CYCLIC MINIMAL GENERATING SETS FOR ABELIAN
GROUPS

Elizabeth H. Kimber, John J. O’Connor, Edmund F. Robertson

Mathematical Institute, University of St Andrews,
North Haugh, St Andrews, KY16 9SS, Scotland

ABSTRACT. A finite group is said to be cyclically generated if it has an
automorphism that cycles through a generating set for the group. Such
a set will be called a cyclic generating set. We show that every finite
abelian group is cyclically generated, and then present results concerning
the existence of cyclic minimal generating sets for finite abelian groups
of ranks 3, 4, and 5. Further results about cyclic generating sets of prime
or square-free size are also included.

Definition 1. A finite group G is cyclically generated if it has an element
x and an automorphism 6 such that (x,z6,z62%,...,26°9~1) = G. The set
{x, 20,202, ... ,3390(9)_1} is called a cyclic generating set and @ is called a
cyclic automorphism.

Definition 2. A generating set X for a group G is symmetric if every
permutation of the elements of X induces an automorphism of G.

As every symmetric generating set is also a cyclic generating set we can use
results about symmetric generating sets to establish the existence of cyclic
generating sets. In 2003 the following result was published:

Theorem (Miklés Abért, 2003) Let G be a finite abelian group. Then G
can be symmetrically generated by n > 2 elements if and only if there are
positive integers a,b,c such that (i) G = L x Z"5 2 X Lape, and (ii) (b, c)|n.

In the same paper Abért also notes that Every finite abelian group of rank
2 is symmetrically generated by two generators; see [?].

These results will be referred to as Abért’s Theorem and conditions (i) and
(ii) will be called Abért’s conditions. We can use these results to give exam-
ples of finite abelian groups that have cyclic minimal generating sets and we
now present further results that allow us to establish necessary and sufficient
conditions for certain finite abelian groups to have cyclic minimal generating
sets.

0.1. Notation. For consistency we use the (slightly unusual) notation used
in [?], so an arbitrary finite abelian group will be written in the form Z,, x
ZLagay X+ X Lagay---a,_, Where a; > 1 for each 7 and the group operation is
addition.
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2 CYCLIC MINIMAL GENERATING SETS FOR ABELIAN GROUPS

Automorphisms will usually be defined by matrices. Note that two matrices
A = [a;;] and B = [b; ;] represent the same map (with respect to the same
basis) if their entries satisfy a;; = b;; (mod m;) where m; is the order of
the jth basis element.

For every prime p dividing the order of an abelian group G, the p-primary
part of G will be denoted by G),.

1. PRELIMINARY RESULTS
Theorem 3. Every finite abelian group is cyclically generated.

Proof. Using the notation described previously, let G = Zy, X Zgga, % -+ - X
Zapa,---a,_, Where a; > 1 for each i and let z; be a generator of Zg,qy...q;-
Define a map onto a generating set for G by zg — z¢ and z; — x;_1 + x;
fori=1,2,...,n — 1. Note that this map is defined by the n x n matrix in
which entries on the diagonal and sub-diagonal are 1 and all other entries
are 0. As o(x;—1)|o(z;), this map can be extended to an automorphism 6 of
G. Applying successive powers of 6 to z,_1 gives

Tp—1r> Tp2+Tp_1 Tp3+2Tp_o+Tp_1+— = Lo+ X+Tp_ 1 > Tpg

where X is a sum of multiples of z1,z2,...,2,—2 and therefore the set
{xp—16’ : 5=0,1,...,0(0) — 1} generates G. O

Corollary 4. If G is a finite abelian p-group then the order of the automor-
phism defined in the proof of Theorem 77 is a power of p.

Lemma 5. An automorphism 0 cycles through a generating set for a group
G if and only if every conjugate of 0 in Aut G cycles through a generating
set.

Proof. Suppose that 6 has order n and x is such that G = (x,z6, ..., 26" ).
Let B € AutG. Then 571653 cycles through a generating set containing
xf. O

Lemma 6. If 0 is a cyclic automorphism of a group G with o(f) = n,
then for every characteristic subgroup K of G, the map 6 on G/K defined
by (gK)é = gfK is a cyclic automorphism of order dividing n. It follows
that if G has a characteristic subgroup K such that G/K is not cyclically
generated by m generators for any m dividing n then G is not cyclically
generated by n generators.

