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Abstract

We introducea genericimplementationof symme-
try breakingby dominancedetection. The imple-
mentationusesECL

�
PS
�

to model and constrain
a constraintsatisfaction problem. Binary back-
tracksearchwith propagationis alsoperformedin
ECL

�
PS
�
, togetherwith a checkfor a dominating

group elementat nodesin the searchtree. These
checksare performedin the GAP computational
grouptheorysystem,which runsasa sub-process
of ECL

�
PS
�
. Theresultsof thedominancechecks

areusedto restrictsearchto partsof thetreewhich
are not symmetricallyequivalent to a previously
searchedsection.A constraintlogic programming
practitionerusingtheinterfacedoesnotneedto im-
plementa dominancecheckfor theproblem;given
a smallnumber(typically 2–6)of generatingsym-
metries, the GAP sub-processconstructsa sym-
metry group,performssearchfor dominatingele-
mentswhen required,and provides the ECL

�
PS
�

super-processwith the information neededto re-
strict search. Our implementationis determinis-
tic: all non-dominatednodesare visited during
search,andeachdominancecheckeithersucceeds
or fails in finite time, so that only non-symmetric
solutionsarereturned.The implementationeasily
handlesproblemsinvolving

�������
symmetries,with

only four permutationsneededto direct the domi-
nancechecksduringsearch.

1 Intr oduction
Dealingwith symmetriesin constraintsatisfactionproblems
hasbecomeapopulartopicfor researchin recentyears.Main
areasof recentstudyinclude

1. the modificationof backtrackingsearchproceduresso
thatthey only returnuniquesolutions,and

2. theuseof computationalgrouptheory(henceforthCGT)
methodsto effectively utilise the algebraicstructureof
symmetries.

Themodifiedsearchtechniquescurrentlybroadlyfall into
two main categories. The first involves addingconstraints
whenever backtrackingoccurs,so that symmetricversions

of the failed part of the searchtree will not be consid-
ered in future [Backofen and Will, 1999; Gent and Smith,
2000]; thesetechniquesare collectively known as SBDS
(SymmetryBreakingDuring Search).The secondcategory
involves performing checksat nodesin the searchtree to
seewhetherthey are dominatedby the symmetricequiva-
lent of somestatealreadyconsidered[Fahle et al., 2001;
FocacciandMilano, 2001]; wewill collectively referto these
techniquesasSBDD(SymmetryBreakingbyDominanceDe-
tection). The SBDD approachasimplementedto date(with
one exception) involves the coding of a dominancecheck.
This dominancecheckis bespoke, in the sensethat it uses
propertiesof the structureof the problem under consider-
ation to detectdominatingsearchnodes. Note that SBDS
andSBDD areclosely related;the main differenceis when
andhow the symmetry-breakingconditionsareenforced.A
comparisonof SBDSandSBDD, togetherwith a dominance
checkfor a highly symmetricproblem,is given in [Harvey,
2001].

Theuseof CGT methodsis motivatedby the fact that the
symmetriesof a problemform a group: a tuple 	�

����� where
 is asetand � is a closedbinaryoperationover 
 suchthat:

1. � actsassociatively: ����������������������� �!�"� for every�#�$�%���!&'
 ;

2. thereis aneutralelement,( , suchthat �)� (*�+(,�,���-�
for every �.&/
 ;

3. eachelementhasaninverse:�*�,�10324�5�60728� ���5( .
Modern CGT systemssuch as GAP [GAP, 2000] are de-
signedto exploit this algebraicstructure,and arevery effi-
cient: they allow rapidcalculationsto bedoneonlargegroups
without the needto iterateover or explicitly representmore
than a tiny fraction of the group elements. As well as of-
fering a clearbenefitin both time andspace,usinga CGT
approachcanmake the expressionof the symmetriesby the
programmermucheasier:typically onlyahandfulof example
symmetriesarerequiredto generatethefull symmetrygroup,
even for very large groups;we provide examplesof this in
Section5.

