. From the definition of
lexicographic ordering, to ensure that the constraint is satisfied we need only
compare a pair of variables if each pair of more significant variables are equal.
Here, if 1 = o then trivially the second pair must be equal. Therefore, by Rule
1 we need only consider the first pair of variables, reducing this constraint to
1 < 9 without modifying the set of solutions. In the S3 example given in the
previous section, Rule 1 reduces the set of lexicographic ordering constraints to:
z1 < x2, 2 < w3, 1 < X3, T1%2 Siex T2T3, T1T2 Slex 3%1. Application of
Rule 2 simplifies the constraints further to: 1 < xg, x2 < 3.

Ohrman [5] defines a further Rule 3 which supercedes and is stronger than
Rules 1 and 2. Rule 3 extends the stated Rules 1 and 2 in that it allows both



the consideration of all pairs of variables in any one lex constraint, provided
by Rule 1, and the implications derived from considering the entire set of lex
constraints, provided by Rule 2. Unfortunately the support required for removal
of the least significant pair remains essentially different from that required for
the removal of any other pair. Whilst we can remove any least significant pair in
a lex constraint by showing that it is always less than or equal at the time it is
considered, we must show that any other pair is equal at the time it is considered
in order to remove it. For this reason we find it useful to remove the action of
Ohrman’s Rule 3 that covers the actions of Rule 2 and to restate it as Rule 3'.

3’ If we have a set of constraints C of the form C’ U {aXf <jx 7Y 0}, and
C’' U{a = v} logically implies X = Y, then we may replace C with C’ U
{O[ﬁ Slex 76}

4 Confluence and Minimality

We now show that Rule 1 is confluent, i.e. there exists a unique fixpoint in its
application. We also show that in general the same is not true of Rule 2 and
Rule 3'.

Lemma 1. Application of Rule 1 is confluent.

Proof. Consider a pair of variables at an index ¢ that can be removed by Rule
1. The justification for this removal is a subset of the pairs of variables at the
indices less than i. Assume that Rule 1 is not confluent. Hence, for some pair at
index i, there exists an index h at which part of the justification for the removal
of the pair at ¢ has been removed by a previous application of Rule 1. However,
by definition the equality of the pair at index h is implied by a subset of the pairs
at indices less than h. Hence, the ‘hole’ in the justification for ¢ can be repaired
by the justification for h. Of course, the pair at h may also have a hole in its
justification, but this hole can be repaired in the same way. Furthermore, there
must exist a leftmost pair of variables that can be removed by Rule 1 whose
justification cannot have a hole. This is a contradiction. a

Lemma 2. Application of Rule 2 is not confluent.

Proof. Consider the following set of lexicographic ordering constraints:
T1T223T5 Slex T2L3T4T6

L1272 Slex T3T4
T10223T5 Slex T4T1T2T6

Rule 2 can now be applied in one of two ways.



1. Consider z1xox3%5 <jex T2T3T4Te, With x5 < xg for removal. We can apply
Rule 2 to a fixpoint, leaving:

T1 Slex T2
T1T2 Slex T3%4
T12223T5 Slex T4T1T2T6

2. Consider 1221375 <jox T421T2Tg, With x5 < xg for removal. We can apply
Rule 2 to a fixpoint leaving;:

T12223T5 Slex T2T3T4T6

122 Slex T3%4

12223 Slex T4T1T2

Lemma 3. Application of Rule 3’ is not confluent.
Proof. Consider the following set of lexicographic ordering constraints:
2121023 Slex T2211%4
21210%5 Slex T2211%6
121127 Slex T2T1078
Rule 3’ can now be applied in one of two ways.

1. Consider x1x1073 <jex Tox11L4 With 19 < x17 for removal. We can apply
Rule 3’ to a fixpoint leaving:

2123 Slex L2724

T1%10T5 Slex T2T11T6
121127 Slex 221078
2. Consider z1x1025 <jex ToT11T¢ With x19 < z17 for removal. We can apply

Rule 3’ to a fixpoint leaving:

2121073 Slex T2L11%4

21205 Slex T2T6

121127 Slex T221028
O

Definition 1. A set of lexicographic ordering constraints is said to be minimal
if the set is unchanged under application of Rules 2 and 3'.



Achieving minimality from a factorial number of constraints by mechanical
application of Rules 2 and 3’ is expensive. In practice, it has proved infeasible
as much of the time saved by breaking the symmetries is re-introduced in this
pre-processing stage [5]. We can derive a lower bound on the number of binary
inequality constraints produced by this process.

Theorem 1. Allow X = {x1,x2,...,x,} to be the set of decision variables in a
CSP and assume that X is a transitive? group of variable symmetries. Where the
domains of x;, 1 < i < n, contain more than one value, not considering other
constraints in the CSP, the minimum number of binary < constraints required
to remove all but one member of each equivalence class of assignments isn — 1.

Proof. Any constraint graph with n — 2 binary constraints is disconnected. Let
x1 be the most significant variable. Let x; be a decision variable that is not
connected to x1, and such that x; is most significant in its component of the
constraint graph. Consider the full assignment that assigns x; = a, where a is
minimal in the domain of z;, and z; = b for j # i, where b > a. Since there is a
symmetry mapping x; to z; there is a symmetry mapping this full assignment
to a full assignment with 1 = a. Thus there will remain more than one solution
from an equivalence class after addition of the n — 2 binary constraints, and
therefore n — 2 binary constraints will not suffice. a

5 Reduction Rules and Inequality Graphs

In the previous section we described rules 1, 2 and 3’ and the concept of min-
imality of a set of lexicographic ordering constraints. We begin by introducing
the inequality graph as a device to visualise the operation of the rules.

Definition 2. Given a CSP with set of variables X and set of constraints C, the
corresponding inequality graph G is a directed graph with one node per element
of X. G contains directed edges as follows. If, for some z;,z; € X, C contains:

1. x; < x; then G contains a directed edge from x; to x;.

2. x; = x; then G contains a directed edge from x; to x;, and a directed edge
from x; to x;.

3. x;... Ziex ¥j ... then G contains a directed edge from x; to x;.

Given a set of lexicographic constraints C on variables X, we consider the
process of applying Rule 3’ to remove the least significant pair of variables in
some ¢ € C. Following the rule, we begin by adding equality constraints between
all more significant pairs of variables, z;,x; in c. To illustrate, Figure 1 shows
the inequality graph for a CSP where X = {A, B,C, D}, and C = {ABC <jex
BCD,ABC <jox CDA} in which C < D from constraint ABC <j.x BCD is
under consideration for removal by Rule 2. The assumed equalities, A = B and
B = C, are represented by dual directed edges between the respective nodes and
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Fig.1. An inequality graph for the application of Rule 2 to remove C' < D from
ABC <jex BCD in the context of ABC <j.x CDA.

the inequality A < C implied by ABC <jox CDA is represented by a directed
edge from A to C.

The antecedent of Rule 2 requires the identification of implied inequality con-
straints. The process of identifying such equalities can be characterised partially
in terms of taking the transitive closure of the inequality graph.

Definition 3. Consider a directed graph G = (X, E), where X is the set of
nodes and E is the set of edges. The transitive closure of G is a graph G' =
(X, E') such that for allz;,x; € X there is an edge (z;,x;) in E' if and only if
there is a path from x; to x; in G [6].

Returning to our example, since there is a path from C to A via B, taking
the transitive closure of the inequality graph in Figure 1 adds a directed edge
from C to A. Since there is now both a directed edge from A to C, and from
C to A, it is implied that A = C. This allows us to simplify the constraint
ABC <jox CDA to BC <jox DA. Consequently, it is now clear that B < D.
Hence, the inequality graph of this new, simpler problem contains a directed
edge from B to D. The transitive closure of this graph is shown in Figure 2.
Notice that there is a directed edge from C to D, hence the pair C and D can
be removed from ABC <j.x BCD via Rule 2.

