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Abstract. A finite group is said to be cyclically generated if it has an

automorphism that cycles through a generating set for the group. Such

a set will be called a cyclic generating set. We show that every finite

abelian group is cyclically generated, and then present results concerning

the existence of cyclic minimal generating sets for finite abelian groups

of ranks 3, 4, and 5. Further results about cyclic generating sets of prime

or square-free size are also included.

Definition 1. A finite group G is cyclically generated if it has an element
x and an automorphism θ such that 〈x, xθ, xθ2, . . . , xθo(θ)−1〉 = G. The set

{x, xθ, xθ2, . . . , xθo(θ)−1} is called a cyclic generating set and θ is called a
cyclic automorphism.

Definition 2. A generating set X for a group G is symmetric if every
permutation of the elements of X induces an automorphism of G.

As every symmetric generating set is also a cyclic generating set we can use
results about symmetric generating sets to establish the existence of cyclic
generating sets. In 2003 the following result was published:

Theorem (Miklós Abért, 2003) Let G be a finite abelian group. Then G
can be symmetrically generated by n > 2 elements if and only if there are
positive integers a, b, c such that (i) G = Za × Z

n−2
ab × Zabc, and (ii) (b, c)|n.

In the same paper Abért also notes that Every finite abelian group of rank
2 is symmetrically generated by two generators; see [?].

These results will be referred to as Abért’s Theorem and conditions (i) and
(ii) will be called Abért’s conditions. We can use these results to give exam-
ples of finite abelian groups that have cyclic minimal generating sets and we
now present further results that allow us to establish necessary and sufficient
conditions for certain finite abelian groups to have cyclic minimal generating
sets.

0.1. Notation. For consistency we use the (slightly unusual) notation used
in [?], so an arbitrary finite abelian group will be written in the form Za0

×
Za0a1

× · · · × Za0a1···an−1
where ai ≥ 1 for each i and the group operation is

addition.
1
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Automorphisms will usually be defined by matrices. Note that two matrices
A = [ai j ] and B = [bi j] represent the same map (with respect to the same
basis) if their entries satisfy ai j ≡ bi j (mod mj) where mj is the order of
the jth basis element.
For every prime p dividing the order of an abelian group G, the p-primary
part of G will be denoted by Gp.

1. Preliminary results

Theorem 3. Every finite abelian group is cyclically generated.

Proof. Using the notation described previously, let G = Za0
×Za0a1

×· · ·×
Za0a1···an−1

where ai ≥ 1 for each i and let xi be a generator of Za0a2···ai
.

Define a map onto a generating set for G by x0 7→ x0 and xi 7→ xi−1 + xi

for i = 1, 2, . . . , n− 1. Note that this map is defined by the n× n matrix in
which entries on the diagonal and sub-diagonal are 1 and all other entries
are 0. As o(xi−1) o(xi), this map can be extended to an automorphism θ of
G. Applying successive powers of θ to xn−1 gives

xn−1 7→ xn−2+xn−1 7→ xn−3+2xn−2+xn−1 7→ · · · 7→ x0+X+xn−1 7→ · · · 7→ xn−1

where X is a sum of multiples of x1, x2, . . . , xn−2 and therefore the set
{xn−1θ

j : j = 0, 1, . . . , o(θ) − 1} generates G. �

Corollary 4. If G is a finite abelian p-group then the order of the automor-
phism defined in the proof of Theorem ?? is a power of p.

Lemma 5. An automorphism θ cycles through a generating set for a group
G if and only if every conjugate of θ in AutG cycles through a generating
set.

Proof. Suppose that θ has order n and x is such thatG = 〈x, xθ, . . . , xθn−1〉.
Let β ∈ AutG. Then β−1θβ cycles through a generating set containing
xβ. �

Lemma 6. If θ is a cyclic automorphism of a group G with o(θ) = n,

then for every characteristic subgroup K of G, the map θ̂ on G/K defined

by (gK)θ̂ = gθK is a cyclic automorphism of order dividing n. It follows
that if G has a characteristic subgroup K such that G/K is not cyclically
generated by m generators for any m dividing n then G is not cyclically
generated by n generators.