Lemma 7. A finite abelian group G is cyclically generated if and only
if each of its primary parts is. Moreover, if the primary parts of G are
Gp,sGpys - .., Gp, and each Gy, is cyclically generated by m; generators then
G has a cyclic generating set of size l.c.m.(mq, ma,...,myg).

For a rank n abelian p-group with no repeated cyclic direct factors we de-
termine necessary and sufficient conditions for a matrix to define an auto-
morphism.
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Lemma 8. Let p be prime, let G = Zypg X Lypgirg X -+ X proﬂﬁ...ﬂnil
where Xo, A1y, Ap—1 > 1, and let € = {xg,21,...,2Tn—1} be a canonical
basis for G. Let A = [a;;] be an n x n matriz and let O be the map defined
by A with respect to £. Then 0 is an automorphism of G if and only if

(1) phitdisit=+Xi-1 divides a;; when j > i, and

(2) (aji,p) =1 for each i.

Proof. It is easy to verify that € is a homomorphism if and only if condition
(1) holds. Therefore, with the assumption that 6 is a homomorphism, we
prove that it is invertible if and only if condition (2) holds.

As 6 is a homomorphism, condition (1) holds, so by expanding det A about
the first column, we have det A = aj1a22 - any, (mod p). Therefore det A
is coprime to p if and only if condition (2) holds. O

This result has the following two useful corollaries. A simple counting argu-
ment gives the first (well known) corollary to Lemma ?7.

Corollary 9. The automorphism group of G has p°(p — 1)" elements for
some (3.

Corollary 10. Let G = Zyg X Zppg+ag X -+ X proﬂﬁ...ﬂnfl where \; > 0
for each i. A matriz satisfying conditions (1) and (2) in Lemma 77 defines
an automorphism of G.

Theorem 11. If n is a square-free integer and p is a prime such that p =1
(mod n) then every finite abelian p-group of rank < n is cyclically generated
by n generators.

Proof. Let n be a product of distinct primes ¢1, go, ..., q-. Let p be a prime
with p =1 (mod n), and let G be an abelian p-group with exponent p* and
rank < n. As p=1 (mod ¢;) for each i, the group of units of Z,» contains
an element «; of order ¢; for each i. Let @« = ajag---a,. Then o™ = 1
(mod p*). We use «a to construct a cyclic automorphism of G.

If the rank of G is less than n we can extend G to the direct product of
n cyclic subgroups by adding copies of the trivial group, and therefore we
write G = Zp)\o X Zp/\0+)\1 X X Zp)\0+)\1+-~-+xn71 where )\0, )\1, ey >\n—1 >0
and \g + A\ + -+ A—1 = A Let € = {z1,22,...,2,} be a canonical
basis for G and let § : G — G be the map defined with respect to £ by
the matrix diag{a, a?,...,a" 1, 1}. As a is coprime to p, the map 6 is an
automorphism, by Corollary 77, and it has order n by the definition of a.
We need to show that 8 cycles through a generating set for G.

Let x = 21 + 29+ - - - + . For every j in the range j = 0,1,...,n — 1, we

have 267 = >~ | a¥z; and therefore

n—1 n n—1

n—1 n—1
(1) Zx@j = Z Zaijwi = le Z o | 4+ nx, (mod p).
j=0 1=1

7=0 i=1 7=0
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For i = 1,2,...,n — 1, we will show that » 7~ L ad =0 (
prove first that o' satisfies 1 +a +a? +--- +a*™~Y =0 (mod p) where
m; is the order of 04' As i =1 (mod p*), we have (o —1)(1+a’ +a? +

+ ami=Di = oMt 1 =0 (mod p*), so if we can show that o’ — 1 is a
unit in Z,x, then the result will follow.

mod p), but we

Let p1 be the largest power of p dividing (A—1)!. If we suppose that o’ = 1+kp

then (o/)pH“ =1 (mod p*) and hence the order of o’ must be a power of
p, but this is a contradiction because p and n are coprime.

Now let ¢ = (i,n) and note that if ¢ > 1 then without loss of generality
we can assume that for each i there is some k; such that ¢ = qiq2--- gz,
and i = lq for some I. Let § = n/q, so o' has order ¢, and 1 + o/ + --- +

i(q_l) 0 (mod p M.Ifj = j (mod §) then o/ = o' (mod p*). Therefore
>0 Lol = qzj Oa” =0 (mod p*) as required.