Generally, as pointed out by Ohrman [5], the operation of establishing the
antecedent of Rule 2 can be described as follows:

1. Let P be the initial CSP, combined with the equality constraints assumed
by Rule 2.

2. Generate the inequality graph G for P and take its transitive closure, G'.

3. If G’ contains edges corresponding to equalities not represented explicitly in
P, add these equalities to P and go to 2.

4. Otherwise, the antecedent of Rule 2 is satisfied if the corresponding edge is
present in G'.
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Fig. 2. Transitive closure of the inequality graph for a CSP with X = {4, B,C, D},
C={A=B,A=C,B=C,BC <iex DA}.

The following lemma characterises the situations in which equality is implied
between two decision variables in the context of a CSP containing lexicographic
ordering and equality constraints.

Lemma 4. Given a CSP with set of variables X and set of constraints C,
containing equality and lexicographic ordering constraints, further equality con-
straints between pairs of variables x4, xy € X are implied if and only if at least
one of the following holds:

1. (transitivity): there exists some x. € X distinct from x4, xp such that x4 = 2.
and xp = T.; or

2. It is implied that x, < xp and xp < T4; OT

3. there exists some x. € X distinct from x4, xp such that it is implied that
g < xp < xe and x. < x4 (and similarly, exchanging the roles of x4, xp).

Proof. Consider an inequality graph, G, of any problem involving the decision
variables z,,x, and x., where there exists 0 or 1 directed edges between z, and
zp. In order to imply that x, = z, we must have a directed edge from x, to
and a directed edge from z;, to z, in the transitive closure of G, G*. Consider
also the graph G’, where G’ = G — {z,, 2}, and the transitive closure of G',G"*.
Adding z, and x; to G'* with equivalent edges to and from z, and x3, as in G,
leaves a partial transitive closure graph of G.

Consider the case where x, < xp, annotated by a directed edge from x; to
Zo. We can see that in G’* where there were only edges from z, and z; to G we
could not make a path from z, to z; or z; to x, through G’*. We can also see
that in the case where edges only existed from G to x, or x; the same would
also be true. We therefore require at least one edge directed from z, to G'* and
one edge directed to x; from G'.

Where z, is connected to G’ via x; and wx;, is connected from G via x;
there must also exist some path from z; to z; to show that z, = z;. Assume

2 any variable can map to any other.



there exists the node x. in the path from x; to z;, we can then, without loss
of generality, consider a directed edge from z, to z. and a directed edge from
Z. to xp. This represents the equation z, < . < z,. Since we have z, < xy,
o < xp < cand x. < x4, T, = T (similarly where we begin with knowing
Tp < Xg).

Consider now the case where there is no directed edge between x, and x} or
xp and x,. We again require paths from x, to x; and wvice versa in much the
same way as in the previous case. Where the two paths are distinct the same
reasoning as with the previous example follows: this leaves x, < x; for one path
and xp < z, for the other, therefore z, = x,. Where the two paths follow the
same nodes in opposite directions we can then, again assuming that x. is on the
path, without loss of generality, consider directed edges from x, to x. and z. to
Zq, and directed edges from z. to xp and zp, to .. This represents the equations
Tq = x. and x, = z, therefore r, = xp.

Any other set of relations represented by the graph leads to one or both paths
from z, to z, being broken and therefore the transitive closure of that graph
would not show equality between x, and x}. a

Having shown the ways in which equality can be implied within lex con-
straints we now make an observation about the application of Rule 3’.

Corollary 1. Given a set of lexicographic ordering constraints, a pair of vari-
ables, which are not the least significant pair in that particular constraint, can
be discarded using Rule 3' if and only if it is implied to be equal by Lemma 4 or
the pair was assumed to be equal under the actions of Rule 3. a

Additionally we note a relation between the implications derived from as-
sumptions over a set of variables and the possible implications derived from
assumptions over a subset of these variables.

Corollary 2. Given a set of lexicographic ordering constraints, L, on the set of
variables x1 ... xy, and a set of equality constraints, C, between pairs of variables
x;, xj, we can imply a set of equalities, E, using Lemma 4. Given L and C’,
C' c C, we can imply a set of equalities E', E' C E, using Lemma 4. O

We also establish a useful pattern in the simplification of a set of lexicographic
ordering constraints.

Lemma 5. Given a set of lexicographic ordering constraints C, and some ¢ € C
of the form z1...x; <jex Y1-...Yi, the pair x;, y; can be discarded from c if
and only if x; < y; is implied under the assumptions: 1 = y1, To = Yo, ...,
Ti—1 = Yi—1- This implication requires x;, or a variable assumed to be equal to
x;, to appear on the left-hand side of some ¢’ € C, where ¢ # .

Proof. Consider an inequality graph, G, of any problem involving the decision
variable z;. Consider also the graph G’, where G’ = G — {z;}, and the transitive
closure of G',G'*. Adding x; to G'* with equivalent edges to and from z;, as in
G, leaves a partial transitive closure graph of G.



Assume first of all that z; has no edges to any other node in the graph. The
transitive closure of this new graph leaves x; disconnected since no path to or
from z; can exist, therefore the pair under consideration cannot be removed.

Assume now that there exists directed edges only from z; to G’*, annotating
that x; is less than or equal to some element(s) in G’. The transitive closure
of this graph can only add edges from x; to other nodes in G since it is only
possible to find a path away from x;, and never to x;. If there is no path from
any node in G to z;, there can be no edge from y; to x;, and that pair cannot
be removed.

The same idea can then be extended to sets of nodes larger than one. Where
z; = x;, there must still exist an edge from G'* to either z; or z; in order to
show that x; is less than another node in G. O

6 Minimal sets of lexicographic ordering constraints for
some families of groups

We now consider some specific families of groups. In each case we produce a
number of lex constraints that is linear in the number of variables, and show
that our new set of constraints is logically equivalent to the full set of lex-leader
constraints. Where possible, we also show that our new set of constraints is
minimal.

6.1 Symmetric Groups

The symmetric group, S,,, is the group whose elements are the set of bijections
from {1,...,n} into itself. Symmetric groups arise frequently as symmetries
of CSPs, in particular whenever a set is modelled as a list we introduce the
symmetric group on variables.

Theorem 2. Given a CSP with n decision variables {x1,x2,...,2,} whose
symmetry group is S, on variables, a complete set of symmetry breaking con-
straints s:

T <xip1 forl1<i<n-—1

Proof. We first show that the complete set of lex-leader constraints imply our
constraints, then show that the reduced set of constraints implies the lex-leader
constraints. Since the lex-leader constraints are complete, the reduced set of
constraints are complete.

Lex-leader constraints imply the reduced set of constraints as the reduced
set is a subset of the lex-leader constraints.

The reduced set of constraints implies the complete set of lex-leader con-
straints since the lex-leader constraints break every permutation of S,,, which is
every possible permutation of n variables. The reduced set implies that z7 ... x,
is sorted, which breaks every possible permutation of n variables. a



Theorem 3. The reduced set of symmetry breaking constraints for S, is mini-
mal.