Lemma 7. A finite abelian group G is cyclically generated if and only
if each of its primary parts is. Moreover, if the primary parts of G are
Gp1

, Gp2
, . . . , Gpk

and each Gpi
is cyclically generated by mi generators then

G has a cyclic generating set of size l.c.m.(m1,m2, . . . ,mk).

For a rank n abelian p-group with no repeated cyclic direct factors we de-
termine necessary and sufficient conditions for a matrix to define an auto-
morphism.
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Lemma 8. Let p be prime, let G = Zpλ0 × Zpλ0+λ1 × · · · × Zpλ0+λ1+···+λn−1

where λ0, λ1, . . . , λn−1 ≥ 1, and let E = {x0, x1, . . . , xn−1} be a canonical
basis for G. Let A = [ai j] be an n × n matrix and let θ be the map defined
by A with respect to E . Then θ is an automorphism of G if and only if

(1) pλi+λi+1+···+λj−1 divides ai j when j > i, and
(2) (ai i, p) = 1 for each i.

Proof. It is easy to verify that θ is a homomorphism if and only if condition
(1) holds. Therefore, with the assumption that θ is a homomorphism, we
prove that it is invertible if and only if condition (2) holds.
As θ is a homomorphism, condition (1) holds, so by expanding detA about
the first column, we have detA ≡ a1 1a2 2 · · · an n (mod p). Therefore detA
is coprime to p if and only if condition (2) holds. �

This result has the following two useful corollaries. A simple counting argu-
ment gives the first (well known) corollary to Lemma ??.

Corollary 9. The automorphism group of G has pβ(p − 1)n elements for
some β.

Corollary 10. Let G = Zpλ0 ×Zpλ0+λ1 ×· · · ×Zpλ0+λ1+···+λn−1 where λi ≥ 0

for each i. A matrix satisfying conditions (1) and (2) in Lemma ?? defines
an automorphism of G.

Theorem 11. If n is a square-free integer and p is a prime such that p ≡ 1
(mod n) then every finite abelian p-group of rank ≤ n is cyclically generated
by n generators.

Proof. Let n be a product of distinct primes q1, q2, . . . , qr. Let p be a prime
with p ≡ 1 (mod n), and let G be an abelian p-group with exponent pλ and
rank ≤ n. As p ≡ 1 (mod qi) for each i, the group of units of Zpλ contains
an element αi of order qi for each i. Let α = α1α2 · · ·αr. Then αn ≡ 1
(mod pλ). We use α to construct a cyclic automorphism of G.

If the rank of G is less than n we can extend G to the direct product of
n cyclic subgroups by adding copies of the trivial group, and therefore we
write G = Zpλ0 ×Zpλ0+λ1 × · · · ×Zpλ0+λ1+···+λn−1 where λ0, λ1, . . . , λn−1 ≥ 0

and λ0 + λ1 + · · · + λn−1 = λ. Let E = {x1, x2, . . . , xn} be a canonical
basis for G and let θ : G → G be the map defined with respect to E by
the matrix diag{α,α2, . . . , αn−1, 1}. As α is coprime to p, the map θ is an
automorphism, by Corollary ??, and it has order n by the definition of α.
We need to show that θ cycles through a generating set for G.

Let x = x1 + x2 + · · · + xn. For every j in the range j = 0, 1, . . . , n − 1, we
have xθj =

∑n
i=1 α

ijxi and therefore

(1)

n−1∑

j=0

xθj =

n−1∑

j=0

n∑

i=1

αijxi ≡

n−1∑

i=1

xi





n−1∑

j=0

αij



 + nxn (mod pλ).
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For i = 1, 2, . . . , n − 1, we will show that
∑n−1

j=0 α
ij ≡ 0 (mod pλ), but we

prove first that αi satisfies 1 +αi +α2i + · · ·+αi(mi−1) ≡ 0 (mod pλ) where
mi is the order of αi. As αimi ≡ 1 (mod pλ), we have (αi − 1)(1+αi +α2i +

· · · + α(mi−1)i = αmii − 1 ≡ 0 (mod pλ), so if we can show that αi − 1 is a
unit in Zpλ, then the result will follow.