An interfacebetweenthe ECL
�
PS
�

[Wallaceet al., 1997]
constraintlogic programmingsystemandtheGAP CGTsys-
tem was presentedin [Gent et al., 2002]. This interface
provided an implementationof SBDS (also in [Gent et al.,
2002]) which is capableof handlingmany moresymmetries



thanpreviousimplementationsandprovidesimprovedsearch
performance9 for symmetricconstraintsatisfactionproblems.
In this paper we presentan implementationof SBDD in
GAP–ECL

�
PS
�
. The implementationhasthe novel feature

that it is generic– the constraintlogic programmerdoes
not needto implementa bespoke dominancechecker. The
dominancecheckseithersucceed(resultingin a backtrack),
or fail supplying a set of assignments,any of which, if
addedto the current partial assignmentof valuesto vari-
ables, would result in the dominancecheck succeeding–
this set is usedto reducethe sizeof domains,thus improv-
ing searchefficiency, as describedin [Fahle et al., 2001;
FocacciandMilano, 2001].

Althoughnotsetin constraintsatisfactionterms,Backtrack
Searching in the Presenceof Symmetry[Brown et al., 1988;
1996] containsmany SBDDideas,andhasinfluencedourap-
proach.

WedescribetheGAP–ECL
�
PS
�

interfacein moredetailin
Section2. We outlineSBDD in Section3, andprovide a de-
tailedexpositionof our genericimplementationin Section4.
Section5 consistedof someexperimentalresults.Wediscuss
our resultsandhighlight future avenuesof researchin Sec-
tion 6.

2 GAP–ECL : PS;
GAP andECL

�
PS
�

are large, matureandwidely-usedsys-
temsfor computationalalgebraandconstraintlogic program-
ming respectively. Both systemsincorporatelibraries and
packagesfor computationin specific areas,togetherwith
tools andresourcesfor softwaredevelopment.For our pur-
poses,theGAP permutationgrouplibrariesandtheECL

�
PS
�

finite domainlibrariesareof interest.

2.1 Finite Domainsin ECL : PS;
ECL

�
PS
�

supportsstandardfinite domainconstraints,and,
duringsearch,appliesconstraintpropagationtechniquesde-
velopedby theAI community[Hentenryck,1989]. Thestan-
dardsearchmethodis depth-first,andassignsvaluesto vari-
ablesat choicepoints. A completeassignmentthat satisfies
the constraintsis a solution. If no symmetrybreakingcon-
straintshave beenpostedbeforesearch,thenECL

�
PS
�

will
searchfor andreturnall solutions,irrespectiveof any symme-
triesinvolved.For example,considertheillustrativeproblem
of finding a list < =>��?@�$A)��B/��CD�$EF��G)H of distinct numbersin�8I�I"I�JK�

suchthat = �%L ? �%L A �ML B � �5C �ML E �NL G � . A solu-
tion is < � �POQ�$RS��R�TS� ��U �POKOS��R J H , but this is symmetricallyequiv-
alentto thoselists with 1, 2, 3, and39 permutedin any way,
and/or18, 22 and35 permuted.Our aim is to restrictsearch
to choiceswhich do not leadto oneof theseotherlists. Re-
stricting searchto avoid symmetricallyequivalentsolutions
hasa largerbenefitthanavoiding duplicatesolutions.Sym-
metrybreakingmethodssuchasSBDD or SBDSalsoavoid
duplicatingsearchfrom failed nodes. This canhave a dra-
maticeffecton timetaken,asthesamefailedsearchstatecan
reoccurin many symmetricguises,only oneof which need
beexplored.

2.2 Permutation Groupsin GAP
A permutationis a rearrangementof elementsin an ordered
list 
 into a one-to-onecorrespondencewith 
 itself. The
numberof permutationson a setof V elementsis V�W . Two
permutationscanbecomposedby composingtheir respective
correspondenceswith 
 ; sinceall suchcorrespondencesare
bijective,thecompositionhasaninverse.If wetaketheiden-
tity mappingon 
 astherequiredneutralelement,composi-
tion of permutationsforms a group. GAP containslibraries
for defining,composing,andmanipulatingindividualpermu-
tations,andfor computationwithin permutationgroups.