Proof. Theorem 1 states that the minimum number of binary inequalities re-
quired to break symmetry is n — 1, where n is the order of the symmetry group.
There are n — 1 inequalities in the reduced set of symmetry breaking constraints
for S,, therefore they cannot be reduced further by Rules 2 or 3’ and are mini-
mal. a

6.2 Cyclic Groups

If all elements of a group G can be written as powers of some fixed g € G then
G is cyclic. In this subsection we produce a set of minimal lex constraints for
breaking the cyclic group. We will assume throughout that the elements of the
cyclic group are powers of the permutation (z1, 2, ..., Zn).

Theorem 4. Let P be a CSP with n decision variables, {x1,xs,...,x,}. If the
symmetry group of P is a cyclic group of variable symmetries then a complete
set A of symmetry breaking constraints is:

1 < T2
2122 Slex L3724
12273 Slex L4T5T6

T1T2 . Tpj241 Slex Tnj242 -+ TnT1T2 N EVEN
T1T2 . T(n—1)/2%(n+1)/2 Slex T(nt+3)/2 - LnZ1 N 0dd

T122 .. L1 Slex Tnll...Tp_2
Proof. We show that A is equivalent to the lex-leader constraints for C,, namely
1. Ty <iox Thtl---TnZ1...TE (1)

for 1 <k <n.

We will refer to the ith constraint in A as a;. To see that the lex-leader
constraints imply A, note that each constraint in A is an initial subsequence of
one of the lex-leader constraints, and so is certainly implied.

We now prove the converse, we wish to show that A implies (1) for 1 < k < n.
The constraint ay is 1 ...%g <jex Tk+1---Tm, where m = 2k if k < n/2 and
m = 2k —n otherwise. So the initial subsequence of length k of (1) holds, and we
may assume without loss of generality that 1 = xpy1, T2 = Tg12,...,Tp = Ty

We need to prove that under these assumptions

Thtl -« Ty S<lex L2kt - L&l ... Tk (2)

We have @1 ...2p = Tg41-..Tm, SO we can rewrite the left-hand side of (2)
as 1 ...TkTmy1 ... Tn. The constraint agy is 1 ... 2ok Siex T2k+1 ... Tp Where



p = (4k—1 mod n)+1. Thus the initial subsequence of length % of (2) holds, and
we may assume without loss of generality that k < n/2, and that 1 = xp41 =
T2k+1y L2 = Th42 = L2k+2, - -+ Lk — L2k — L3k-

If n is divisible by & then by induction (1) holds.

Assume that n is not divisible by k, let b = |n/k| and ¢ = n mod k so that
n = bk + c¢. We must show that

Tok+1 -« Tn Slex T(b+1)k—n+1---Tk- (3)

Note that (3) has length ¢ < k, and that (b+1)k—n+1=0bk+c—n+k—c+1 =
k—c+1.
Consider the constraint ay_., namely

T1...Th—c Slex Lh—ct1---L2k—2¢;

and recall that by assumption 1 ...2. = Tpkt1 ... Tokte, With bk + ¢ = n. If
k — ¢ > c then the first ¢ pairs of variables in ay_. are precisely what we need
to prove.

Therefore, we assume that k — ¢ < ¢, and show that under the additional
assumption Zpg41 .- X4 1)k—c = Th—c+1 - - - T2h—2c that

T(b+1)k—cH+1---Lc Slex T2k—2¢+1 - - - Tk-

However our initial assumption that z; = zp4; for 1 < i < k implies that
T(p41)k—n+i = Ti for 2k —2c+1 < i < k, hence constraint (1) is implied for
1<k<n. O

Before the next lemma we consider what happens to the constraint a5 for
the cyclic group C15 when we assume equality in the first 11 pairs of variables.

(12 : T1T2X3 T4X5Xe T7LYLY T10TL11212 Slex L13L14%15 T1X2X3 T4T5L6 T7L8T9

We assume that r; = x13, that xo = x14 and that x3 = x15. Then the most
significant variables appear on the right hand side of the constraint, producing
equality classes {x1,z13,24}, {T2, 214,25} and {x3, 15,26} Next the variables
x4, T5 and xg appear on the right hand side of the constraint, enlarging the
equality classes to {x1, 13,24, 27}, {T2, %14, 5,28}, {¥3, T15, 6, o }. The final
two assumptions enlarge the first two equality classes to {z1, ©13, 4, 7,210} and
{12@14,175,1875011}
This pattern is explored further in the following lemma.

Lemma 6. If k > n/2 then the assumption of equality in the first (k — 1) pairs
of variables in ay produces n — k distinct equality classes of size greater than 1
between the variables involved in that constraint. If k < n/2 then (k—1) equality
classes of size greater than 1 are produced.

Proof. We first consider the case that k < n/2. Then a; is z1... 75 <jex
ZTk41 - - - Tok. All variables in ay, are distinct, hence k£ — 1 equality classes of size
greater than 1 are created.



For the rest of the proof we assume that & > n/2; so ay is

T1. . Tk Slex Thtl -+ TpTl ... T2%—n-

The n — k most significant pairs in aj contain distinct variables.

We assume that x1 = xg11, T2 = Tkto, - .., Tn_gp = Tp. After these n — k
pairs of variables there is a repeat of x1wow3...7(,_y), this time on the right
hand side. We assume that x17223 ... Tn—k = T(n—p)41T(n—k)+2 - - - T2(n—k)-

We now have n — k equality classes, each involving 3 variables, e.g. z; =
Tkl = T(n—k)+1- Lhe pattern then continues with z(,_g) 11T (m—r)+2 - - - T2(n—k)
appearing on the right hand side, assumed to be equal to the next n—k variables.
This pattern continues until the pair of variables under consideration, namely
Tk < Tok—n-

As the number of variables in each equality class grows, the additions are
variables that have not appeared before. Therefore the initial n — k equality
classes will never merge.

The new variables are always assumed to be equal to a variable currently in
an equality class of size greater than 1, so there will never be more than n — k
equality classes of size greater than 1. a

Theorem 5. The reduced set of lex ordering constraints for the cyclic group is
minimal.

Proof. We consider Rules 2 and 3’ in turn, showing that each constraint can be
reduced no further.
RULE 2: We start by showing that no further application of Rule 2 is possible by
examining an arbitrary constraint ag. The pair under consideration for removal
from ag by Rule 2 is: g <jex Tm, where m = 2k if 2k < n and m = 2k —n if
2k > n.

First note that if 2k < n then we have equality classes 1 = Tpi1,22 =

Tk42,...,Tp—1 = Tog—1. LThe constraints a; with ¢ < k have most significant
pairs 1 < x9, 1 < x3,...27 < xk_1. The constraints a; with ¢ > k have
most significant pairs 1 < xgy2, 1 < Ti4s3, -.., 1 < Tp—1. In order to use

less significant pairs of variables in these constraints we must show equality in
these initial pairs, however they all lie in distinct equality classes. Thus we never
assume xj, to be less than or equal to anything, and aj cannot be reduced further.

‘We now assume that 2k > n, so that the pair under consideration for removal
from ay by Rule 2 iszy < x,,, where m = 2k — n.

By Lemma 6, the first n — k decision variables are never assumed to be equal
to each other. Notice also that the these n — k variables are equal to the last
n — k variables respectively, i.e. 1 = Tpy1, Lo = Tg42, - ., Tpk = Tn.

The equality classes not containing x; contain the variables zpys,...,x,.
These are the right hand variables of the most significant pairs of a; for i > k.
Therefore the Rule 2 assumptions of equality alone are not enough to imply
equality in these most significant pairs and as such we cannot use less significant
pairs to justify the removal of xj < x,,.



We now consider the lower arity constraints. We have equality in the most
significant pairs of a,,—, az(n,—#), - - .- This is simply because the left hand element
in the pair is always 21, and Lemma 6 shows us that z; is equal to every (n—k)*"
element. In these constraints, we find that the pairs of variables are matched to
those in the equality classes that we are assuming exist from a;. This is because
the equality relations step along in groups of n — k.