Let µ be the largest power of p dividing (λ−1)!. If we suppose that αi = 1+kp

then (αi)p
λ+µ

≡ 1 (mod pλ) and hence the order of αi must be a power of
p, but this is a contradiction because p and n are coprime.

Now let q = (i, n) and note that if q > 1 then without loss of generality
we can assume that for each i there is some ki such that q = q1q2 · · · qki

and i = lq for some l. Let q̂ = n/q, so αi has order q̂, and 1 + αi + · · · +

αi(q̂−1) ≡ 0 (mod pλ). If j ≡ j′ (mod q̂) then αij ≡ αij′ (mod pλ). Therefore
∑n−1

j=0 α
ij ≡ q

∑q̂−1
j=0 α

ij ≡ 0 (mod pλ) as required.

From equation (??) we now have
∑n−1

j=0 xθ
j ≡ nxn (mod pλ) and therefore

xn is in the subgroup generated by the xθjs. By replacing i by i− t (mod n)
in the argument above it can be shown that xt is also in this subgroup for
every t in the range 1, 2, . . . n− 1. �

2. Abelian groups of ranks 3 and 4 with cyclic minimal

generating sets

The results in the previous section will now be used to prove classification
results for abelian groups of rank 3 or rank 4 with cyclic minimal generating
sets. We begin with the rank 3 result.

Theorem 12. Let G = Za × Zab × Zabc where a ≥ 2 and let A be the set
consisting of 1 and all products of primes of the form 6λ + 1. Then G is
cyclically generated by 3 generators if and only if either (b, c) is in A or
1
3(b, c) is in A.

Proof. Let G = Za × Zab × Zabc. By Lemma ??, G is cyclically generated
by 3 generators if and only if each of its p-primary parts is either cyclic or
cyclically generated by 3 generators.

For every prime p dividing the order of G, we write Gp as Zpλ × Zpλ+µ ×
Zpλ+µ+ν where λ, µ, ν ≥ 0, and we assume that Gp is not cyclic. If λ = ν = 0,
or µ = ν = 0, or µ = 0 or ν = 0 thenGp satisfies Abért’s conditions for n = 3,
and hence it is cyclically generated by 3 generators by Abért’s Theorem, [?].

It therefore remains to consider the case µ, ν ≥ 1 and λ ≥ 0. If p ≡ 1
(mod 6) then by Theorem ??, Gp has a cyclic automorphism of order 3, while
if p ≡ −1 (mod 6) or p = 2 then by Corollary ??, Gp has no automorphism
of order 3.
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If p = 3 and at least one of µ and ν is 1, then G3 is cyclically generated by
3 generators by Abért’s Theorem. Finally we show that G3 is not cyclically
generated by 3 generators if µ ≥ 2 and ν ≥ 2.

Let µ = 2 + µ′ and ν = 2 + ν ′ where µ′, ν ′ ≥ 0, and let H = G3/G3(3
λ+µ′

)
and K = H/34H, so K = Z9 × Z81. We prove that K is not cyclically
generated by 3 generators.

Suppose that K has a cyclic automorphism θ of order 3. If θ is represented
(with respect to the canonical basis {v,w} for K) by the matrix A, then by
Lemma ??, a1 2 ≡ 0 (mod 9) and (a1 1, 3) = (a2 2, 3) = 1. We consider the
automorphisms induced by θ on two factor groups of K to obtain further
information about the entries of A.

Let Φ(K) denote the Frattini subgroup of K and let ϕ be the natural ho-
momorphism K → K/Φ(K) = Z3 × Z3. Let θF denote the automorphism
induced by θ on K/Φ(K) as defined in the proof of Lemma ??. Then θF

must cycle through a generating set of size 3 for K/Φ(K) and, if B is the
matrix that represents θF with respect to the basis {vϕ,wϕ}, then bi j ≡ ai j

(mod 3). Therefore b1 1, b2 2 ∈ {1,−1} and b1 2 = 0, so detB = b1 1b2 2 = ±1.
As θF has order 3, we must have b1 1 = b2 2 = 1 and hence b2 1 = ±1. It
follows that a1 1, a2 2 ≡ 1 (mod 3), and a2 1 ≡ ±1 (mod 3).

