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1 Introduction

The idea of forming a sequence of group elements based on a Fibonacci-like re-
currence relation was initially introduced by Wall in [14] and later developed
by other authors, see [1], [7], [16]. This idea was then refined in [3] and [5] to
that of a Fibonacci orbit and Fibonacci length of a given group G = (A) where
A ={ay,aq,...,a,} as follows:

Definition 1.1 For the finitely generated group G = (A), where A = {a4, ..., a,},
the Fibonacci orbit of G with respect to the generating set A, written Fa(G), is
the sequence x1 = ay,...,T, = Up, Tixy = H?zl Titj—1, ¢ > 1. If Fu(G) is peri-
odic then the length of the period of the sequence is called the Fibonacci length
of G with respect to the generating set A, written LEN4(G). When it is clear
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which generating set is being investigated we will write LEN(G) for LEN4(G).
It is clear that F4(G) is periodic if G is an epimorphic image of a Fibonacci
group; see [13] for more information on Fibonacci groups.

As can be seen from the above definitions the Fibonacci length of a group
depends in general on the chosen generating set. It was noted in [3] that, for
any generating pair {a,b} € Doy, LE N4 41 (Dap) = 6, where Dy, is the dihedral
group of order 2m. In this paper we intend to investigate this phenomenon further
by calculating the Fibonacci length of Dj | for any integer 7, with respect to the
natural generating set. We use the natural generating set for Dy, as in [4],
defined as satisfying ( ay, by | a? =1, b =1, (a1b1)> = 1 ). This is extended to
the direct product by using the following well known method of construction: if
G=(X|R)and N=(Y |S)then Gx N = (X,Y|R,S [X,Y]) where
[(X,Y] ={[z,y] : x € X,y € Y}, see [9]. In the above we have used relations and
relators as appropriate and will continue to do so in this paper. When rewriting
words we use the convention found in [11], namely the use of underscores to
highlight the subwords which are replaced in passing from one word to the next.

Over the years there has been interest in particular types of presentations for
direct powers of groups, with one strand of this interest motivated by questions
of Wiegold in [15]; see for example [2] and [4]. Other strands are discussed in
[10] and [12]. In this paper we find the structure of the Fibonacci orbit of Di
and use this to find the Fibonacci length of Dj . We show that for i > 1 the
Fibonacci length of D} = on the natural generating set no longer remains constant
but varies with ¢ and m. We also examine the Fibonacci length of a restricted
set of D . for odd m, on a different generating set.

The results in this paper were suggested by data from computer programs
written in the computational algebra system GAP [8].

2 The Fibonacci Orbit of D , i > 2

D!_ has a presentation with 2i generators and 2i? relations:

Déo = <(11, b17 az, b2> sy Qi bl | al2 = (albl)2 = 17
laj, ax] = [az, by] = [bj, b] = 1,
1<1<i,1<j<k<i).

The elements of the group defined by the above presentation can be written
in the normal form a%a'...a?bl'b;}' ... b]' where the ¢ are either 0 or 1.
Throughout this paper we will always reduce elements of the Fibonacci orbit to
this normal form.

In order to elucidate the main proof of this section we start by considering
the Fibonacci type sequence of elements of D2 as

Ty = a1, %y = by, T3 = A2, Ty = ba, Ty = Tp_sTp_3Tn_2Tn_1,(n > 5).
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We have:

Lemma 2.1 Fvery element of the Fibonacci orbit {z;} of D% = (ai,by,as,bs)
may be represented by:

( ay, j=1,—4mod 10
b, j=2,—3mod 10
;= < agblﬂ(]_g)/s, j=3,—2mod 10

bédbli2(j*4)(j+1)/52, 7 =4,—1mod 10
a2a1b§tlb1i(232_52)/527 J =95, 0mod 10

where the positive exponent is chosen for the first value of j and the negative

exponent is chosen for the second value of j.

Proof. The assertion may be proved by induction on j. We first prove the anchor
step of the induction. Since a’ba’ = b~!, i odd, we have

Ty = as,
Lo = bla
I3 = ag,
T4 = by,

x5 = azaibaby,

Te = bragbsaibiazby = ay,

T7 = agbgalblagbgal = a1b1a1 = bl_l,

Trg — bQ&lblagbgalbfl = bzang.alblalbfl = agbf2,

Tg = alblagbgalbflagbIQ = agbgag.alblalbf?’ = b;lb;4,
10 = albflagbf2bglb1—4 = agalbglbl_7.