The first distinct pair of variables in each constraint which are not assumed

to be equal is the pair with x; on its right hand side, hence at most we may
deduce that zy is greater than another variable. Since x; has not been assumed
to be equal to anything else and since nothing we have done so far has implied
it to be equal to anything else, we cannot deduce that z < x,,.
RULE 3’: We now consider application of Rule 3’ on pairs of variables which
are not least significant in their respective constraints. First we show that, as
with application of Rule 2 on the least significant pairs, the assumptions and
implied equalities are insufficient to show equality in the most significant pairs
of constraints of a larger arity.

The set of assumed equalities in application of Rule 3’ on a pair of variables
which are not least significant is a subset of the set of assumed equalities in the
application of Rule 2 on the same constraint. As such, by Corollary 2, the most
significant pairs in constraints a; for ¢ > k are never assumed to be equal.

We now show that constraints a; for ¢ < k£ do not imply equality in z; < x;.
where 1 <i<(k—1),and j=i+kifk<n/2orj=i—(n—k)if k> (n/2).

Since all variables on any one side of a lex constraint are distinct, and since
in the reduced set of cyclic lex constraints any variable occurs on the left hand
side of the constraint before it occurs on the right hand side, the variable z; is
never assumed to be equal to any other variable in the application of Rule 3’.
By Lemma 4, to show z; = x; we require z; to appear on the left hand side of
another constraint.

The variable x; appears on the left hand side of constraints a;, a;41,...ax—_1.
These constraints have most significant pairs x1 < x;41, 1 < Tigo,..., 21 < Tk.
We assume equalities between certain pairs of the variables z1,...,z;_1 and
ZTk41,---,Tn, but no equalities in the most significant pairs of the constraints
iy Ajg1y .- Afg—1-

Examining Lemma 4, we require one of x;;1,%;12,...,2, to appear on the
left hand side of another pair to be able to imply equality. The only constraints
a; for I < k, that have these variables on the left hand side are those where
we are currently trying to imply equality in the most significant pairs. As such
we cannot consider any pairs, other than the most significant, in any of the
constraints a;, @41, ...0Qk—1-

There is no support for the removal of z; < x; by Rule 3’, so the reduced set
of lex constraints for the cyclic group is minimal. O

Figure 3a defines the Circular (or Modular) Golomb Ruler problem. Two
solutions to the instance of this problem where n is 7 and m is 3 are shown in
Figure 3b. Clearly, these solutions are symmetric: one can be obtained from the
other via rotation. Part of the symmetry group in the above problem, n = 7



a) Circular Golomb Ruler Problem: b) 0

Given a circle with circumference

n, place m ticks at integer points 6 1
around the circle such that all

inter-tick distances along the

circumference are distinct. 2 2

(n and m are both positive

integers).
integers) } J

Fig. 3. Specification of the Circular Golomb Ruler problem. Symmetric solutions to
the length 7, 3-tick Circular Golomb Ruler problem.

m = 3, is C3. The symmetry breaking constraints required to order the set of
tiCkS, T = {t1, tg, t3} are tl S tQ, and tltg Slex t3t1.

6.3 Alternating Groups

Any permutation can be written as a product of cycles of length 2, called trans-
positions. There is usually more than one way of writing any given permutation
as a product of transpositions, but the parity of the number of transpositions
occurring in all such products is fixed. The alternating group A, on n points is
the subgroup of the symmetric group S,, that contains all of the permutations
that can be written as a product of an even number of transpositions. It con-
tains exactly half of the permutations of the symmetric group, and hence could
be expected to have a similarly small set of minimal lex constraints.

Theorem 6. Let P be a CSP with n decision variables, {x1,x2,...,x,}. If the
symmetry group of P is A, on variables then a complete set C' of symmetry
breaking constraints is:

Tp—o < Tn—1 (Cl)
Tn—2Tn—1 glex TnTn—2 (02)
ZiTn—1 <iex Tit1Zn (€34), 1 <i<n—3

Proof. We first show that C' is implied by lex-leader constraints. The permuta-
tion (n—2,n—1,n) € A,, implies ¢; and the permutation (n—2,n,n—1) implies
¢2. Finally, we have (z;,zi11)(zn_1,2,) € A, for 1 <i <n — 3, yielding c3;.

We now consider the converse and show that C' implies the full set of lex-
leader constraints, of size (n!/2) — 1. Consider ¢; and the first pair of variables
in c3;, we see that the first n — 1 variables are sorted. The first pair of variables
in co, namely x,,_o < x, implies that the variables x1,xs, ..., Tp_2, %, are also
sorted. So the only possibly unbroken symmetries move z,,_1 and x,. Since the
permutation swapping (z,—_1,,) is odd, for there to be any remaining symme-
tries either x,_1 = x,_9, or T, = x,_2, or some of the other variables have
equal values.

If z,_1 = x, = x,_2 then there are no further symmetries to break, since
T1...Ty, is now sorted.



If exactly one of z,,_; and z,, is equal to x,,_s, then the other one is greater.
If 2,9 = z, < x,—1 then we are violating c,. Therefore x,,_o = x,_1 so the
solution is already minimal.

If 1,2, # Tp_o then both x,_; and x, are strictly greater than x,,_o
so the biggest two values occur at the end of the list of variables. This will be
lex minimal under the alternating group unless x,,—; > z, and there are two
equal values (say z;, 2;11) somewhere else in the full assignment. However in
this instance we would violate the constraint cs ;. O

Theorem 7. The set C is minimal.

Proof. Application of Rule 2 for the removal of ¢; assumes x,_ s < x, and
z; < wiqq for 1 <4 < n— 3. This implies 7 < 29 < ... < 29 < x,. The
constraint ¢ is not implied and therefore cannot be removed by Rule 2.

To reduce co by Rule 2 we assume that z,_o = x,, Tn_2 < x,—1 and
x; < wiyq for 1 <4 < n— 3. The transitive closure of these (in)equalities implies
1 <x9 < ... <xp_o and x, = xp_2 < xy—1. The inequality x,—1 < T2 is
not implied and cannot be removed by Rule 2.

To reduce c3; by Rule 2 we assume that x; = z;41, that z; < ;44 for
1 <i<n-—3with i # j, that x,,_s < x,,_1, and that z,,_s < z,. The transitive
closure of these relations implies that 21 < 2o < ... <z, that ;41 < x40 <
co. <xp_o < xp,_1 and that x,_s < x,,. The inequality z,,_1 < x,, is not implied
and cannot be removed by Rule 2.

Consider now the action of Rule 3’ on C. Rule 3’ considers all but the least
significant pairs in any constraint for removal, and so is not applicable to ¢;
and cy. To apply Rule 3’ to z; < 341 in c3; with 1 <7 < n — 3, we assume
Tn—2 < Tp—1, Tn2 < Ty, and that x; < xj4q for 1 < j <n—3 with j # 4. By
Lemma 5, we require x; to appear on the left hand side of another constraint,
which does not occur. a

6.4 Dihedral Groups

The dihedral group D,, is the symmetries of a regular n-sided shape, for example
D, is the symmetry group of the square. Let

a=(1,2,...,n)
and
b=(1,n)(2,n—1)...(In/2], [(n+3)/2]).

All elements of D,, have a unique decomposition as a product of the form a’b’
for 0 <i<n-—1and 0 < j < 1. The set of elements for which j = 0 is the cyclic
group of order n, whereas the elements a’b all have order 2.