Now let ψ be the natural homomorphism K → K/9K and let θ′ denote the
automorphism of K/9K induced by θ. We know that θ′ is a cyclic auto-
morphism of order 3 and, if C is the matrix that represents θ′ with respect
to the basis {vψ,wψ}, then ci j ≡ ai j (mod 9). From the information we
have about the entries of A we know that c1 2 = 0, c1 1, c2 2 ≡ 1 (mod 3)
and c2 1 6≡ 0 (mod 3). By the assumption that θ′ has order 3, we must
therefore have c21 1 + c1 1c2 2 + c22 2 ≡ 0 (mod 9). Completing the square gives
(c1 1 + 5c2 2)

2 ≡ 6c22 2 (mod 9), from which it follows that 3|c2 2, which is a
contradiction. Therefore θ′ cannot have order 3 and this proves that K and
hence G3 cannot be cyclically generated by 3 generators. �

Theorem 13. Let G = Za × Zab × Zabc × Zabcd where a ≥ 2 and let B be
the set consisting of 1 and all products of primes of the form 4λ + 1. Then
G is cyclically generated by 4 generators if and only if either (b, c, d) is in B
or 1

2(b, c, d) is in B.

Proof. By Lemmas ?? and ??, we are looking for cyclic automorphisms of
order 4 or 2 for each of the primary parts of G and as every finite abelian
group of rank 2 is symmetrically generated by 2 generators, we only need
to consider the primary parts that have rank 3 or 4. That is, those primary
parts of G that correspond to primes that divide ab.

For every prime p dividing ab, we write Gp as Zpλ × Zpλ+µ × Zpλ+µ+ν ×
Zpλ+µ+ν+σ where λ, µ, ν, σ ≥ 0 and λ and µ are not both zero. We prove
that the existence of a cyclic generating set of size four depends on the choice
of p only if µ, ν, σ ≥ 1.
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If ν = σ = 0 or if µ = ν = 0 then Gp satisfies Abért’s conditions for n = 4
and is therefore cyclically generated by 4 generators.

If λ = 0, then for any β > 0, let Hp = Zpβ × Zpβ+µ × Zpβ+µ+ν × Zpβ+µ+ν+σ .

Then Gp
∼= Hp/Hp(p

β), so if Hp is cyclically generated by 4 generators then
Gp is cyclically generated by 2 or 4 generators. Therefore without loss of
generality we can assume that λ ≥ 1. With respect to a canonical basis
{w, x, y, z}, the following matrices define automorphisms of order 4 that
cycle through a generating set for Gp when applied to z in the cases µ = 0,
ν = 0, and σ = 0 respectively.







0 −1 0 0
1 0 0 0
0 1 −1 0
0 0 1 1






,







−1 0 0 0
1 0 1 0
0 −1 0 0
0 0 1 1







and







1 0 0 0
1 −1 0 0
0 1 0 1
0 0 −1 0






.

We now show that if µ, ν, σ ≥ 1 then Gp is cyclically generated by 4 gen-
erators if and only if p ≡ 1 (mod 4) or p = 2 and one of µ, ν, σ is at most
1.

We begin with the case that p is odd. Let {w, x, y, z} be a canonical basis
for Gp, where once again we can assume that λ ≥ 1.

As p ≡ 1 (mod 4), −1 is a quadratic residue modulo p and hence modulo
pn for any n, see [?] p.69. Therefore there exists some α in Zpλ+µ+ν+σ such

that α4 ≡ −1 (mod pλ+µ+ν+σ). With respect to the basis {w, x, y, z}, let θ
be represented by the matrix diag{α,−1,−α, 1}. By construction, θ is an
automorphism of order 4 and the set produced when θ is repeatedly applied
to w+x+ y+ z is {w+ x+ y+ z, αw− x−αy+ z, −w+x− y+ z, −αw−
x+ αy + z}, which is a generating set for Gp.