Now let £ = 0 mod 10 and assume that the result holds for all values up to
k + 5, namely

T+1 = A1,
LTy2 = by,

2((k+3)—3)/5 2k/5
LTty = CLle = &Qb s

= bgbf((’”‘*)_4)((k+4)+1)/25 _ bzb?k(lﬂ-s)/%
= a1a2b§2(k+5)2—25)/25b2 _ a2a162b§2k2+20k+25)/25_

Lk+4
Tk+5

We now prove that the next ten entries have the required form and thus com-
plete the induction.

Thie = bla2b?k/5bzb?k(k+5)/25a2al b2b§2k2+20k+25)/25

142k /54+2k2 /25+10k /25 2k2420k+25)/25
= bl / / / Glbg )/ a2b2a2b2

= aj.
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Tpyr = a2b2k/5b b2k(k+5)/25 1b2b§2k2+20k+25)/25a

b2k/5+2k2/25+10k/25 b(2k2+20k+25)/25
a10y

—bl.

1
ajazbaasby

2k(k+5)/25 (2k%+20k+25)/25 ;1
Tk4+8 ::bgbl agalbgbl albl

_ bsz/25+10k/25a1bg2k2+20k+25)/25a1b;1b2a262
— 4 b—2((k+8)—3)/5
2U1 '

Tk+9 =a2a1bzb (2k°+20k-+25)/25 a, by ! b_2((k+8) 3)/5

2k2+20k+25 25 —Qk 5 3
alb( )/ arh /

1 asbaay
_ b—lb—2((k+9)—4)((k+9)+1)/25
— U U .

Tpr10 = a1b] tagby 2(k+8)— 3)/552151 (k+9)—4)((k+9)+1)/25
2k/5— 7 2k2 /25— 15k/25 _
1b1 2b2

— a2a1b51 b;(2(k+10)2725)/25.

Tpy11 = by aghy 2((’“82)‘3)/552—1b1—2<<kz9>—4)((k+9)+1)/25 Gpayby b G HAOH1TS)/25
_ b;lOk/257772k /2576k/5a1b172k /2578k/577a2b2,1a2b2,1

= ay.

Thp1n = a2b1—2((1~c+8)—3)/562_1bl—z((k+9)—4)((k+9)+1)/25a2a1b2_lbl_(2kz+40k+175)/25a1
. b—2k/5—2—2k2/25—6k/5—4 —2k2/25—8k /57
— Y1 albl

::bl.

alagbglagbgl

Tpy13 = 52—1b21—2((k+9)—4)((k+9)+i)/zsa2a1bQ_1b1_(2k2+40k+175)/25a1b1
_ b—zk /25—6k/5—4a1b1—2k /25_8k/5_7a1b1b_1a2b2_1

— b2((k+13)73)/5

— W2t .

Thi1qa = a2a1bQ—Ile—(zk2+40k+175)/25a1b1a2b?(k+10)/5
— albz(% +40k+175)/25a1b}+2(k+10)/5
= by b ((k+14)—4)((k+14)+1)/25

anglag

Tp+15 = a1b1a2b (k+10) /5b b ((k+14)—4)((k+14)+1)/25
142k 10)/5-42((k+14) ) (k+14) 1) /25
1b1 a2b2

= a2a1be§2(k+15)2_25)/25. 0

In the same manner as the previous case we examine the Fibonacci sequence
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of D3 ie

Ty = a1,T2 = by, T3 = ag, 14 = by, x5 = az, x5 = b3, T, = | | Tn—7+j, (n > 7)-
j=1

Lemma 2.2 Fvery element of the Fibonacci orbit {z;} of D3, = (a1, b1, as, by, as, bs)
may be represented by:

(

ai, J=1,—6 mod 14
b, j=2,—5mod 14
asb 20T j=3,—4mod 14
vy =4 b0 0(+3)/7 j=4,—3mod 14
a bﬂ(a /Ty~ 5)(1+2><a+9)/(3x73>, = 5.—2mod 14
b:l:lbﬂ:2 (G+DG- 6)/72bi':2(3 6)(J+1)(J+8)(J+15)/(3><74) j=6,—1mod 14
| asaanbi0E (247 =T2)/ 7 (2 /1) 8/ 140/ 1= 8i/7)- 93 ;=7 0mod 14

where the positive exponent is chosen for the first value of j and the negative
exponent is chosen for the second value of j.