From equation (??) we now have » "~ 1207 = nx, (mod p*) and therefore

1, is in the subgroup generated by the 267s. By replacing i by i —t (mod n)
in the argument above it can be shown that z; is also in this subgroup for
every t in the range 1,2,...n — 1. O

2. ABELIAN GROUPS OF RANKS 3 AND 4 WITH CYCLIC MINIMAL
GENERATING SETS

The results in the previous section will now be used to prove classification
results for abelian groups of rank 3 or rank 4 with cyclic minimal generating
sets. We begin with the rank 3 result.

Theorem 12. Let G = Zg X Zgp X Zgpe where a > 2 and let A be the set
consisting of 1 and all products of primes of the form 6\ + 1. Then G is
cyclically generated by 3 generators if and only if either (b,c) is in A or

%(b, c) is in A.

Proof. Let G = Zg X Zap X Zgpe- By Lemma 77, G is cyclically generated
by 3 generators if and only if each of its p-primary parts is either cyclic or
cyclically generated by 3 generators.

For every prime p dividing the order of G, we write G}, as Z,x X Zpr+p X
Lipr+u+v Where A, p, v > 0, and we assume that G, is not cyclic. If A =v =0,
orpp=v =0,or u=0orv=0then G, satisfies Abért’s conditions for n = 3,

and hence it is cyclically generated by 3 generators by Abért’s Theorem, [?].

It therefore remains to consider the case p,v > 1 and A > 0. If p = 1
(mod 6) then by Theorem ??, G, has a cyclic automorphism of order 3, while
if p=—1 (mod 6) or p = 2 then by Corollary ??, G, has no automorphism
of order 3.
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If p = 3 and at least one of p and v is 1, then G3 is cyclically generated by
3 generators by Abért’s Theorem. Finally we show that G3 is not cyclically
generated by 3 generators if 4 > 2 and v > 2.

Let p =2+ and v = 2+ v/ where i/, > 0, and let H = G3/G3(3MH)
and K = H/3*H, so K = Zg x Zg;. We prove that K is not cyclically
generated by 3 generators.

Suppose that K has a cyclic automorphism 6 of order 3. If € is represented
(with respect to the canonical basis {v,w} for K) by the matrix A, then by
Lemma ??, aj2 = 0 (mod 9) and (a11,3) = (a22,3) = 1. We consider the
automorphisms induced by 6 on two factor groups of K to obtain further
information about the entries of A.

Let ®(K) denote the Frattini subgroup of K and let ¢ be the natural ho-
momorphism K — K/®(K) = Zs X Zs. Let 0r denote the automorphism
induced by 6 on K/®(K) as defined in the proof of Lemma ??. Then 0p
must cycle through a generating set of size 3 for K/®(K) and, if B is the
matrix that represents 0 with respect to the basis {vp, we}, then b;; = a;
(mod 3). Therefore by 1,by9 € {1,—1} and by2 = 0, so det B = by 1b92 = £1.
As O has order 3, we must have b11 = boo = 1 and hence by = +1. It
follows that a11,a22 =1 (mod 3), and az; = +1 (mod 3).

Now let ¢ be the natural homomorphism K — K/9K and let 6/ denote the
automorphism of K/9K induced by . We know that 6’ is a cyclic auto-
morphism of order 3 and, if C' is the matrix that represents 6’ with respect
to the basis {vy),wip}, then ¢;; = a;; (mod 9). From the information we
have about the entries of A we know that c19 = 0, ¢11,c22 = 1 (mod 3)
and c31 #Z 0 (mod 3). By the assumption that 6’ has order 3, we must
therefore have ¢3; +c11c22 + ¢35 =0 (mod 9). Completing the square gives
(c11 + Bea2)? = 6¢35 (mod 9), from which it follows that 3|ca2, which is a
contradiction. Therefore 6’ cannot have order 3 and this proves that K and
hence GG3 cannot be cyclically generated by 3 generators. O

Theorem 13. Let G = Zg X Zigpy X Zigpe X Ligpeq wWhere a > 2 and let B be
the set consisting of 1 and all products of primes of the form 4\ + 1. Then
G is cyclically generated by 4 generators if and only if either (b,c,d) is in B
or 3(b,c,d) is in B.