Suppose now that p ≡ −1 (mod 4). We show that Gp/Gp(p
λ) is not cycli-

cally generated by 4 generators and it then follows by Lemma ?? that if λ ≥ 0
then Gp is also not cyclically generated by 4 generators. As p ≡ −1 (mod 4),
the Sylow 2-subgroup of each of AutZpµ , Aut Zpµ+ν , and Aut Zpµ+ν+σ , is Z2,
see [?] p.83 and therefore we have

Z2 × Z2 × Z2 ≤ Aut Zpµ × Aut Zpµ+ν × Aut Zpµ+ν+σ ≤ Aut (Gp/Gp(p
λ)).

But by Corollary ??, the size of Aut (Gp/Gp(p
λ)) is pr(p−1)3 for some r, so

the Sylow 2-subgroup of Aut (Gp/Gp(p
λ)) must be Z2×!Z2 × Z2, and hence

Gp/Gp(p
λ) has no automorphism of order 4.

It remains to consider the case p = 2. If one of µ, ν, σ is 1 then we define
cyclic automorphisms of order 4 in each of the three cases µ = 1, ν = 1,
and σ = 1. As before, we can assume that λ ≥ 1 and with respect to the
usual basis {w, x, y, z} for G2, the following matrices define automorphisms
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of order 4 in the cases µ = 1, ν = 1, and σ = 1 respectively.






−1 −2 0 0
1 1 0 0
0 1 −1 0
0 0 1 1






,







−1 0 0 0
1 1 −2 0
0 1 −1 0
0 0 1 1







and







−1 0 0 0
1 1 0 0
0 1 −1 −2
0 0 1 1






.

The automorphisms defined by these matrices cycle through a generating
set for G2 when applied to z.

Finally we show that G2 cannot be cyclically generated by 4 generators if
µ, ν, σ ≥ 2.

As µ ≥ 2, we can write µ = µ′ + 2, so

G2 = Z2λ × Z2λ+µ′+2 × Z2λ+µ′+ν+2 × Z2λ+µ′+ν+σ+2.

If G2 is cyclically generated by 4 generators then so is G2/G2(2
λ+µ′

), by

Lemma ??, so we consider G2/G2(2
λ+µ′

). The proof is similar to the proof
that Z9 × Z81 has no cyclic automorphism of order 3.

Let H = G2/G2(2
λ+µ′

), so

H = Z22 × Z2ν+2 × Z2ν+σ+2.

Suppose that H has a cyclic automorphism of order 4 and let A be the
matrix that represents θ with respect to the usual basis for H. By Lemma
??, a1 1, a2 2, a3 3 must be odd and 2ν |a1 2, 2ν+σ|a1 3, and 2σ|a2 3.

We first consider the automorphism θF induced by θ on H/Φ(H), which
is Z2 × Z2 × Z2. Let this be defined, with respect to the usual basis, by
the matrix B where bi j ≡ ai j (mod 2), so by Lemma ??, bi j = 0 if i < j,
bi j = 1 if i = j, and there is no restriction on the choice of b2 1, b3 1 and b3 2.

Therefore B ∈ D8 < Aut (H/Φ(H)), and since it must have order 4, we can
assume without loss of generality that

B =





1 0 0
1 1 0
0 1 1



 .

Now let C be the matrix produced when the entries of A are reduced modulo
4. This is the matrix that defines the automorphism induced by θ on the
factor group H/4H. We know that 4|a1 2, 4|a1 3, and 4|a2 3 because ν, σ ≥ 2,
and hence c1 2 = c1 3 = c2 3 = 0. Moreover, we know that the diagonal entries
of C must be ±1, and from the form of B we know that c3 1 = 2u for some
u. Therefore C is conjugate to the matrix ,

Ĉ =





c1 1 0 0
1 c2 2 0
2u 1 c3 3



 .

By noting that the entries on the sub-diagonal of Ĉ2 must be even, it follows
that Ĉ4 6= I4, which is a contradiction. The result follows by Lemma ??. �
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3. Rank 5 abelian groups with cyclic minimal generating sets

Unlike the rank 3 and 4 cases, we do not have a single classification result for
finite abelian groups of rank 5 with cyclic minimal generating sets because
we only have partial results for abelian 5-groups. We do, however, have the
following result which, by Lemma ??, gives a classification for finite abelian
groups of rank 5 and order not divisible by 5.