Proof. Asin Lemma 2.1, it is sufficient to compute x1, x», ..., x14 and the result
follows by induction on j. 0

We now seek to generalize the above to obtain a normal form for the Fibonacci
orbit of Di_, i > 2. We will need the following result in our calculations.

Lemma 2.3 For n > 3 the following polynomial identity holds:

m(m+1)(m+2)...(m+j—3)

n 2j—2 |
+j:3 (j_Q)[(m_1>m(m+1)...(m—|—j_4)
:%m(m—l—l)(m—l—%...(m-}-n_g)

with the convention that when n = 3, the first term in the first summation on the
left hand side is zero.

Proof. We use induction on n. When n = 3 the result holds since

2+0+ %(m —1) =2m, ie. %m = 2m. When n = 4 the result also holds since

2 2 22 22
2+1‘m+1'( —1)+§(m—1)m:2m(m+1) ie. 5m(m+1)—2m(m+1).
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Now assume that the result holds for all values less than n. Then

nl g2 | nog |

IR 1 L e 1 .

- +j_3 (j_z)!m(m+ ) ... (m+j— )+j:3 (j—2)!(m_ ym... (m+j—4)
+ 2 mm+1)...(m+n—4)+ 2 (m—1)m...(m+n—4)
(n—3)] =2 ,

(n2n_3>!m(m+1)...(m+n—4)—|— (nQi )'m(m+l)...(m+n—4)
—Wffmwn_mm”(m+n—@
— (nzi_g)!m(m—i-1)...(m+n—4)+( i_2>!(m—1)m...(m+n—4)
- (n2i_2>!m(m+1)...(m+n—3)
as required. 0

Now we make the following observations about the Fibonacci orbits {z;} of
the groups D’_ = (ay, by, as, b, ..., a;,b;) (where i € N).

Lemma 2.4 The exponent of by in x; is zero if j = 1,2,...,2l —1 mod (2i +1),
where 1 € {1,2,...,i}.

Proof.  This is easy to see if we look at the ‘structure’ of the entries of the
Fibonacci orbit {z;} of D% . For j € {1,2,...,2i} we have

= Gt/ if j is odd,
T b if j is even,
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and
2i
L2i+1 = H Lq-
d=1

Now it is easy to see that the next term of the Fibonacci orbit to contain an q

will be
20+2i—1

Tol42i = H Zq.
d=21

Likewise the next b; occurs in

20+21

Tol42i+1 = H Xq-

d=20+1

The final stage of the induction follows by using an argument analogous to that
above. O

Remark It can easily be shown that the exponents of b; can be calculated once
one knows the exponents of b; since the exponents of b; ‘lag’ behind the exponents
of b;. This holds because all b;’s initially have exponent one and from Lemma 2.4
above it can be seen when the exponents of b; are nonzero. As an example of this
lag’ see the D3 case where, when j = 3 mod 14, the power of by is 2(j — 3)/7,
and when j = 5 mod 14, the power of by is 2(j — 5)/7.

These results are best illustrated by looking at the D2, case (given separately
in Lemma 2.2). It can be used as an example in the following proof to elucidate
concepts. In this case the orbit is

Z = (a1,b1,a2,bs, a3, b3, azazabsbeby,
-1 -2 1—1;-4 —27—4 3—-13—-47-8 —1;—-73—-19
as, bl, .. )

So the Fibonacci orbit behaves as if it is in ‘layers’ of length 2i 4+ 1 where in
alternate layers the exponents of b, are all positive and all negative. Since one
layer’s ‘structure’ depends only on the previous layer, a proof by induction will
only need the first layer to be proved to anchor the induction. Also we note here
that it is unnecessary to know the general form of the k(2i+1)th entry (k € N) in
the Fibonacci orbit since this will always be the product of all the previous terms
in its layer and so this entry has a known shape, namely a;a; 1 ... a1 b;"b; " ... b}
where w; is the sum of the exponents of b; in the layer.