Proof. By Lemmas ?? and 77, we are looking for cyclic automorphisms of
order 4 or 2 for each of the primary parts of G and as every finite abelian
group of rank 2 is symmetrically generated by 2 generators, we only need
to consider the primary parts that have rank 3 or 4. That is, those primary
parts of G that correspond to primes that divide ab.

For every prime p dividing ab, we write G as Zyx X Zpriu X Lpriptv X
Liprtu+vto Where A\, p,v,0 > 0 and A and p are not both zero. We prove
that the existence of a cyclic generating set of size four depends on the choice

of p only if u,v,0 > 1.
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If v=0=0orif 4 =v =0 then G, satisfies Abért’s conditions for n = 4
and is therefore cyclically generated by 4 generators.

If A =0, then for any 8 > 0, let H, = Zpg X Zpgw X mewu X Zp5+u+u+a.
Then G, = H,/ Hp(pﬁ ), so if H, is cyclically generated by 4 generators then
G, is cyclically generated by 2 or 4 generators. Therefore without loss of
generality we can assume that A > 1. With respect to a canonical basis
{w,z,y, z}, the following matrices define automorphisms of order 4 that
cycle through a generating set for G, when applied to z in the cases p = 0,
v =0, and o = 0 respectively.

0 -1 0 0 1 0 00 1 0 0 0
1 0 0 0 1 0 10 1 -1 0 0
01 10l lo —100 ™ o 1 0 1
0 0 1 1 0 0 1 1 0 0 -1 0

We now show that if p,v,0 > 1 then G, is cyclically generated by 4 gen-
erators if and only if p = 1 (mod 4) or p = 2 and one of u,v,o is at most
1.

We begin with the case that p is odd. Let {w,x,y, 2z} be a canonical basis
for G, where once again we can assume that A > 1.

As p =1 (mod 4), —1 is a quadratic residue modulo p and hence modulo
p" for any n, see [?] p.69. Therefore there exists some « in ZPM,HVW such
that a* = —1 (mod p*#+¥+9). With respect to the basis {w,z,v, 2}, let 6
be represented by the matrix diag{c,—1, —a,1}. By construction, # is an
automorphism of order 4 and the set produced when 8 is repeatedly applied
tow+zrzt+y+zis{wt+ar+y+z,aw—zr—ay+z, —wt+zr—y+z, —aw—
x + ay + z}, which is a generating set for G,,.

Suppose now that p = —1 (mod 4). We show that G,/G,(p") is not cycli-
cally generated by 4 generators and it then follows by Lemma 77 that if A > 0
then Gy, is also not cyclically generated by 4 generators. Asp = —1 (mod 4),
the Sylow 2-subgroup of each of Aut Zyu, Aut Z,u+v, and Aut Zyutvio, is Zs,
see [?] p.83 and therefore we have

Z2 X Zg X Z2 < Aut Zpu x Aut Zpu+u x Aut pr,+1/+a < Aut (Gp/Gp(p)‘)).

But by Corollary ??, the size of Aut (G,/G,(p")) is p"(p —1)? for some 7, so
the Sylow 2-subgroup of Aut (G,,/G,(p*)) must be Zyx!Zy x Za, and hence
Gp/Gp(p*) has no automorphism of order 4.

It remains to consider the case p = 2. If one of u,v,0 is 1 then we define
cyclic automorphisms of order 4 in each of the three cases p = 1,v = 1,
and o = 1. As before, we can assume that A\ > 1 and with respect to the
usual basis {w, z,y, z} for G, the following matrices define automorphisms
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of order 4 in the cases 4 = 1,v = 1, and ¢ = 1 respectively.

1 -2 0 0 10 0 0 10 0 0
1 1 0 0 1 1 -2 0 1 1.0 0
0 1 -10|'|lo 1 -1 0] &nd 0 1 -1 -2
o 0 1 1 0 0 1 1 0 0 1 1

The automorphisms defined by these matrices cycle through a generating
set for G2 when applied to z.

Finally we show that Go cannot be cyclically generated by 4 generators if
v, o > 2.

As p > 2, we can write u = p' + 2, so
Gy = Loy X Lgprtprva X Lopp vz X Ligry i vutoto-

If Gy is cyclically generated by 4 generators then so is Ga/Ga(2)T#), by
Lemma ??, so we consider Gy/Go(2T#'). The proof is similar to the proof
that Zg x Zg1 has no cyclic automorphism of order 3.