Taking 
 to be a position indexing of the list< =���?@�$A)�$B'��CD�$EF��G)H describedin the previous section,we
have 
X�Y< � �POQ��R6�[Z1� J �$\S��]NH . Permutationsin GAP are en-
teredanddisplayedin cycle notation,suchas � � �POQ�$R���� J ��]��
whichdenotesthecorrespondencewhichhasasimagethelist< RS� � �$OS�[Z6��]^�$\S� J H . (A humanmight describethis permutation
as‘1 goesto 2, 2 goesto 3, 3 goesto 1, 5 and7 areswapped,
4 and6 areunchanged.’.)

Giventhat thereare ]QW possiblepermutationson 
 , which
are the permutationswhich preserve solutionsto the = �_L? �,L A � L B � �`C �aL E �aL G � problem?This is straight-
forwardin GAP – wesimply supplysomeexamplepermuta-
tions,andlet GAP computetheresultingpermutationgroup.
Swapping = and B and cycling = , ? , A and B are so-
lution preservingsymmetries,representedby the permuta-
tions � � ��Zb� and � � �POQ��R6�[Z^� respectively. Similarly � J �P]K� and� J ��\6�P]�� denotetheswappingof C and G andacycling of C ,E and G . Supplyingthese4 permutationsto GAP resultsin
permutationgroupcontaining144elements( RSW permutations
of C , E and G for eachof the Z6W permutationsof = , ? , A
and B ). In grouptheoreticterminologythis is known asthe
direct productof the symmetricgroup on 4 points and the
symmetricgroupon3 points.In orderto useGAP–ECL

�
PS
�

with eithertheSBDSversiongiven in [Gentet al., 2002] or
theSBDD implementationdescribedin Section3 of this pa-
per, these4 permutationsare the only information that the
constraintlogic programmerhasto provide to GAP for this
problem.GAP cannow answerquestionssuchasc Whatis thecompositionof � � �[Z^� with � � ��Rb����\6� J �P]�� ?

– � � ��Z6��Rb��� J �P]Q��\b�c Whichof our144permutationsdonotmove = , A or C ?

– �����N��\S��]�������OS�[Z^������OQ��Zb����\S��]��c To whichpointsis G mappedto by ourgroupelements?

– ]Q��\6� J (i.e. G is mappedto C , E anditself)

Many of thequestionspassedto GAP by ECL
�
PS
�

during
searchare answeredby (rathermore complicated)calcula-
tionssimilar to thosegivenabove.

2.3 The Interface
In GAP–ECL

�
PS
�

all constraintsatisfaction modelingand
constrainthandlingis donein ECL

�
PS
�
, as is the choosing

of value to variableassignmentsduring search,andany re-
sulting eliminationof valuesfrom domainsby propagation.
GAP runsasa sub-process,andis calledasandwhensym-
metrybreakinginformationis needed.In effect,ECL

�
PS
�

is
themaster, andGAP theslave.



It is straightforward to write ECL
�
PS
�

programswhich
start a GAP subprocessand sendand receive information
which canbe usedto prunesearch. We have implemented
anECL

�
PS
�

modulewhich exportspredicatesforc startingandendingGAP processes;c sendingcommandsto a GAP process;c obtainingGAP resultsin a format which is usableby
ECL

�
PS
�
;c loadingGAP modules;andc receiving informationsuchastimingsof GAP computa-

tions.

Thekey conceptthatmotivatesthe interfaceis that thesym-
metriesof a constraintsatisfactionproblemarepermutations
on a suitableinitial segmentof the naturalnumbers. Since
setsof permutationshave a well known algebraicstructure,
andsinceGAP usesthealgebraicstructureto enhanceandex-
tendcomputationalcapability, we useGAP to provide sym-
metryinformationto ECL

�
PS
�

duringsearch.