We are now ready to give the main result of this section.
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Proposition 2.5 The exponents of by in the Fibonacci orbit {x;} of D, are
given in the table below

0, j=1, 2i+2mod (4i + 2)

+1 Jj =2, 2i+3mod (4i + 2)

+ A, ([TZ0 G —n+d(2i +1))/(2i +1)"2, j=mn, 2+ 1+nmod (4 + 2)

S i s j=2i+1, 0mod (4i +2)

where A, = 2"72/(n — 2)!, z, is the exponent of by in x,, n = j mod (2i + 1)
so 3 < n < 2i and the positive forms of elements in the orbit are chosen if
1 < jmod (4i +2) < 2i+ 1; otherwise choose the (second) negative forms.

Proof. Let the exponent of b; in the x, entry of the Fibonacci orbit be z,. As-
sume that the result is true for all values of j such that 1 < j < k. There are
several cases to examine:

Case 1. k=1,2i 4+ 2 mod (4i + 2)
In this case we have

Zp—2i Tt t2p—2 Z—2iF..t2p—2
bl ¢ albl ‘ — al.

Case 2. k=2,2i + 3 mod (4i + 2)
Here we have

Zk—2i+...+2K_3 Zk—2i—2F...F2K—3 O+zp_2i-1 —Zk—2i—1 +1

Case 3. k=n,2i+n+1mod (4i+2),3<n<2i+1

When we are trying to calculate the exponent of by for the kth entry in the
Fibonacci orbit we need only concentrate on the terms in a; and b;. The exponent
of by and a; in the kth entry in the Fibonacci orbit is

CTT 6 T ¥l I %)

I=k—2i l=x—21 l=z+1

where x = (20 + 1)|k/(2i +1)|. (Note the first bracket is from the layer below
that of xzy, the second bracket is the last entry in the lower layer). The above
sum can be simplified using the group relations as follows

z—1 k—2i—1 k—1

CTT o) T ¥l T %) =a( IT 50a T 0.

l=k—2i l=x—2i l=x+1 l=x—2i l=x+1
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k—2i—1 k—1
= (] «oC]] o
l=x—21 l=z+1

Thus the exponent of b; is given by

k—1 k—2i—1
E 7 E 2l
l=z+1 l=z—21

= £(0+1+A3((x+3)—3)/(2i+1)+...
A1 [ (ke =1) = (k-2 — 1) +d(2i + 1))} /(2 4 1)k-23)
—(FO+1+A3((x —2i4+2)—3)/(2i + 1)+ ...

Ay, [ o (k=2 —1) = (k—=)+d(2i + 1))] /(20 + 1)F22)

So we want to show that

2+ > (ZQ__2>!m(m+1)...(m+l—3)+ 3 (ZZ__Q)!(m—1)m(m+1)...(m+l—4)
2n—2
:mm(m—l—l)...(m—l—n—i%)

where n = k mod (2i + 1), m = |[k/(2¢ +1)] and 2 < n < 2i+ 1 and
P (272m(m A1) . (m1—3)/(1—2)!) is zero if n = 3. Now the result follows
by using Lemma 2.3.

Case 4. k=2i+ 1,0 mod (4i + 2)

Here there is nothing to prove.

3 The Fibonacci Length of D) , i > 2

In order to give an expression for the Fibonacci length of D} . i > 2, we require
the following definitions and lemmas.

Definition In D} let MinLEN (D5 ) =2m(2i +1)/(4,m).
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Lemma 3.1 In D} i > 2, MinLEN(D} ) divides LEN (D} ), and the quo-

tient LEN (D%, )/MinLEN (D}, ) only involves odd prime divisors of m.

Proof. We first note that MinLEN (D}, ) is the smallest possible Fibonacci
length since we must have (4i + 2) | LEN(D5, ) and, from the third entry in
the Fibonacci orbit of Dj | we also have m | (2LEN(D3,)/(2¢ + 1)). Thus
MinLEN(Dj,)) divides LEN(D5,,).

Now let | = MinLEN(D4,,). By Proposition 2.5 for 3 < n < 2i we have

(4 (2 1)) (14 (n— 3)(2i+ 1))
e = (n— 2)1(20 + 1)n—2

If I =1/(2i +1) = 2m/(4,m) the above becomes

2721 4+1)...(I+ (n—3))
(n—2)!