Theorem 14. Let p 6= 5 be prime and let G be a noncyclic finite abelian
p-group of rank ≤ 5. Then G is cyclically generated by 5 generators if and
only if

(i) G satisfies Abért’s conditions for n = 5, or
(ii) p ≡ 1 (mod 10), or
(iii) p ≡ −1 (mod 10) and G can be written in the form Zpα × Zpβ ×

Zpβ × Zpγ × Zpγ where α, β ≥ 0 and γ ≥ 1.

We split all primes other than 5 into three classes: 2 and primes of the form
10k ± 3, primes of the form 10k − 1, and primes of the form 10k + 1. If p is
in the last class then every noncyclic finite abelian p-group of rank at most
5 is cyclically generated by 5 generators by Theorem ??. We now present
classification results for primes from the other classes.

Theorem 15. Let G be a noncyclic finite abelian p-group of rank at most
5. If p = 2 or p ≡ ±3 (mod 10) then G has a cyclic automorphism of order
5 if and only if G satisfies Abért’s conditions for n = 5.

The proof uses the following lemma.

Lemma 16. Let p be a prime and let G be an abelian p-group of rank 4
with precisely three repeated direct cyclic factors of order pα. Then for some
β, |AutG| = pβ(p− 1)|GL(3,Zpα)|.

Proof. There are two cases to consider; either the exponent of G is greater
than the order of the repeated direct factors, or they are equal. In the
first case a matrix A represents an automorphism of G (with respect to
a canonical basis) if and only if the submatrix [ai j]

3
i,j=1 is in GL(3,Zpλ),

pµ|ai 4 for i = 1, 2, 3, and (a4 4, p) = 1, while in the second case A represents
an automorphism if and only if the submatrix [ai j ]

4
i,j=2 is in GL(3,Zpλ+µ),

pµ|a1 j for j = 2, 3, 4, and (a1 1, p) = 1. �

We now prove Theorem ??:

Proof. We write G = Zpλ × Zpλ+µ × Zpλ+µ+ν × Zpλ+µ+ν+σ × Zpλ+µ+ν+σ+τ .
Assume that p = 2 or p ≡ ±3 (mod 10) and that G does not satisfy Abért’s
conditions for n = 5. If G has rank 2 or 3 then G/Φ(G) is an elementary
abelian p-group of rank 2 or 3. However, if p = 2 or p ≡ ±3 (mod 10)
then neither GL(2, p) or GL(3, p) has an element of order 5 and hence G
is not cyclically generated by 5 generators by Lemma ??. Similarly, if ν or
σ is non-zero then G has a characteristic subgroup K such that G/K is an
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elementary abelian p-group of rank 2 or 3, and therefore G is not cyclically
generated by 5 generators.
It only remains to prove that if G = Zpλ ×Zpλ+µ ×Zpλ+µ ×Zpλ+µ ×Zpλ+µ+τ

where λ ≥ 0 and σ, τ ≥ 1 then G has no cyclic automorphism of order 5.

In this case G has a characteristic subgroup K such that G/K = Zp ×Zp ×
Zp × Zp1+τ and by Lemma ?? the automorphism group of this factor group
has no element of order 5. Therefore G is not cyclically generated by 5
generators. �

Theorem 17. Let G be a noncyclic finite abelian p-group of rank at most
5. If p ≡ −1 (mod 10) then G is cyclically generated by 5 generators if and
only if G is cyclic or satisfies Abért’s conditions for n = 5, or, by a suitable
rearrangement of the order of the direct factors, it can be written in the form
Zpα × Zpβ × Zpβ × Zpγ × Zpγ where α, β ≥ 0 and γ ≥ 1.

Again, before we prove the theorem we need the result of the following
Lemma.

Lemma 18. If p ≡ −1 (mod 10) then any element of order 5 in GL(3, p)
is conjugate to one of two block diagonal matrices (1, vx) where

vx =

(
0 1
−1 x

)

, and x2 + x− 1 ≡ 0 (mod p).