3 Symmetry Breaking by Dominance
Detection

In order to deal with symmetry-relatedquestionsarising at
nodesin the searchtree,we definean dfehg arraywhereg is the numberof variablesin our constraintsatisfaction
problem,and d is the numberof valuesthat the variables
cantake. The iP� j -th elementin the arraydenotesassigning
the value i to the variable j , andeachelementis associated
with auniquenumber(point) from

�
to dkg . We thendefine

symmetriesin termsof permutationsonthesedlemg points.
It shouldbenotedthatc this allows us to definesymmetrieson both variables

(asin the exampleabove) andvalues(as in, for exam-
ple, a graphcolouringproblemwherevaluesrepresent-
ing colourscanbeinterchanged);andc the algebraicstructureis preserved: for the above ex-
amplewehave144permutationson

JK� e/] points,with
eachpermutationcorrespondingto a uniquememberof
theoriginalgroupactingon 7 points.

This structureallows us to askGAP questionsregardingthe
imageof (setsof) variable–valueassignmentsunderpermu-
tations. We write this as n6o , wheren is an assignmentpoint
and p is an elementof a permutationgroup. We have, for
example,

� ]bq �"r s"r 2ut r v�r w$x �5T .
Supposethatwehave identifieda symmetrygroup, G , and

that we maintaina recordin a list 
 of fail sets: setscor-
respondingto the rootsof completedsubtrees.Eachfail set
containsthe pointsfrom the dyezg arraycorrespondingto
the positive decisions1 madeduring the searchto reachthe
rootof thesubtree.SupposealsothatPointsetdenotestheset

1As long as we try a positive decision(Var { Val) beforeits
negative (Var |{ Val) we are free to ignore the negative decisions
[Focacciand Milano, 2001]. E.g. looking at the }~{�� subtree
in Figure1, }�{�� hasalreadybeenfully exploredregardlessof
whetheror not ��|{�� , sincethe ��{�� casewascoveredby the��{h� subtree.

of pointscorrespondingto variableswhichhavebeensetto a
fixed valuein the currentsearchnode(either throughdirect
assignmentor throughpropagation).This situationis shown
informally in Figure 1, where the circle indicatesthe cur-
rent searchnodeandthe shadedtrianglesdenotecompleted
subtrees:
 containsthreesingle-elementsetscontainingthe
pointscorrespondingto theassignments����� , �X��� and� �5� , andif any variableshavebeengivenfixedvaluesasa
resultof propagatingthedecisions����-� , ����5� and

� ��-� ,
thecorrespondingpointswill appearin Pointset.

X = a

Y = b

Z = c

X |{ a

Y |{ b

Z |{ c

Figure1: A partialsearchtree

We saythatour currentnodeis dominatedby a completed
subtreeif thereexistsa p in G andan � in 
 suchthat

� o>� Pointset
I

If dominanceis detected,thenit is safeto backtrack,sincethe
currentsearchstateis symmetricallyequivalentto onecon-
sideredpreviously.

In practice,we passto GAP more informationaboutthe
currentstatethan just the fixed variables,in order to facili-
tatedomainreductionwhendominanceis not detected(see
Section4).

4 Generic SBDD
Pseudo-codefor our genericSBDD implementationis given
in Figure2. Theprocedureassumesthatthesearchstateis at
a nodeat a given depthin the searchtree,andthat we have
a recordof the fail setaccumulatedon thecurrentbranchof
thesearch.We first choosea variable–valuepair, try theas-
signmentVar � Val, andincrementthe depthcounter. The
Var � Val choicerepresentsapoint, n6� , of ourvalue–variable
array; we add this to our fail set, as it representsthe latest
root nodeof a subtree. We next obtainDoms, a list of the
domainsof all thevariablesat thecurrentsearchnode(after
propagatingtheVar � Val assignment).Note thatDomsim-
plicitly containsPointset, aswell asinformationaboutwhich
valuescannotbeassignedto particularvariables(eitherfrom
propagationor from explicit Var �� Val assertionsmadeon
thecurrentbranch).