Rl4n =

Now z;4, is obviously an integer. Since z;,, is the power of b; in the Fibonacci
orbit we require that m divides zppy(p; y4n, 3 < n < 2. It may occur that
m [z, because powers of primes from the factorization of m that also occur in
the numerator of z;,,, may be factored out by the (n—2)! denominator. Let these
‘missing’ primes be p?j ...p%. Now multiplying [ by a factor ¢ less than p?j S
will not be sufficient. For m will not divide zy,, since the denominator (n — 2)!
will be the same as in the 2., case and the numerator will still be a product of
2"=2 and n — 2 consecutive integers but this time starting at 2¢gm/(4, m). Thus
(n — 2)! will still factor out p;‘j ...p% and since ¢ is less than p?j ..po we still
have m [zg4n. If we let ¢ = pi” ... po" then we will have m|zg . O

Definition Let 7,,; € N be defined as satisfying the equation LEN (D}, ) =
TmiMinLEN (D5, ).

We now give a property of m,,; that will be used in a later lemma.

Lemma 3.2 For any fized m the sequence (my, ;)25 is monotonically increasing.

Proof. Let | = LEN(D},) = 2mm,:(2i +1)/(4,m) and [ = 1/(2i + 1). From
Proposition 2.5 for 3 < n < 2¢ we have

221 +1)...(1+ (n—23))
“n (n—2)!

22 (2mry i/ (4, m)) (2mmy, i /(4,m)) + 1) ... (Cmay/(4,m)) + (n — 3))
(n —2)! '

As i increases, and m remains the same, the number of entries in the layers of
the Fibonacci orbit increases as does (2i —2)!. This gives the possibility that the
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number and size of primes in the prime decomposition of (2¢ — 2)! will increase
and as a consequence so will 7, ;. Note if 7, ;41 % T, then since (2i)! > (2i—2)!,
Tmi+1l = Tmi- O]

Now we show a multiplicative property of 7, ;.
Lemma 3.3 Form,n € N, (m,n) =1 and i > 2, Tppni = TmiTn,i-

Proof. This proof is similar to that of the previous lemma. Let | = MinLEN (D;(mn)).
As in Lemma 3.1 we look at

P21+ (20 + 1)) ... (I + (k= 3)(2i + 1))
(k —2)1(2i + 1)k—2 ’

Rl+k =

where 3 < k < 2i. Now m,,; is found by seeing which primes in the prime
decomposition of mn are factored out by the (k — 2)! denominator. Any primes
that are factored out by the denominator are multiplied back so that mmn|z; .
Now since (m,n) = 1 and the layers of the Fibonacci orbit are the same length
the result follows immediately. U

Lemma 3.4 If p is an odd prime and o € N then mpe,; = m,;. Also for any
ﬁ € N, 7T2B77; = 1
Proof. Here we use induction on .

When i = 2, letting [ = MinLEN(Dj,) = 2p5/(4,p) = 10p and using Propo-
sition 2.5 we obtain

Rl4+3 = 2(10p)7
ziea = 2(10p)(10p +1).

Both 243 and 24 are divisible by p and so | = MinLEN (Dj,) = LEN(Ds),)
and 7,9 = 1. Using an analogous argument we see that mpe o = 1.

Now assume that 7, ; = m,; for all © < u. We examine the case i = p + 1.
By Lemma 3.2 there are three possibilities:

Case 1: Tpe 41 = Tpey, and mp, 41 = Tp
Here there is nothing to prove.

Case 2: Tpa yp1 > Tpey,
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Let | = LEN (Do), 3 <n <2u, 1 =1/2u+1) = 2p™mpe ./ (4,0%) = 2" Tpec
so the power of b; in the Fibonacci orbit is given by

2" mpe (20 Mgy 4 1) L (29T + 10— 3)
We must have p®|z1, (since |by| = p®).
Now consider what happens in the Dg;;l case. Keeping [ to be the Fibonacci
length of Dj . but letting 3 <n < 2u + 2, as above we obtain
22 e (20 Tpe 4+ 1) - (20T e + 10— 3)
Zl+n - (TL o 2)| b

and since we require mya 41 > Tpa , We have p* fzi4, for somen, 3 <n < 2p42.
For n in the range 3 < n < 24 we have p®|z;y, (this is just the previous p case),
so p* does not divide one or both of z;,,, n = 2+ 1 or 2u + 2. This means that
(2p)! contains a power of p, p* say. Thus mpe 11 = p'Tpa .