We define a set of 2n — 5 symmetry breaking constraints as follows. First,
the constraints a; from the cyclic group for 2 < ¢ <n —3:

2122 Slex T3%4
212273 Slex TaT5T6

T1T2 .. Tnj241 Slex Tnj242 - - - TnT1T2 N €VEN
1T+ - T(n—1)/2T(n+1)/2 Slex T(n43)/2 -+ - TnT1 N odd

T1T2 ... Tp-3 Slex Tn-2%1 .- Tn—6

Then a further n — 1 constraints v; and d;. If n = 2k 4+ 1 is odd we define
s =2,t=1and u = 0, otherwise n = 2k is even, and we let s =1, ¢t =0 and
u = 1. Then define

Yi : T1 oo TiT2%41 - - - Thpi Slex T2 -« - Tit1Tn - - - Thotits 1<i1<k—u
(Sj T TT2542 - - - Dhj4t Slex L2j41«+-Lj42Tn -+ Th4j42 0 S J S k—1.

Note that the substrings of variables on the left hand side of v; and J; occur in
increasing order, whilst those on the right hand side occur in decreasing order: if
the subscripts at each end of the substring are decreasing on the left hand side,
or increasing on the right hand side, then the substring is empty.

Theorem 8. Let P be a CSP with n decision variables, {x1,22,...,xn}. If
the symmetry group of P is the dihedral group D, on variables then the set
{ai,7j,00 :2<i<n—-3,1<j<k—u, 0<1<k—1} of symmetry-breaking
constraints is complete.

Proof. The constraints can be divided into two sets. Those derived from the
cyclic group symmetry over the same decision variables, namely the a;s, and
those derived from the remainder of the dihedral group permutations, namely
the ;s and §;s.
THE CONSTRAINTS a; FOR 2 <7 <n — 3.
We have three fewer constraints than for C,,. These three constraints break the
symmetry represented by the permutations a, a® 2 and a” ', and would corre-
spond to constraints a1, a,_o and a,_1. We show that these missing constraints
are implied by the remaining constraints.

The constraint corresponding to the permutation a is x1 < x5, which is
implied by ;.

The constraint corresponding to the permutation a”~! is

1.0 Tyl <lex Tn®i .. -Tp_9.
We show that a,,_; is implied by the other constraints. Consider the first pair

of variables, 1 < x,. Constraint §; has most significant pair zo < x,, and the
implied constraint a; states that x7 < xs, which together imply that z; < z,,.



Assuming equality in the first z pairs of variables of a,,_; forces
1 =T,=Tyg=...=2, where2<z<n-—2.

The next pair under consideration is x,11 < z,.
First assume that z = 2¢ < n — 2 is even, then constraint -; is

Ty TiT241 - - - Thoti Slex T2iT2%—1 - - Tit1Tn - - - Thtits,

where s = 2 or 1 according as n is odd or even. The first ¢ pairs of variables
in this constraint have been assumed to be equal, so we deduce that x9;11 =
Tyr1 < T, = T, as required.

Next assume that z = 2i + 1 < n — 2 is odd, then constraint §; is

Tl L2442+« Thpitt Slex T2i41L2 -+ Lit2Tn - - Thtit2,

where ¢ is 0 or 1 according as n is even or odd. Since the first z pairs of variables
in this constraint have been assumed to be equal, we deduce that x,11 = z9;49 <
T, = T, as required. Hence a,_1 is implied.

Finally we consider the constraint corresponding to a™ 2

, namely a,_o which
is
122 .. T2 Slex Tn-1TpT1 ... LTpn_4.

The inequality 1 < x,,_; is the most significant pair in dx_1 (even values of
n) or v (odd values of n). Also, o < z,, is the most significant pair in dy. If we
assume that z; = x,_1 and x9 = x,, then §y gives z3 < x,_1 = x1, as required.

Let us now consider the general case z,41 < z,_1 for 3 < z < n —2, so
that we assume that r1 = z, = 23 = 25 = --- and o = T,_1 = T4 = -+,
with the highest subscript (other than n or n — 1) in an equality class of size
greater than 1 being . If 2z = 2i + 1 is odd then the constraint §; has the first
n pairs of variables equal, so we deduce that x9;41 = z,41 < x, = z,_1. If
z = 2i is even then the constraint §;_; has first ¢ — 1 pairs of variables equal.
We then find x9; = =, = x,, so continuing to the next variable we deduce
Toi41 = Xp41 < Tp—1 = T,_1, as required.

Since the missing constraints from the cyclic set, which themselves are known
to be complete from Theorem 5, are implied by the additional constraints to
break the dihedral symmetry, the reduced set of cyclic constraints are complete
with respect to the cyclic symmetry in the dihedral group.

THE REMAINING CONSTRAINTS

Next we show that the reduced set of lex-constraints imply all constraints corre-
sponding to the remaining elements of the dihedral group, namely those of the
form a’b. Recall that the elements of the form a’b have order 2, and so are a
product of disjoint 2-cycles. The second variable of each 2-cycle will be deleted
from each constraint by Rule 1. Also, when n is even, half of the permutations
a'b fix two variables, which will also be deleted by Rule 1: these correspond to
i for 0 <i<k-—1.



The full set of lex constraints has n symmetry breaking constraints for the
remaining dihedral permutations, but that the reduced set only has n — 1. The
constraint which breaks the symmetry

b=(1,n)(2,n—1)...(In/2],[(n+2)/2])

has been completely removed. We now show that this constraint is implied by
the reduced set of constraints. The unreduced form of this missing constraint ¢
is

T1.. Ty [|lex Ty +--T1-

We consider the implied constraint a,, : z1...2Z, <jex TnZ1...ZT,_o,which
has most significant pair z; < x,. These are the first pair of variables in c.
Consider now an arbitrary pair z, < 2,41 for 2 < z < n/2. When consid-

ering this pair for removal we assume that x1 = z,, To = Tp_2, .- -, To—1 = Zn_».
Therefore from a, and a; we deduce 9 = ¥1 = x,, = T,—_2. We then deduce
from a,, and a; that x; = a1 for ¢ € {1,...,n}. Hence the rest of ¢ is implied

and can be removed.

We have shown that the reduced set of lex ordering constraints for the dihe-
dral group implies the complete set. Since the converse is clear we conclude that
the reduced set of dihedral lex constraints is sound and complete. a

Lemma 7. The most significant pair in any lex constraint can be removed using
Rule 8’ if and only if it is a relation constraining one variable against itself.

Proof. In application of Rule 3’ on the most significant pair any lex constraint
we make no assumptions of equality. In order to remove the most significant pair
in a constraint by Rule 3’ we must show that the two variables are equal.

Where the relation is regarding one variable and itself then this is trivially
true.

Where the relation is over two distinct variables there must be some other
relation which forces equality between those two variables. We do not constrain
two variables to be equivalent with no assumptions of equality between other
variables when breaking variable symmetries with lex leader constraints. a

Theorem 9. The reduced set of dihedral group symmetry breaking constraints
is minimal.

Proof. By inspection the most significant pair of every constraint in the reduced
set contains two distinct variables, as such, from Lemma 7, we will only consider
applications of Rules 2 and 3’ where assumptions of equality are made.

The constraints can be divided into two sets. Those derived from the cyclic
group symmetry over the same decision variables, namely the a;s, and those
derived from the remainder of the dihedral group permutations, namely the ;s
and §;s.

THE CONSTRAINTS a; FOR 2 <17 <n — 3.



‘We know from Theorem 5 that the constraints a;, for 2 < i < n—3, themselves
cannot be reduced using only themselves as support. We therefore look to using
the set of constraints generated by v; and d;, for 1 <7 < k—wand 0 < j <k-1.