Let H = Go/Ga(2MH'), s0
H — Z22 X Z2y+2 X Z2u+a+2.

Suppose that H has a cyclic automorphism of order 4 and let A be the
matrix that represents # with respect to the usual basis for H. By Lemma
77, a11,a22,a33 must be odd and 2”|ay 2, 2°7%|ay 3, and 27|az 3.

We first consider the automorphism 0p induced by 6 on H/®(H), which
is Zo X Zo X Zs. Let this be defined, with respect to the usual basis, by
the matrix B where b;; = a;; (mod 2), so by Lemma ??, b;; = 0if i < j,
b;; = 1if ¢ = j, and there is no restriction on the choice of ba1, b31 and b3o,
Therefore B € Dg < Aut (H/®(H)), and since it must have order 4, we can
assume without loss of generality that

1 00
B=|1 10
011

Now let C be the matrix produced when the entries of A are reduced modulo
4. This is the matrix that defines the automorphism induced by 6 on the
factor group H/4H. We know that 4|a; 2, 4|a; 3, and 4|as 3 because v, 0 > 2,
and hence c;2 = ¢13 = co3 = 0. Moreover, we know that the diagonal entries
of C must be £1, and from the form of B we know that ¢3; = 2u for some
u. Therefore C' is conjugate to the matrix ,

. C11 0 0
C = 1 C29 0
2u 1 C33

By noting that the entries on the sub-diagonal of C2 must be even, it follows
that C* # I, which is a contradiction. The result follows by Lemma ??. [
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3. RANK 5 ABELIAN GROUPS WITH CYCLIC MINIMAL GENERATING SETS

Unlike the rank 3 and 4 cases, we do not have a single classification result for
finite abelian groups of rank 5 with cyclic minimal generating sets because
we only have partial results for abelian 5-groups. We do, however, have the
following result which, by Lemma 77, gives a classification for finite abelian
groups of rank 5 and order not divisible by 5.

Theorem 14. Let p # 5 be prime and let G be a noncyclic finite abelian
p-group of rank < 5. Then G is cyclically generated by 5 generators if and
only if
(i) G satisfies Abért’s conditions for n =5, or
(ii) p=1 (mod 10), or
(iii) p = —1 (mod 10) and G can be written in the form Zya X Z,s X
Lpp X Ly X Ly where o, 3> 0 and v > 1.

We split all primes other than 5 into three classes: 2 and primes of the form
10k £ 3, primes of the form 10k — 1, and primes of the form 10k 4 1. If p is
in the last class then every noncyclic finite abelian p-group of rank at most
5 is cyclically generated by 5 generators by Theorem ?7. We now present
classification results for primes from the other classes.

Theorem 15. Let G be a noncyclic finite abelian p-group of rank at most
5. If p=2 or p= =43 (mod 10) then G has a cyclic automorphism of order
5 if and only if G satisfies Abért’s conditions for n = 5.

The proof uses the following lemma.

Lemma 16. Let p be a prime and let G be an abelian p-group of rank 4
with precisely three repeated direct cyclic factors of order p®. Then for some
8, |Aut G| = p*(p — D|GL(3, Zye ).

Proof. There are two cases to consider; either the exponent of G is greater
than the order of the repeated direct factors, or they are equal. In the
first case a matrix A represents an automorphism of G (with respect to
a canonical basis) if and only if the submatrix [a; j]?,j=1 is in GL(3,Z»),
pHla;y for i = 1,2,3, and (ag4,p) = 1, while in the second case A represents
an automorphism if and only if the submatrix [a; j]?,j:Z is in GL(3,Zy+n),
pHlay; for j =2,3,4, and (ai1,p) = 1. O

We now prove Theorem ?7:

Proof. We write G = pr X prru X Zp)\ﬂwru X Zp)\+y.+u+o' X Zpk+,u+u+o'+‘r.
Assume that p = 2 or p = £3 (mod 10) and that G does not satisfy Abért’s
conditions for n = 5. If G has rank 2 or 3 then G/®(G) is an elementary
abelian p-group of rank 2 or 3. However, if p = 2 or p = £3 (mod 10)
then neither GL(2,p) or GL(3,p) has an element of order 5 and hence G
is not cyclically generated by 5 generators by Lemma 77. Similarly, if v or
o is non-zero then G has a characteristic subgroup K such that G/K is an
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elementary abelian p-group of rank 2 or 3, and therefore G is not cyclically
generated by 5 generators.