We now examine the powers of b; in the Fibonacci orbit of D
| = LEN(Dy,), 3 <n < 2u+2 gives

pt1

5, and letting

2" 22pm, (2pmy, 4+ 1) . (2pmy,, + 10— 3)
Zl4n = (TL _ 2)| .

For 3 < n < 2u, p|z4, but for either n = 2u + 1 or 2 + 2 we introduce a factor
of (2u — 1)(2p) in the denominator, as in the DS;Z} case, which contains p?. So

=7
Tpu+1 =P Tpp-
By the inductive hypothesis we know that mp«, = m,,. Thus m,,1 =

P T = PV Mpe e = Tpe 1
Case 3: mp 1 > T

Using an analogous argument as the above we see that in this case mpa 41 =

Tp,p+1-

The second statement of the lemma holds since if we examine the powers
of by in the Fibonacci orbit of Dj,s we have, for | = MinLEN(Dj ) =
2(2i +1)(2°/(4,2°)),1 > 2,3 <n < 2i,

o 2n=29(20/(4,20))(2(2%/(4,2%)) + 1) ... (2(2°/(4,2%)) +n — 3)
o = (n—2)] |

Now this is always divisible by 2°. ([l

Definition For ¢ > 2, let m = 2%0p{* ... pi* where p; are distinct odd primes,
and let t; = |log, (2i — 3)]. Define ®,,; = p{' .. pi¥, and for all @ > 1, ®ga; = 1.
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We note here that ®,,, is obviously multiplicative in that for (m,n) = 1,
q)mn,i - q)m,iq)n,i-

Lemma 3.5 For all primes p, fora € N and i > 2, ®po; = P, ;.

Proof. The definition of ®,,; is equivalent to finding for m = 2%p{"* ... pi*,
where p; are distinct odd primes, the largest natural number ¢; such that (p? +
3)/2 < i and letting ®,,,; = le|m py'. Since the power of a prime in the prime

decomposition of m is not used in computing ®,, ;, the lemma holds. O

Proposition 3.6 For Dép, t>2 and p a prime, Tp; = ®p;.

Proof. Let p be a fixed odd prime. We use induction on ¢, so 7, = @, for k < 1.
o =2
It follows by Lemma 3.4 that 7,2 = 1 and by definition that ®,, = 1.

We now prove the result for 7. First we note that m,,; forms a monotonic
increasing sequence by Lemma 3.2. There are two cases to consider:

L. Tpi—1 = Tpj;
2. Tpi—1 < Tp-

o Case 1, mp;—1 = Tp;.

There are two possibilities for the value of ®,, ;; either ®,;_ 1 = ®,, or &,;, 1 <
pi- We will assume the latter case and reach a contradiction and so obtain
pi = Ppi_1 = Tpi_1 = Tp,;, the desired result.

Assume that ®,; > ®,; . If &,; 1 = p°, where ¢ = [log,(2(i —1) —3)], then
®,; = p°T', where ¢ + 1 = [log,(2i — 3)]. We know that m,;_1 = 7,; so, using
Proposition 2.5 and Lemma 3.1, the prime p divides

o
o

22314 1). . (I + (20 — 1) — 3)
e (2 —1) —2)! ’

where [ = LEN(Dj,)/(2i + 1) = 2pm,;/(4,p). But p¢ = my;-1, so | = 2pp° =
2p°tt giving
22i73(2pc+1)<2pc+1 + 1) . (2pc+1 + 2 — 4)
EaC e (2i — 3)!