Proof. As p ≡ −1 (mod 10), 5 is a quadratic residue modulo pn for any
n ≥ 1, see [?], p.76, Theorem 97, and therefore, x2 + x − 1 ≡ 0 (mod p)
has two distinct solutions, which we will denote by j and k. By choice of j
and k, v5

j = v5
k = 1, and as the Sylow 5-subgroups of GL(3, p) and GL(2, p)

have the same order, any matrix of order 5 in GL(3, p) is conjugate to a
block diagonal matrix (1,X) where X has order 5 in GL(2, p). It therefore
follows from the representatives of the conjugacy classes of GL(2, p) given
in [?] p.326 and the fact that any element of order 5 in GL(2, p) must lie in
SL(2, p), that the only matrices of order 5 in GL(3, p) must be conjugate
either to (1, vj) or to (1, vk). �

We now prove Theorem ??:

Proof. Assume that p ≡ −1 (mod 10) and G can be written in the form
Zpα ×Zpβ ×Zpβ ×Zpγ ×Zpγ where α, β ≥ 0 and γ ≥ 1, and {v,w, x, y, z} is a

canonical basis for G when it is written in this form. Let pλ be the exponent
of G and let j and k be the distinct roots of x2 +x− 1 in Zpλ. With respect
to {v,w, x, y, z}, let θ be the automorphism defined by the block diagonal
matrix (1, vj , vk). As j and k are distinct and their difference is coprime to
p, applying successive powers of θ to v+w+ y gives a generating set for G.

Now suppose that G is not cyclic, does not satisfy Abért’s conditions for
n = 5, and cannot be written in the form in the statement of the theorem.
If σ, τ ≥ 1 then G has a characteristic subgroup K such that G/K = Zpσ ×
Zpσ+τ , which has no automorphism of order 5 by Corollary ??. The only
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other cases to consider are ν = σ = 0, σ = τ = 0, σ = 0, and τ = 0, where
we assume λ ≥ 0, but µ, ν, σ, τ ≥ 1 unless stated otherwise. In the first case,
either G or G/G(pλ) is Zpµ ×Zpµ ×Zpµ ×Zpµ+τ and in the other cases either

G or G/G(pλ) is Zpµ×Zpµ+ν ×Zpµ+ν ×Zpµ+ν or has a characteristic subgroup

K such that G/K or (G/G(pλ))/K is of this form. We show! that a group
of the second form has no cyclic automorphism of order 5. The proof for a
group of the first form is similar.

Let H = Zpµ ×Zpµ+ν ×Zpµ+ν ×Zpµ+ν and let {w, x, y, z} be a canonical basis
for H. Note that every basis B′ for the subgroup Zpµ+ν ×Zpµ+ν ×Zpµ+ν can
be extended to a basis B = {w} ∪ B′ for H. Suppose that H has a cyclic
automorphism θ of order 5 and θ is represented with respect to B by the
matrix A. By Lemma ??, θ induces a cyclic automorphism θF of order 5 on
H/Φ(H), and if φ is the natural homomorphism H → H/Φ(H) then by the
proof of Lemma ??, θF is represented with respect to the basis Bφ by the
matrix C where ci j ≡ ai j (mod p) and

C =







1 0 0 0
c2 1

c3 1 C ′

c4 1







where C ′ ∈ GL(3, p) has order 5.

By Lemma ??, C ′ is conjugate to (1, vj) or (1, vk), and we can assume that
B′ was chosen so that C ′ = (1, vj) or C ′ = (1, vk). Assume therefore that
C ′ = (1, vj). Now we prove that C is conjugate to the block diagonal matrix
T = (1, 1, vj). The assumption that C5 = I4 means that c2 1 = 0, but
does not restrict the choice of c3 1 and c4 1, and if Y is the 4× 4 matrix with

diagonal entries 1 and all other entries 0 except y3 1 = c3 1(1−j)−c4 1

2−j and y4 1 =
c3 1+c4 1

2−j , then Y −1CY = T. Therefore there is a basis E = {e1, e2, e3, e4} for

Zp × Zp × Zp × Zp such that T is the matrix defining θF with respect to
E . However, because of the form of T, we know that 〈e3, e4〉 is θF invariant
and θF acts as the ident! ity on 〈e1, e2〉. Therefore θF cannot cycle through
a generating set. The result follows by Lemma ??. �

4. Cyclic generating sets of prime size for abelian groups of

rank 2

We present a result about the non-existence of a cyclic generating set of
prime size p for a certain p-group of rank 2 and this leads to a classification
of rank 2 abelian p-groups with cyclic generating sets of size p.