It only remains to prove that if G = Zx X Zyyiu X Zprin X Zipsp X L tptr
where A > 0 and 0,7 > 1 then G has no cyclic automorphism of order 5.

In this case G has a characteristic subgroup K such that G/K = 7Z, x Z, x
Zip X Zpr++ and by Lemma 7?7 the automorphism group of this factor group
has no element of order 5. Therefore GG is not cyclically generated by 5
generators. O

Theorem 17. Let G be a noncyclic finite abelian p-group of rank at most
5. If p=—1 (mod 10) then G is cyclically generated by 5 generators if and
only if G is cyclic or satisfies Abért’s conditions for n =5, or, by a suitable
rearrangement of the order of the direct factors, it can be written in the form
Ly X Ly X Liys X Loy X Ly where a, 3 >0 and v > 1.

Again, before we prove the theorem we need the result of the following
Lemma.

Lemma 18. If p = —1 (mod 10) then any element of order 5 in GL(3,p)
is conjugate to one of two block diagonal matrices (1,v,) where

vx:<_01 i), and 2> +x—1=0 (mod p).

Proof. As p = —1 (mod 10), 5 is a quadratic residue modulo p™ for any
n > 1, see [?], p.76, Theorem 97, and therefore, 22 + 2 — 1 = 0 (mod p)
has two distinct solutions, which we will denote by j and k. By choice of j
and k, v? = v} =1, and as the Sylow 5-subgroups of GL(3,p) and GL(2,p)
have the same order, any matrix of order 5 in GL(3,p) is conjugate to a
block diagonal matrix (1, X)) where X has order 5 in GL(2,p). It therefore
follows from the representatives of the conjugacy classes of GL(2,p) given
in [?] p.326 and the fact that any element of order 5 in GL(2, p) must lie in
SL(2,p), that the only matrices of order 5 in GL(3,p) must be conjugate
either to (1,v;) or to (1,vy). O

We now prove Theorem ?7:

Proof. Assume that p = —1 (mod 10) and G can be written in the form
Lo X Lpp X Ly X Loy X Lyyy where o, > 0 and v > 1, and {v,w,z,y, 2} is a
canonical basis for G when it is written in this form. Let p* be the exponent
of G and let j and k be the distinct roots of 22 +x — 1 in Zy. With respect
to {v,w,x,y, 2z}, let 6 be the automorphism defined by the block diagonal
matrix (1,v;,vx). As j and k are distinct and their difference is coprime to
p, applying successive powers of 8 to v+ w + y gives a generating set for G.

Now suppose that G is not cyclic, does not satisfy Abért’s conditions for
n = 5, and cannot be written in the form in the statement of the theorem.
If 0,7 > 1 then G has a characteristic subgroup K such that G/K = Zys x

Zypo+~, which has no automorphism of order 5 by Corollary ??. The only
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other cases to consider are v =0 =0, 0 =7 =0, 0 =0, and 7 = 0, where
we assume A > 0, but u, v, 0,7 > 1 unless stated otherwise. In the first case,
either G or G/G(p*) is Zpu X Zypn X Zypn X Zypu++- and in the other cases either
G or G/G(p) is Zpn X Lpu+v X Lt X Lyt 01 has a characteristic subgroup
K such that G/K or (G/G(p))/K is of this form. We show! that a group
of the second form has no cyclic automorphism of order 5. The proof for a
group of the first form is similar.