First recall from Lemma 6 that the number of equivalence classes produced
from assumptions of equality in the constraint a;, for 2 <i<n—3,isn—k (or
k, k<n/2).

Consider the pair, z;, < z., for removal by Rule 2 or Rule 3’ to be in the
constraint ay, 2 < k < n/2. Suppose that these assumed equalities allow us
to imply equality in the most significant pair, z; < z,,, in some ~; or J;, for
2<i<k—-—wand 2 <j<k—1. The next most significant pair, zo < z,,_1, is
then implied from this constraint. Since x1 = x,, T2 = Ty+1, from Lemma 6.
The equivalence classes are of size two, therefore x5 is not assumed equal to
Tm_1, as such we cannot consider other less significant pairs in that constraint.

We now show that zo < x,,_1 itself cannot provide support for the removal
of any pair in a;, for 2 < i < n/k. Notice that x; is never assumed to be equal
to any other variable under the actions of Rules 2 and 3/, as such for z9 < z,,,_1
to provide support for the removal of xz;, < x., we require b = 2.

First consider the case where x;, < x. is the least significant pair, and as such
we reduce using Rule 2. Observe that the only constraint where z2 occurs on
the left hand side of any least significant pair is in the constraint zyxo < x3x4.
Assuming x1 = x3 allows us to inspect the next most significant pair in only
one constraint. This is the constraint beginning z1x4 <jex £3%,. Obviously this
provides no support for the removal of zo < z4.

Next we consider the case where x;, < x. is not the least significant pair,
and as such we reduce using Rule 3’. Since z, is not assumed to equal anything
else can only consider pairs with xo on the left hand side. If the pair under
consideration is o < Zy,41, then 1 = z,,, and x2 < x,,1 is implied by some
constraint ~; or §;, for 2 < 4 < kK — u. Since x,—1 is not assumed equal to
anything else, o < x,,—1 cannot provide support for the removal of 3 < x,,41.

Now consider the constraint ag, n/2 < k < n and the pair, 2, < x, for
removal by Rule 2 or Rule 3’. Suppose that these assumed equalities allow us
to imply equality in the most significant pair, 1 < x,, in some v; or §;, for
2<i<k—-—wuand2<j<k—1. The next most significant pair, ro < x,,_1,
is then implied from this constraint. We first show that zo is not implied to
be equal to x,,_1. Since T1 = Ty, Tm—1 = Tn_k from Lemma 6. The minimum
value of n—k is 3, therefore x5 is never implied to equal z,,_1, as such we cannot
consider other less significant pairs in that constraint.

We now show that xo < x,,_1 itself cannot provide support for the removal
of any pair in a;, for 2 < ¢ < n—3. Observe that x; is never assumed to be equal
to any other variable under the actions of Rules 2 and 3, as such for x5 < x,,,_1
to provide support for the removal of x;, < z., we require b = 2.

Notice that in this subset of the constraints z;, < z. is never the least signifi-
cant pair, and as such we reduce using Rule 3'. Since x; is not assumed to equal
anything else can only consider pairs with x5 on the left hand side. If the pair
under consideration is x9 < Zy,41, then 1 = z,,, and x9 < z,,—1 is implied by



some constraint -y; or J;, for 2 < ¢ < k — u. Since z,,_; is not assumed equal to
anything else, zo < x,,,_1 cannot provide support for the removal of o < 2y, 41.

As special cases consider support from the constraints generated by dg, d1,and
V1.

6o produces the constraint with most significant pair xo < x,,. We know that
when assumptions are made about x,, it is in the same equivalence class as z,, .
Since the minimum value of n-k is 3, zs is never assumed to be equal to x,,.

01 produces the constraint with most significant pair ;1 < x3. The only time
1 is in the same equivalence class as z3 is in the case described above, in all
other cases, since n — k is at least 3, this is not the case.

7o has most significant pair ;1 < x5. Again, since n — k is at least 3, x; is
never assumed to be equal to 5.

THE REMAINING CONSTRAINTS

We now consider reducing the remaining constraints. First notice that every
variable in any one of these constraints is distinct. Considering the pair x; < x,
for removal in the constraint with most significant pair z; < x,, allows us to
assume r; = x,,. Notice also that every other constraint, with the exception of
6o which we will consider as a special case, has x; on the left hand side of its
most significant pair.

Assuming x1 = x,, allows the inspection of the next most significant pair in
at most one other constraint. The next most significant pair in this constraint
is 22 < @y41. We now consider two cases.

Consider the case where b # 2. Here we assume that either xo = x,,_1 or we
don’t assume anything about xs. In both examples x5 is not assumed equal to
Tm+1 and as such we cannot imply inequalities from less significant pairs in that
constraint. Note also that since all variables in the constraint under consideration
are distinct that the pair zo < x,,11 cannot provide support for the removal of
Ty < T

Now consider the case where b = 2. The pair under consideration in this
case is ro < xy,—1, with the exception of v; which we consider as a special case.
Here we assume nothing about x,. Since all variables in the constraint under
consideration are distinct the pair xo < x,,41 cannot provide support for the
removal of x5 < Z,,_1.

We can only inspect the most significant pair in «y; since the most significant
pair is 1 < x9, and x; is never assumed to be equal to xs.

Where §g is the constraint under consideration we make no assumptions
about x7. Since all other constraints have z; in their most significant pair we
can consider no less significant pairs. O

7 Combining Groups

Complicated symmetry groups can often be built up out of smaller, easier-to-
describe groups. When this occurs we say that the symmetry group is the product



of the smaller groups. In this section we analyse two of the most commonly-
occurring group products that occur in constraint satisfaction problems, and
find sets of constraints for the products in terms of sets of constraints for the
smaller groups.

7.1 Direct Products

One of the most common situations is that the variables of a CSP can be parti-
tioned into two disjoint sets, where the symmetries of the CSP act independently
on each set. In this situation we have a direct product.

Definition 4. Let G < Sym({2) and H < Sym(A) be groups, with 2 and A
disjoint sets. The direct product of G and H, written G X H, is the set {(g,h) :
g € G, h € H}, with coordinatewise multiplication. Elements of G x H permute
the set 2 U A as follows: (g,h)(z) = g(x) if x € 2, and (g,h)(x) = h(x) if
x € A.

Two key subgroups of G x H are the set {(g,1g) : g € G} and the set
{(1¢,h) : h € H}, where 1 denotes the identity element of G and 1g the
identity element of H.

Consider now the problem of finding two circular Golomb rulers, as in Fig-
ure 3. Part of the symmetry in this problem is the direct product of the two cyclic
groups of symmetries for each ruler, as we can act on each ruler independently
of the other one: later in this section we’ll consider further symmetries.

For this small example take two sets of ticks, T = {ti,to,t3} and T' =
{t},t5,t5}, defining two circular golomb rulers for n = 7 m = 3. We can see
that the lex constraints required to break the two sets of cyclic symmetries are
t1 < tg, t) < th, t1ta <jex tzt; and t)th <jex tht). Notice that these constraints
are just the union of the constraints on T and those on 7. Our next theorem
shows that this observation generalises.

In the following theorem, the variables of a CSP P are partioned into two
sets x1 = {x1,...,2,} and x2 = {y1,...,yn}. For convenience, we assume that
the chosen variable ordering for y; U x2 induces the same ordering x5 ... T,
on x; as was used to write down symmetry breaking constraints for y;. We
also assume that the chosen variable ordering induces the original ordering on
X2, although the z;s and y;s may be interleaved. If this is not the case, then
consistently replacing x; in the constraints for x; by the new ith variable of y1,
and similarly for y; in 2, will produce the required constraints.