Theorem 19. Let p be a prime. The group Zp2 ×Zp2 is cyclically generated
by p generators if and only if p = 2 or p = 3.

Proof. The reason for this result is that for p ≥ 5, the cyclic automorphisms
of Zp×Zp that have order p are induced by cyclic automorphisms of Zp2×Zp2

of order p2. Any automorphism of Zp2 × Zp2 of order p induces only the
identity map on Zp × Zp.
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Let G = Zp2 × Zp2. The matrices

(
0 1
1 0

)

and

(
1 1
6 1

)

define cyclic auto-

morphism of order p for p = 2 and p = 3 respectively.

Now suppose p ≥ 5 and suppose that G has a cyclic automorphism θ of
order p. By Lemma ??, θ induces a cyclic automorphism θF of order p
on G/Φ(G), and if A is a matrix representing θ then (with respect to the
relevant basis for G/Φ(G)) the induced automorphism θF is represented by
the matrix A′ = [ai j (mod p)], where A′ has order p in GL(2, p). Without
loss of generality we can therefore assume that the basis of G was chosen so

that A′ =

(
1 1
0 1

)

, and A =

(
1 + ip 1 + jp
kp 1 + lp

)

. We show that the 1,2 entry

of Ap is not 0 when reduced modulo p2 and therefore Ap does not represent
the identity map.

The 1,2 entry of Ap is (1 + jp)yp−1 where

yp−1 =

⌊(p−1)/2⌋
∑

s=0

(
p− 1 − s

s

)

T p−1−2s(−D)s

and T and D are the trace and determinant of A; see Theorem 1 of [?]. By
using equation (7.1) in the same paper we can prove that

yp−1 ≡ p









1 − k

⌊(p−1)/2⌋
∑

s=0

(
p− 1 − s

s

)

2p−1−2s(−1)ss

︸ ︷︷ ︸

∆









(mod p2)

and therefore (1+jp)yp−1 ≡ yp−1 (mod p2). It is therefore sufficient to show
that yp−1 6≡ 0 (mod p2). We do this by showing that the sum labelled ∆ is
divisible by p for p ≥ 5. Note that for p ≥ 5, ⌊(p − 1)/2⌋ = (p − 1)/2 ≥ 2.
By Corollary 2 on page 4 of [?] we have

(
p− 1 − s

s

)

= 2−p+1+2s

(p−1)/2
∑

t=s

(
p

2t+ 1

)(
t

s

)

and for 1 ≤ s ≤ t < (p− 1)/2 it follows that

(
p− 1 − s

s

)

≡ 2−p+1+2s

(
(p− 1)/2

s

)

(mod p).
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Therefore

∆ ≡

(p−1)/2
∑

s=1

(
(p− 1)/2

s

)

(−1)ss (mod p)

=
p− 1

2

(p−3)/2
∑

s=1

(
(p− 3)/2

s− 1

)

(−1)s

= −
p− 1

2

(p−3)/2
∑

s=0

(
(p− 3)/2

s

)

(−1)s,

which is 0 by the Binomial Theorem because (p − 3)/2 ≥ 1 and hence
yp−1 ≡ p (mod p2), as required. �

Finally we state a classification result, the proof of which follows from
Abért’s Theorem, Theorems ?? and ??, and Corollary ??.

Theorem 20. A rank 2 abelian p-group, Zpλ × Zpλ+µ, is cyclically gener-
ated by p generators if and only if λ, µ, and p satisfy one of the following
conditions:

(i) p = 2, or
(ii) p = 3 and either λ = 1 or µ ≤ 1, or
(iii) p ≥ 5 and λ = 1.