ProvidedthattheCSPis still consistent,we arenow ready
to askGAP for adominancecheck,detailsof whicharegiven
in Section4.1. If this checksucceeds(i.e. a dominatingstate
wasfound),wecanbacktrackin ECL

�
PS
�

aswehavealready
exploredanequivalentstate.If thischeckfails(i.e. if nodom-
inatingstateis found)thenwecanstill benefitfrom thecall to
GAP by domainreduction.GAP suppliesasetof pointsthat,



generic sbdd�����%�����"�"������������ ��¢¡S£¤P¥S¦^¦�§�¨ ��©#�%ª^�«©1�����¬K§$§�¨"­�® ��©1��ª*��©1�%���
�K�¯�#�° ±¡²���K�¯�#�°  L-�
�#�F¡²�+³ ¦�´¶µb® �K©1�%ª_�·©1���°�
���%�����"�"�,¡²�¸< �����#���%�����"�"�¯H¹�º%» �)¡²��<½¼"¾Qª�ª���¿1� � º�» ����¿S�"H
if ¤�¦�µ6§[´½§[®�¨"µb® ��ÀÂÁQÃ*�
and ¬K§�ÄSÅ*Æ ³«� ¹Çº�» �N� �È< É��%���"�^�1Ê*H then­$¨�ËSÌ6¤�¨ ËS¦KÍD¬�´Îµ6§ ��Ê��§�¦KÏÎÌQ®$´¶¦�µ ¤P¥S¨�¤PÄ
Ð�¨"µS¨�­�´½¤ §�Ñ#Ë6Ë �����%�����"�"�"���������� #�

else®$¨"ÏÎÏ½Å*Æ ³����Ò�������"�������K�¯�#�° #�
���%���²���"�F¡�� ®$¬K´¶Ï �����%���²���"�$�¬�§�§�¨"­�® � not ��©#�%ª*�ÈÓM�����[�¹�º%» �_¡���<Î¼"¾Qª�ª��"¿6� � º%» �%��¿S��H
if ¤"¦Kµ6§�´Î§[®�¨�µb® ��ÀÂÁSÃ*�
and ¬�§[ÄSÅ*¬�Ô � ¹Çº�» �M�a�È< É��%���"�^�#Ê)H then­�¨NËQÌ6¤"¨ ËQ¦KÍD¬K´¶µ6§ ��Ê>�§[¦�Ï¶ÌS®�´Î¦Kµ ¤P¥S¨N¤PÄ
ÐK¨�µS¨"­$´Î¤ §[Ñ�ËSË ���Ò�������"�������K�¯�#�° #�
end if

elseÑ6¬K¤PÄb®$­$¬�¤PÄ �u¿���Õa�������� ��ÐK¨�µS¨"­$´Î¤ §[Ñ�ËSË ���Ò�������"�����7¿#�"Õa�K�¯�#�° #�
end if

end if

Figure2: Pseudo-codefor genericSBDD

if any oneof thecorrespondingassignmentsis made,would
result in a successfuldominancecheck. Clearly we should
not allow a searchwhich makesany of theseassignments,so
we removethemfrom thedomainsof thevariablesinvolved.
Thisnotonly reducesthesizesof thevaluedomains,but also
allows further propagationbasedon the removals. This is a
significantbenefitoverobtainingamereyes/noanswerto the
dominancecheck.

In thissituation,sincetherewasnodominance,wecarryon
searchingby choosingthenext variable–valuepair, usingthe
updatedfail setanddepthvalue.A small,but important,point
arisesin this situation. The domainreductionby GAP af-
tera faileddominancecheckcanleadthroughpropagationto
settingall variablesandobtaininga completesolution. This
solutionmight turn out to be equivalentto a previously ob-
tainedsolution.Thereforein thissituationweperformafinal
dominancecheckto guaranteethatall solutionsreturnedare
distinct.