Theorem 10. Let P be a CSP whose decision variables are partitioned into
two disjoint sets x1 = {x1,...,xn} and x2 = {Y1,...,Ym}. Assume that all
symmetries of P are variable symmetries, and that the symmetries of P act
independently on x1 and x2, with groups G and H of variable symmetries re-
spectively. Let Lg be a minimal set of complete symmetry breaking constraints
for G, and let Ly be a minimal set of complete symmetry breaking constraints
for H. Then the symmetry group of P is G X H, and a minimal complete set of
symmetry breaking constraints for P is Lg U L.



Proof. The claim that the symmetry group of P is G x H is immediate.

We must show three things. Firstly, we show that the lex-leader constraints
for G x H imply Lg U Ly, secondly that Lg U Ly implies all of the lex-leader
constraints, and finally that Lg U Ly is minimal.

The lex-leader constraints for G x H will include a constraint ¢, for each
element of G x H of the form (g, 1y) where g € G. Since ¢, has all variables y;
in the same positions on each side, by Rule 1 ¢4 can be reduced to a constraint
involving only the x;s, and hence the set of all such reduced c4s implies all
constraints in L. Similarly, the constraints for G x H will include a constraint
cp, for each element (1g,h) € G x H, and the constraint ¢, can be reduced by
Rule 1 to a constraint involving only the y;s. Hence all constraints in Ly are
implied by the lex-leader constraints.

Now we must show the converse. Let a := (g,h) in G x H, let k = m+n and
let z; € x1 U xe for 1 < i < k. We define an action of a on {z; : 1 <1i <k} by
Za(i) = Tg(j) if i = x5 and 24(;) = Yn(y) if i = y;. Then any lex-leader constraint
is of the form:

2122 -« - Zk Slex Za(1)Za(2) - - - Zak)-

Since by assumption Lg and Ly are complete sets of constraints for G and H,
they imply the constraints

L1 Ty Slex Tg(1) - Tg(n) (A) Y1+ Um Ztex Yn(1) - - - Ya(m) (B).

Suppose without loss of generality that z; = 1. Then constraint (A) implies
that 21 <jex Zq(1), S0 the first pair of the lex-leader constraint is implied by
LcULgy.

Suppose now that the first ¢ pairs of the lex-leader constraint have been
assumed to be equal, that is 21 = z4(1), 22 = 24(2), - - -+ 2i = Za(s)- We show that
together with Lg U Ly this implies that z;11 < 2,4(;41) and hence by induction
that the full lex-leader constraint is implied. We have z;41 = x; or z;41 = y;, let
us assume without loss of generality that z;41 = x; for some j. Then we must
already have assumed that 1 = 2401y, T2 = Tg2),..-,Tj—1 = Tg(j—1), 50 (4)
implies that z;11 = x; < T4(j) = 24(i+1), as required.

We finish the proof by showing that Lg U Ly is minimal. This follows from
the fact that each constraint in Lg U Ly involves only variables from y; or
only variables from ys. Hence constraints from Lg do not imply any additional
equalities in constraints from Ly, and vice versa. Thus, since Lg and Ly were
assumed to be minimal, the same holds for Ls U L. a

7.2 Wreath Products

Another commonly arising way of combining two groups is the imprimitive
wreath product.

Definition 5. Let G < S,, and H < Si. The imprimitive wreath product of G
and H, denoted GWrH , is a subgroup of S,x. It acts on k copies of the set of size
n on which G acts. We have GWrH = {h(g1,...,9x) : h € H, g; € G}, and these



elements permute the set {(i,7) : 1 <i<n,1 <j <k} byh(gr,...,95)(%,J) =

(95 (2), h(5))-

An example of such a group occurs in the social golfers problem. This problem
asks one to partition a set of golfers into equal sized groups in each week of a
tournament such that no golfer plays any other more than once. The symmetric
group S,, interchanges each of the n golfers in each group, and the symmetric
group Sj interchanges each of the k groups in a week, so S, WrSy acts on the
golfers in each week.

The full symmetry group of the two three-tick golomb rulers problem is
D3WrSs. This is because the set of ticks on one ruler can be interchanged with
the set of ticks on the other, and each set of ticks can be cyclically permuted or
reversed. To break these symmetries we use the constraints:

tp <2 th < th to <13 th <th  titats <iex ththts

Notice that these constraints are equivalent to posting the dihedral group D3 on
each ruler separately, and then requiring the first ruler to be lexicographically
less than or equal to the second. We now show that this observation generalises.

Suppose we have a set Lg of symmetry breaking constraints for a group G
acting on variables x1,...,%,, and a set Ly of symmetry breaking constraints
for a group H acting on variables yi,...,yx. Then GWrH acts on a set of nk
variables, z;;, with 1 < ¢ < n and 1 < j < k. The group GWrH has size
|G|* x |H|, so writing down one constraint for each nontrivial group element
is impractical. We now show how to reduce this to k|Lg| + |Lg| constraints,
assuming that our chosen variable ordering for the full CSP is

T11.--Tnp1T12.--Tp2...-Tnk-

We first post k|L¢| constraints, namely a copy of Lg on z;; for each j. That
is, we lex order each block of variables with respect to G. The arity of these
constraints is the same as in Lg.

We then restate the constraints from Ly so that instead of being state-
ments about 1, ..., ¥y, they are statements about the values of the second sub-
scripts in sequences of strings of the form xi;xg;...x,;. For example, if we
previously had a constraint y1y2 < y2ys we would replace that with the con-
straint 11291 ... Tn1T12T22 ... Tpo < L1922 . .. LpaT13223 . . . Tp3. This results in
|Lg| constraints, each of arity n times their original arity.

Definition 6. Let Lg be a set of symmetry breaking constraints on x1,..., %y,
and let Ly be a set of symmetry breaking constraints on y1,. .., Yk.

Then LgWrLy is defined to be a set of symmetry breaking constraints on x;;
for1 <i<nandl < j < k. These constraints fall into two sets, of which the
first set contains constraints of the form

Liy1jLigg -« Liyj Slex Iz’ljzzé]xl’sj lgjgk

for all x; iy ... i, <iex Tyt Tify - Tip, € L¢. The second set contains constraints

L151X251 -+ - Tnj Ly - - - Tnjy Slex a:lj{xgji ‘e a:nj{ xljé SN xnj;



Jor all yj, ... yj, <iex Yj; ---Yj, € Lu. If Lg and Ly are reduced from lez-leader
constraints, so that i’ = g(i) for some permutation g of {1,...,n} and j' = h(j)
for some permutation h of {1,...,k}, then we call constraints of the first type
cq,5 and of the second type c,.

Theorem 11. If Lg and Ly are complete sets of symmetry breaking constraints
for groups G and H then LoWrLyg is a complete set of symmetry breaking
constraints for GWrH in the imprimitive action.

Proof. First we show that the constraints in LgWrLy are implied by the lex-
leader constraints. The group GWrH contains elements of the form

]-H(]-Gv]-Gv"'v]-Gvgv]-Gv"'v]-G)

for each g € G, where g can occur in each coordinate. Using these group elements,
applying Rule 1 to the resulting constraints, and then reasoning as in G, we
produce each constraint cg ;.

The group GWrH also contains elements of the form h(lg,...,1g) for each
h € H. These elements produce all constraints of type cy,.