Let H = Zpn X Lipp+v X Lipp+v X Lpptv and let {w, z,y, 2} be a canonical basis
for H. Note that every basis B’ for the subgroup Zju+v X Zyutv X Zput+v can
be extended to a basis B = {w} U B’ for H. Suppose that H has a cyclic
automorphism 6 of order 5 and 6 is represented with respect to B by the
matrix A. By Lemma 77, 6 induces a cyclic automorphism 6 of order 5 on
H/®(H), and if ¢ is the natural homomorphism H — H/®(H) then by the
proof of Lemma 7?7, O is represented with respect to the basis B¢ by the
matrix C where ¢;; = a;; (mod p) and

1 0 0 O
C= 221 v where C' € GL(3,p) has order 5.
31
41

By Lemma ??, C” is conjugate to (1,v;) or (1,vy), and we can assume that
B’ was chosen so that C' = (1,v;) or C" = (1,v). Assume therefore that
C" = (1,v;). Now we prove that C is conjugate to the block diagonal matrix
T = (1,1,v;). The assumption that C5 = I, means that co; = 0, but
does not restrict the choice of c31 and ¢41, and if Y is the 4 x 4 matrix with

c31(l—j)—ca1

diagonal entries 1 and all other entries 0 except y31 = 5= and y41 =

%, then Y ~!CY = T. Therefore there is a basis £ = {ey, ez, e3,e4} for
Ly X Ly X Ly X Zy such that T is the matrix defining 0 with respect to
E. However, because of the form of T, we know that (es, e4) is O invariant
and O acts as the ident! ity on (e, e2). Therefore §f cannot cycle through
a generating set. The result follows by Lemma ?77. O

4. CYCLIC GENERATING SETS OF PRIME SIZE FOR ABELIAN GROUPS OF
RANK 2

We present a result about the non-existence of a cyclic generating set of
prime size p for a certain p-group of rank 2 and this leads to a classification
of rank 2 abelian p-groups with cyclic generating sets of size p.

Theorem 19. Let p be a prime. The group Z,» X Z,2 1is cyclically generated
by p generators if and only if p=2 or p = 3.

Proof. The reason for this result is that for p > 5, the cyclic automorphisms
of Zy, x Z, that have order p are induced by cyclic automorphisms of Z,2 X Z,,»
of order p?. Any automorphism of Zp2 X Ly of order p induces only the
identity map on Zj, X Z,.
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morphism of order p for p = 2 and p = 3 respectively.

Let G = Z,2 x Z,2. The matrices <(1) é) and <1 1> define cyclic auto-

Now suppose p > 5 and suppose that G has a cyclic automorphism 6 of
order p. By Lemma 7?7, 6 induces a cyclic automorphism 6 of order p
on G/®(G), and if A is a matrix representing 6 then (with respect to the
relevant basis for G/®(G)) the induced automorphism 60 is represented by
the matrix A" = [a;; (mod p)|, where A" has order p in GL(2,p). Without
loss of generality we can therefore assume that the basis of G was chosen so
that A’ = <(1) 1) ,and A = <1 Zpip iigj) . We show that the 1,2 entry
of AP is not 0 when reduced modulo p? and therefore AP does not represent
the identity map.

The 1,2 entry of AP is (1 + jp)y,—1 where

o2
T i e

and T" and D are the trace and determinant of A; see Theorem 1 of [?]. By
using equation (7.1) in the same paper we can prove that

L(p—1)/2] p—1—3s
yp1=p|1—k Z < . >2p_1_2s(—1)88 (mod p?)
s=0

A

and therefore (1+7p)yp—1 = yp—1 (mod p?). It is therefore sufficient to show
that y,_1 # 0 (mod p?). We do this by showing that the sum labelled A is
divisible by p for p > 5. Note that for p > 5, [(p —1)/2] = (p—1)/2 > 2.
By Corollary 2 on page 4 of [?] we have

b1 w2 N g
— 9—p+1+2s
()= 2 () ()

and for 1 < s <t < (p—1)/2 it follows that

<p —1- s> _ 9-pt1+2s <(p _31)/2> (mod p).

S
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Therefore
(p—1)/2
—1)/2
A= <(p )/ >( 1)°s  (mod p)
s=1 5
(p—3)/2
:p_lp <(p_3)/2>( 1)5
2 s—1
s=1
(p=3)/2
p— 1 (p - 3)/2 s
= ~1
which is 0 by the Binomial Theorem because (p — 3)/2 > 1 and hence
Yp—1 = p (mod p?), as required. O

Finally we state a classification result, the proof of which follows from
Abért’s Theorem, Theorems 7?7 and 7?7, and Corollary 77.

Theorem 20. A rank 2 abelian p-group, Zyx X L+, 1s cyclically gener-
ated by p generators if and only if X\, u, and p satisfy one of the following
conditions:
(i) p=2, or
(ii) p =3 and either A\=1 or p <1, or
(iii) p>5 and A = 1.