When the dominancechecksucceeds,we backtrackand
assertVar �� Val. We tell GAP thatour currentfail setis the
mostup to date,andremove n6� from it. Now thatwe areat

adifferentnodein thesearchtree,wecanobtainDomsagain
andaskGAP to performanotherdominancecheck. If this
checkfails, then, as before,we reducevalue domainsizes
by removing from variabledomainsany elementswe know
would have led to dominanceif they had beenassignedto
the variable,checkthat any solution is not dominatedby a
previous one,andcarry on searchingbelow the Var �� Val
branch.

If, however, theVar �� Val dominancechecksucceeds,then
webacktrackto wherever theECL

�
PS
�

searchmethodis due
to try next. This point becomestheroot of a completedsub-
tree,we updatethefail setaccordingly, andcarryon search-
ing.

4.1 DominanceCheck in GAP
We maintainin GAP a recordof fail sets,andthe depthof
their roots. The symmetrygroup is computedfrom genera-
tors suppliedfrom the ECL

�
PS
�

model of the problem. In
fact, the whole groupis not usuallycomputedexplicitly – a
permutationgroup on V pointscanhave V�W elements,lead-
ing to a largespaceoverheadunlesstechniquesareusedfor
computinggroupelementsasandwhenrequired.

Thedominancecheckin GAP is implementedusingatree-
like datastructurewhich encodesall of thefail setscurrently
applicable,while taking maximumadvantageof their over-
laps. We canidentify disjoint setsof points = 2 �

I�I"I �$=!Ö and?!×K� I�I"I �$? Ö suchthatthefail setsare = 2
ØzÙ"Ù�Ù"Ø = � Ø ? � for
eachi . Theright-pointingedgesof thetreearelabelledwith
elementsof an = � , the left-pointing oneswith elementsof a? � . Eachnodeof thetreecanbeassociatedwith thesequence
of labelson thepathto it from theroot.

Weperformthedominancecheckusinga recursivesearch,
which descendsthis tree, enteringeachnodeonce for ev-
ery way of mappingthe associatedsequenceof points into
the currentpoint list. If we reacha left-pointing leaf, then
we have discovereddominance.The implementationof the
searchusesthestandardgrouptheoreticmachineryof stabi-
lizer chains,schreiervectorsandtransversals,described,for
instancein [Seress,2002].

We candetectrelatively easilycaseswhereall but thefinal
elementof a fail setcanbemappedinto Pointset, andreport
them,eventually, backto ECL

�
PS
�
, so that domaindeletion

canoccur. A few othercasescanalsobedetectedquickly. It
is possibleto enhancethesearchto detectall caseswhereall-
but-oneelementof afail setcanbemapped,but thebenefitof
theextrapropagationneverseemsto outweighthecostof the
extrasearch.

Sincefail setsandpoint lists arenot, in general,thesame
size, the more powerful machineryof partition backtrack
searchingalso describedin [Seress,2002] doesnot appear
to behelpful.

This implementation produces good performance on
moderate-sizedexamples(up to about

�N�K�$�
symmetries),but

theinternalsearchcanbecomeboggeddownwhenasubsetof
someE hasa largestabilizer, sothatwecanfind elementsofG mapping Ú 2 �

I"I�I �$Ú�Ö to n 2 �
I�I"I ��n#Ö in any order, but none

of theseallow us to map Ú�Ö�Û 2 to anything in Pointset. Ac-
tually computingthe setstabilizersof initial segmentsof E ,
while possible,seemsto beprohibitively expensive in many



cases,but suchsituationsusuallyarisewhenthegroup G pre-
servesÜ a systemof imprimitivity (for examplethe rows and
columnsof a matrix-structuredproblem)and this condition
canbe recognizedcheaply. Exploiting this informationwill
beanimportantpartof futurework.