_ 2%_3 2pc+1 2pc+1 + 1 2pc+1 + 2 2pc+1 + 22 —4
20—3 1 2 o 21— 4 ’
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Note that the bth bracketed term, 2 < b < 2¢ — 3, in the above product may

be written as (M), where (my,p) = 1 and 0 < i < ¢+ 1 (this last in-

prmy
equality follows from the definition of ¢). Carrying out the obvious simplification
we obtain <2p+1nﬂ) Now notice that ([];2,>ms) is coprime to p. Recall
. -

that p|ziy(2;-1) and, by assumption, [log,(2i —3)] = c+ 1 or 2i — 3 = pett.
From this last equation it follows that p fz4(2i—1), a contradiction. Hence
Ppi = p° = Ppic1 = Tpi1 = Ty,

o Case 2, mpi—1 < Tp;-

Let | = 2pm,;_1. So by Lemma 3.1 we have [ = 2p* for some integer k. Using
Proposition 2.5 for 3 < n < 27 gives

2" 22pF(2pF + 1) ... (2pF 4+ n — 3)
Zl+n - (n _ 2)'

_ gn-2 2p" 2% 4+ 1 2pF + 2 2pF +n — 3
B n—2 1 2 n—3 '

Since 7 ;-1 < mp; we must have p fz 19,1 or p fz19;. Using an argument
similar to that given above we see that p* = (2i — 1) — 2 or p* = (2i) — 2. Hence
k = [log,(2¢ — 3)]. Finally by Lemma 3.1 we have m,; = p*~'.p = p*, and so
PPt =mi1 =0, and pF = @,; = m,;.

O

Theorem 3.7 Fori>2, LEN(D}, ) = ®,,;MinLEN (D}, ).
Proof. The theorem follows from Lemmas 3.3, 3.4, 3.5 and Proposition 3.6. [J

Corollary 3.8
LEN(D3, ) = 10m/(4,m)

Proof. In this case, for m = 2%p{* ...p.* where p; are distinct odd primes,
we have ; = [log, (1)] = 0 giving ®,,» = 1. So by Theorem 3.7 we have
LEN (D3 )= MinLEN (D3 )= 10m/(4,m). OJ

Corollary 3.9
LEN(Dj, ) = 14m®,, 3/(4,m)

where ®,, 3 =3 if m =0 mod 3, and ®,,3 =1 otherwise.

Proof.  Using the same notation as in the proof of the previous corollary we
obtain #; = [log, (3)] which is equal to 1 if p; = 3 and 0 otherwise. O
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4 Other dihedral group generators
We now examine the case of other presentations of D3, when m is odd.

Theorem 4.1 For m odd, D2 is defined by the presentation

(z, yla®™ =1, (@My)* =1, y*" = (ay)*).
In this case LENy, ,y(D3,,) = 6.

Proof. That the presentation defines D3  is shown in [4]. We first show that the

following relations hold in the presentation for D3 = m odd:

xy%y%yng Ty ==
and

yryry ryzy’rytryry’ey = y.

In [4] it is shown that the following relations also hold in the presentation for
D3 .

1= xymflela:ym+lel by (1)

and

1 — xymfll,flxyﬂ’H*lel — y7m+1xym+1x71 by (111)

We now have

1 =yy "ay™yx "t = yz lyz! by (iv).

Now using (ii) we see that

1 =yrtyz~' =y~ Py = ya_lyryryiry = Yoy’ ryryiry.

Thus zy?zy?ryry’cy = x in D2, m odd.

2m
The second result follows since

yryry wyzy vy ryry ey = yryryyryr = yyryr = y.

We now recall the well-known result that every finite 2-generator group G =
(a,b) is a homomorphic image of some Fibonacci group F(2,n), where n =
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LEN{,4)(G). In the preceding paragraph we have shown that LEN(D3,,) < 6
for all m , where D2 is defined by the presentation

(zyy | 2®=1,(a"y)?=19"" = (zy)*),

m odd; the proof is complete on noting that 6 = min{n : |F(2,n)| is infinite}.
U

Relating this result to that of Corollary 3.8 we see that the generating set for
D2 m odd, used in this section always gives a constant Fibonacci length of 6
while the generating set used in the previous section gives a Fibonacci length of
10m/(4, m), which is always greater than 6.

2

5m, M odd, is efficient. For

Note The presentation given in Theorem 4.1 for D
odd values of m, D3 has an efficient presentation

(a,z,z | 2 = 2m = (:Uzm)Qm =a’ = [z,a] = [a, 2] = [x,zm’l] =1,

(2™ 12™)? = (az™ )2 =1).

In this case our computations, using the GAP computer algebra package [8],
imply that the Fibonacci length is equal to 8m. This remains as a conjecture.
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