Next we must show that LgWrLy implies all of the lex-leader constraints.
An arbitrary element of GWrH is of the form a := h(g1,...,gx), and produces
the constraint:

T11 - Tp1Z12 - Tnk Slex Tgy (1)h(1) - - - Lgy (n)A(1)Lga(1)R(2) « - - Lgp, (n)h(k)s

which we will denote by ¢,. We must show that ¢, is implied by LgWrLy;.
The constraint y1...yx <iex Yn(1)---Yn(k) is implied by Ly, since Ly is
assumed to be complete. Hence the constraints LeWrL gy imply the constraint

Z11 - Tp1Z12 - Tnk Slex T1h(1) - - - Tah(1)T1h(2) - - - Tnh(k)

denoted ay,.
For 1 <i < k the constraints Lg imply the constraint

T1T2 - - Tn Slex Tg;(1)Tg;(2) - - Tgi(n)

as they are a complete set of symmetry breaking constraints for G. Hence for
1<i<kand1<j <k, the set LgWrL; implies the constraint

Ilj:CQj e :an Slex xgi(l)jxgi(Q)j e ‘Tg,i(n)jv

denoted Sy, ;.
We will use these constraints to show that ¢, is implied by LgWrLy, con-
sidering the variables in blocks of n. Firstly, we have

211221 - - - Tl Slex T1h(1) - - - Tnh(1)

as the first n variable pairs from «aj. Considering 8y, 51y we also have

T1h(1) - - - Tnh(1) Slex Tgi (1)A(1) - - - Tgy (n)h(1)-



Combining these two inequalities we deduce that the first n pairs of variables of
cq are implied by LeWrLy.

Suppose that we have shown that the first n(i — 1) variable pairs of ¢, are
implied by LgWrLp, and that we are now considering pairs n(: —1)+1, ..., ni,
namely

Z15T2i - - - Tni Slex Ty, (1)h(5)Lg; (2)h(i) - - - Lgs (n)h(3)-
To consider these variables we assume equality in the preceding n(i — 1) vari-
able pairs, 0 Z11 = Tip(1) = Ty, (1)h(1)> T21 = Tan(1) = Tgy(2)h(1)s -« > Tn(i—1) =
Tph(i—1) = Tg,_1(n)h(i—1)- Considering constraint aj we now deduce that

Z15T2i - - - Tni Slex T1h())T2h(i) - - - Tnh(i)s

whereas from constraint 3, ;) we deduce that

T1h(i)T2h(s) - - - Trh(i) Slex Tgy(1)h(i)Lg;(2)h(5) - - - Lgi(n)h(s)
and so the result follows by induction. ad

It is not necessarily the case that this construction produces minimal sets
of constraints. For example, suppose that on a set {z1, 23} of variables we have
posted:

Ty <Xy, T STy

and on a set {y1,y2} of constraints we have posted y; < yo. Both of these sets
of constraints are minimal. Then for the wreath product we would post:

r11 < To1, T21 < X171, T12 < Tz, T2 < T12, 11221 Slex T12T22-

Consider the second pair of variables in the last constraint. To remove these,
we assume that z1; = x12, which considering the first four constraints yields
To1 = X11 = T12 = Taa, SO that xo1 = x99 and the final pair of variables may be
deleted.

Note that the wreath product construction does generally produce minimal
sets of constraints, for example when considering the wreath product of two
symmetric groups the constraints require one to lex-order each block and then
lex-order the blocks, which is clearly a minimal set of instructions.

We finish this section by noting that since both the direct product construc-
tion and the wreath product construction produce a number of constraints that
is linear in the number of variables, whenever Lg and Ly are linear in their
numbers of variables, our constructions may be iterated and will always produce
a linear number of lexicographic constraints.

8 Experimental Evaluation

Firstly we test a single instance circular golomb ruler problem. Figure 8 details
results for the n = 50, m = 6 instance and then the n = 60, m = 7 instance.
This complete symmetry group of the single instance circular golomb ruler is



D,,. We therefore run one test using lex constraints for every permutation of
the dihedral group, Full Lex, one test using the general formula for the dihedral
group, Reduced Lex, and a benchmark test using no symmetry breaking con-
straints, No Lex. We found small but worth while savings on both time taken
and memory required on a problem which is not solvable in useful time frame
without symmetry breaking constraints.

n=50m==~6 No Lex|Full Lex|Reduced Lex
Setup Time (s) 0 0.08 0.05
Memory (bytes) 728 1932 1872
Total Time (s)|5 Hours +| 20.06 17.52
Nodes| unknown| 344035 344035
Solutions| unknown 3600 3600
n=60m=717 No Lex|Full Lex|Reduced Lex
Setup Time (s) 0 0.13 0.06
Memory (bytes) 976 2416 2356
Total Time (s)|5 Hours +| 560.07 450.67
Nodes| unknown|6698526 6698526
Solutions| unknown 3578 3578

Fig. 4. Results from the testing of two circular golomb ruler instances.

The next test uses the class scheduling problem: given d days, h hours per
day and c classes, where d x h is divisible by ¢, find a timetable such that:

1. Each class has (d x h)/c assigned hours in the schedule.
2. No class has more than 2 hours in any given day.

Here the full symmetry group is the wreath product of two symmetric groups,
SEWrSy. The first column shows the progress of a model with no symmetry
breaking constraints. The next column shows the same model with the symmetry
group broken by lex leader constraints on every symmetric permutation; there
are [Sp|? x |S4| such permutations. Finally, the last column shows the same
model using the reduced wreath product symmetry breaking constraints; there
are (d x (h—1)) 4+ (d — 1) such constraints. Fig 8 shows the results of two test
instances of the class scheduling problem. Here the Reduced Lex constraints are
more efficient in terms of memory used, time taken and nodes searched over.
We attribute the additional nodes in this case to a feature of the solver used
for testing. 3 It is worth noting that larger instances are not listed because
the specification for the Full Lex in those cases was too large to compute. The
specifications for both the Reduced Lex and the No Lex versions took a negligible
amount of time to create.

3 The GACLex algorithm creates new copies of variables such that every variable in
any one constraint is unique. This results in simple implications being missed, for
example (A < A) = true.



d=3h=3c=3| No Lex|Full Lex|Reduced Lex
Setup Time (s) 0 0.02 0
Memory (bytes) 232| 15784 328
Total Time (s) 0.046 0.2 0.031
Nodes 3304 119 45

Solutions 1512 6 6
d=4h=3c=06| No Lex|Full Lex|Reduced Lex
Setup Time (s) 0| 0.235 0
Memory (bytes) 376| 373624 508
Total Time (s) 74.78| 377.25 0.062
Nodes|22462011| 57845 6318

Solutions| 7484400 715 715

Fig. 5. Results from the testing of two class scheduling instances

9 Summary

The method to break symmetries in CSPs by addition of lex-leader ordering
constraints can often prove unwieldy and prohibitively costly. For example, the
symmetric group S,, produces n! ordering constraints each of arity n. The method
to reduce this number of constraints by implying logical inequalities within them
is factorial in complexity. We have produced three general formulae for the re-
duction of lex-leader ordering constraints for S,, A, and C,, symmetry groups.
The general formulae for S,,, A,, and C,, produce n—1 constraints of arity 1, n—1
constraints of arity 2, and n — 1 constraints of average arity n/2 respectively.
The set of constraints produced by these formulae is minimal. The application
of the general formulae can be done in linear time.

10 Conclusion

This paper has discussed symmetry breaking in CSPs by adding lexicographic
ordering constraints. Given the huge number of such constraints needed in gen-
eral to break all symmetry, and the intractability of the general methods of
reducing this number, we focussed on a number of special cases and showed how
the number of ordering constraints necessary in each case can be reduced. In fu-
ture, we will integrate this work into the automated modelling system CONJURE
[4] so that it is able to break symmetry efficiently as it is introduced.
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