5 Examples
In this sectionwe provide someresultsof computationsus-
ing genericSBDDin GAP–ECL

�
PS
�
. All theexampleswere

run on a 1 GHz pentiumIII processorwith 512 Megabytes
of memory, andtimesarereportedin seconds.We compare
the performanceof our SBDD implementationwith that of
theGAP–ECL

�
PS
�

SBDSimplementationgiven in [Gentet
al., 2002], which provided full symmetrybreakingin a few
secondsfor problemshaving up to

��� v
symmetries.A major

costin dealingwith largersymmetrygroupsin SBDSis the
communicationof informationbetweenGAP andECL

�
PS
�

– the constraintspostedduring searchare basedon large
scalegrouptheoreticstructureswhich have to bereturnedto
ECL

�
PS
�

from GAP. In SBDD, however, we expect to be
ableto dealwith muchlargergroups,sinceinter-processcom-
municationconsistsof theword true, theword false, or lists
of pointsof lengthat most dÝeÞg .

5.1 Example: ß�à á+â±àaá`ãDàaá+äåà�æ�ç@à,á+è.à á`émà
We first considerthe illustrative problemgivenin Section2.
Clearly, breakingsymmetryin this problemis achievableby
addingtheconstraints

=kêë?�êëA¸êëB ¬�µ6Ë C�êìE�êëG I
We includethis exampleto demonstratethat out implemen-
tation breaksall 144 symmetries,with performancecompa-
rableto thatof SBDSin GAP–ECL

�
PS
�
. Theresultsfor all

solutionswith domains
�8I�I"I O � aregivenin Table1.

SBDD SBDS ECL
�
PS
�

Solutions 265 265 38,160
Backtracks 38,703 38,483 1.5 e ���Kí
GAP cpu 1,040 973 n/a
ECL

�
PS
�

cpu 272 482 4,037î
cpu 1,312 1,455 4,037

Table1: Sevencubesproblem– comparativeresults

We seethatSBDD andSBDSbotheliminateall thesymme-
triesin roughlythesametime.

5.2 Example: BalancedIncompleteBlock Designs
We now presentresultsfor exampleswith muchlargersym-
metrygroups.Considertheproblemof finding ï'ez� binary
matricessuch that eachrow hasexactly ð ones,eachcol-
umn hasexactly ñ ones,andthe scalarproductof eachpair
of distinct rows is ò . This is a computationalversionof the�°ï#�$�%�[ð%�$ñ3�$ò#� BIBD problem[ColbournandDinitz, 1996].

Solutionsdo not exist for all parameters,and resultsare
useful in areassuchascryptographyandcoding theory. A
solutionhasï#W6e'�MW symmetricequivalents:onefor eachper-
mutationof the rows and/orcolumnsof the matrix. Gent

et al. [2002] reportedthe resultsgiven in Table2, with the
largestsymmetrygrouphaving \6Wbe ��� W�ó5RÇe ����v elements.

Parameters GAP–ECLô PSõ (SBDS)ö � ÷ ø ù Sols. GCPU ECPU ú CPU
7 7 3 3 1 1 0.71 0.68 1.39
6 10 5 3 2 1 0.89 5.57 6.46

Table2: Balancedincompleteblock designs– SBDS

The results for our generic SBDD implementationare
given in Table 3. We seethat the implementationis faster
thanSBDS in both the problemsgiven in Table2, andcan
dealwith much larger symmetrygroups: the ��]Q�$O � ��\6�$OQ� � �
BIBD problemhas ]^WSe'O � W�ó5O I J e ���K�$� symmetries.

Parameters GAP–ECLô PSõ (SBDD)ö � ÷ ø ù Sols. GCPU ECPU ú CPU
7 7 3 3 1 1 0.58 0.10 0.68
6 10 5 3 2 1 1.31 0.50 1.81
7 14 6 3 2 4 13.84 2.46 16.30
9 12 4 3 1 1 4.75 0.47 5.22

13 13 4 4 1 1 44.12 1.63 45.75
8 14 7 4 3 4 200.18 29.11 229.29
6 20 10 3 4 4 164.82 18.00 182.82
7 21 6 2 1 1 23.50 1.50 25.00

Table3: Balancedincompleteblockdesigns– SBDD

We canseefrom theseresultsthat theabsolutenumberof
symmetriesof aproblemis notnecessarilyaguideto thedif-
ficulty in eliminatingthemfrom solutions.The � U � � Z1�P]Q��RS��Zb�
BIBD problemhas“only” óûR I J e �N� 2 s symmetries,but is
harderto solve than oneswith üm� �N�K� 2�� and üm� �N�K�$� � sym-
metries.As well astheinherentdifficulty of theoriginalcon-
straintproblem,muchdependsonthesizeandnatureof struc-
tureswithin thealgebraicstructureof eachsymmetrygroup,
which is anotherreasonfor utilising a specialisedCGT sys-
tem suchas GAP, which are designedto find and exploit
thesesub-structures.As a generalrule, though,it is harder
to eliminatesolutionsymmetriesfrom a largermatrix model.

It alsois worth noting that the entiresymmetrygroupfor
any BIBD canbegeneratedfrom just four permutations:cy-
cling the rows andcolumns,andswappingthe first andlast
row andthefirst andlastcolumn.Thesepermutationsaretriv-
ially implemented,andcomprisetheonly informationneeded
by GAP–ECL

�
PS
�

to breakall the symmetriesof the prob-
lem.

Thetimingsobtainedarecomparablewith thosepresented
for thesameproblemsin [Fleneret al., 2002], wherelexico-
graphicorderingconstraintswereuseto breakthe row and
columnsymmetries.Theadvantageof usingSBDDis thatall
symmetriesarebroken,whereasa lexicographicsolutionfor
the ��\S�PO � � ��� ��RS��Zb� BIBD problemreturns21solutions.

6 Conclusions
We havepresentedanimplementationof SBDDwhichc usesspecialistCGTtechniquesto detectdominance.



c guaranteesto return only symmetricallydistinct solu-
tions.

c doesnot requirea new dominancechecker to be imple-
mentedfor eachnew problem– theuseronly hasto sup-
ply a smallsampleof symmetries.c allows value domainsto be reducedat searchnodes
whereno dominanceoccurs. We do this by removing
valuesof variableswhich, if set,weknow would leadto
a successfuldominancecheck.

c eliminatesall symmetriesin large scalecombinatoric
problems.

We believe that the use of CGT techniquesin SBDD
solversisanimportantcontribution. In comparisonwith other
recentsymmetrybreakingimplementations,it is truethatwe
arenot currentlyreportingthebestrun times. While thereis
scopefor furtheroptimisationof our techniques,we already
have significantadvantagesover relatedwork. Comparedto
otherimplementationsof SBDD,we have thekey advantage
of avoidingtheneedfor aseparatedominancecheckto beim-
plemented,eitherdirectly [Fahleetal., 2001] or asaseparate
constraintsatisfactionproblem[Puget,2002]. This is anex-
tremelyimportantstepforward in the applicationof SBDD.
Comparedto the useof GAP for SBDS[Gentet al., 2002],
we avoid the largespaceoverhead,meaningthat– aswe re-
portedhere– we areableto solve completelyproblemswith
groupsmany ordersof magnitudelarger. Sometechniques,
suchas[Fleneretal., 2002], donotguaranteeto eliminateall
symmetries,while wedo.

Our implementationis robust: both the ECL
�
PS
�

and
GAP searchesaredeterministic,andwill breakall the sup-
plied symmetries,since a dominancecheck is performed
at eachnode visited during search. This robustnessmay
have a negative effect on efficiency. Thereis evidencethat
performancecan be improved by making full dominance
checksat a subsetof the visited nodes[Fahle et al., 2001;
Puget,2002], or by usingasubsetof thefull symmetrygroup
of the problem[McDonaldandSmith,2002]. Both of these
approachesdependon the sizeandstructureof the problem
beingaddressed,andwewill investigatetheirapplicabilityto
our implementationin thefuture.
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