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Abstract

In this article we show that given a matrix group G of low dimensions over a finite
field, there exists at least one Aschbacher class containing G for which one can find all
of the corresponding geometries that are preserved by G. For several Aschbacher classes
we prove that one can find all ways in which G is a member of that class, irrespective of
whether G is a member of another class.

1 Introduction and motivation

The purpose of this paper is to show that if a finite dimensional matrix group G over a finite
field lies in at least one geometric Aschbacher class, then for one of the classes containing G
we can find all of the corresponding geometries preserved by G.

This work builds on the Matrix Group Recognition Project [17], which used geometric
techniques to develop a suite of algorithms which compute composition trees for finite matrix
groups. This project has now been substantially completed, for a detailed survey see [24].

The geometries concerned are all derived from Aschbacher’s theorem [1]. In its full
generality, this algorithm divides the subgroups of almost all of the finite classical groups
into nine classes. We state here a simplified version of the theorem, for the general linear
group.

Theorem 1.1 (Aschbacher’s theorem) Let V be the natural module for GL(d, q), and
let Z := Z(GL(d, q)). Let G be a subgroup of GL(d, q). Then at least one of the following
holds:

C1 G acts reducibly: G stabilises a subspace 0 < W < V .

C2 G acts imprimitively: G preserves a decomposition of V as a direct sum V = V1⊕· · ·⊕Vr

of r > 1 subspaces of V , each of dimension s := d/r, which are permuted transitively
by G.

∗The second author was partially supported by EPSRC grant number GR/S30580
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C3 G acts on V as a group of semilinear automorphisms of a (d/e)-dimensional space over
the extension field GF(qe), for some e > 1, and so G embeds in ΓL(d/e, qe).

C4 G preserves a decomposition of V as a tensor product U ⊗W of spaces of dimensions
r, s > 1 over GF(q), and so is a subgroup of the central product GL(r, q) ◦GL(s, q).

C5 G can be defined, modulo scalars, over a proper subfield GF(q′) of GF(q): for some
g ∈ GL(d, q) we have Gg ≤ GL(d, q′).Z.

C6 The dimension d = rm for a prime r such that r|q − 1 and G contains an extraspecial
normal subgroup of order r1+2m (or if r = 2 then maybe 22+2m), which acts absolutely
irreducibly on V .

C7 G preserves a decomposition of V as V1⊗· · ·⊗Vm, where m > 1, each Vi has dimension
r, d = rm and {V1, . . . , Vm} is permuted transitively by G.

C8 G lies between a quasisimple classical group in its natural representation, and the nor-
maliser of that classical group in GL(d, q).

C9 G is almost simple modulo scalars, and is absolutely irreducible.

Note that a group may lie in several classes. To reduce the number of classes containing
any given group we require, unless otherwise stated, that all groups not in class C1 are
irreducible, and that groups other than those in C1 and C3 are absolutely irreducible.
Classes other than C9 are called geometric.

The algorithms developed for the Matrix Group Recognition Project take as input a set of
generators for a finite matrix groupG, and start by determining at least one of the Aschbacher
classes containing G. Algorithms now exist for all of the geometric classes, and recognition
algorithms exist for many families of C9 groups. Many of the class identification algorithms
are constructive, determining exactly the geometric structure stabilised by a geometric group,
or an explicit isomorphism to the standard form of the group in class C9. In the geometric
cases, the kernel of the action on the geometric structure is a normal subgroup N , and the
data returned by constructive Aschbacher class identification algorithms generally allows an
appropriate action of G/N to be constructed, and elements g ∈ G to be projected onto this
action.

This class recognition is then iterated to produce a composition tree for the group G.
Using this composition tree, Mark Stather, in as yet unpublished work, has developed an
algorithm based on one for permutation groups [4] which computes the set of all normal sub-
groups of a matrix group. One can also use the composition tree to construct a presentation
for a matrix group, and Stather has developed algorithms to do this. These algorithms will
be essential tools in what follows.

Additional key tools, albeit tools of last resort, because of their computational expense,
are “low index subgroup algorithms”, which provide complete lists of all conjugacy classes
of subgroups of specified index in a given group.

There are two main kinds of low index subgroup algorithms. One type [6] are developed
for finitely-presented groups. Roughly speaking, they operate by searching for possible coset
tables of subgroups in which all the relations of the group hold. Here the input is a presen-
tation for the group, and possibly some elements which must be members of the subgroups
to be found. Unlike many finitely-presented group methods, the length of the presentation
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is not overwhelmingly important for the performance of these algorithms, especially if there
are some short relations, but the number of generators is critical, since it drastically affects
the growth of the search space. In our application, presentations would be obtained by Mark
Stather’s algorithm. The other, more recent, type [3] are based on direct search for homo-
morphisms from a given concrete (matrix or permutation) group onto a permutation group
of low degree, achieved by descending the composition series of the target group. These
algorithms work well, except perhaps when the given group is close to simple, when we can
often use constructive recognition and algorithms of [12, 28], to construct the set of all max-
imal subgroups, and then select those which might contain a subgroup of the required index,
recursing if necessary to look inside these maximal subgroups.

Returning to the analysis of matrix groups, we observe that, in many cases, the geo-
metric structure found by the algorithms of the Matrix Group Recognition Project is far
from unique, and it is interesting to ask which of the possible structures will be found by
a particular algorithm, and to seek extended algorithms with desirable properties in this
respect. We introduce a taxonomy of such algorithms.

find one: algorithms which guarantee to return a geometric structure of the appropriate
type if one exists, but make no claim as to which one is produced if more than one
exists;

find all: algorithms which return all essentially different geometric structures of the appro-
priate type which are preserved by G;

find random: randomised algorithms which return one of the geometric structures preserved
by G chosen randomly with some known probability distribution, which might be
almost uniform, or merely guaranteed to be nonzero;

find best: algorithms that return all the maximal geometric structures preserved by G,
according to some partial order.

The main focus of this paper will be on solving the “find all” problem: the “find one”
problem is essentially done. To be more precise, for any geometric group G there exists at
least one Aschbacher class containing G for which the “find one” problem has been solved.

Our motivation for solving the “find all” problem is an application to backtrack search,
which is used to compute subgroup centralisers, intersections, normalisers and conjugacy,
amongst other problems. At present, work of O’Brien and Murray [21] is used to select
an appropriate collection of points and subspaces to produce an object that is similar to a
base for a permutation group, and this structure is used to construct and then depth-first
search a tree. For certain specific backtrack search problems there are refinements to this
approach with deal with the group in layers, lifting the answer through successive quotients.
We propose to build on the algorithm for subgroup conjugacy in the general linear group
given in [25], to avoid parts of the search space by deducing geometric information about
the groups concerned. For instance, it is shown in [25] that given two reducible groups
G,H ≤ GL(d, q), if one can find a submodule V ′ of the natural module for G, and find all
dim(V ′)-dimensional submodules for H, then G and H are conjugate in the general linear
group if and only if G and Hx are conjugate in the stabiliser of V ′ in GL(d, q), for an element
x ∈ GL(d, q) that lies in an easily constructed short list of matrices. There should be many
other results of a similar nature, enabling one to drastically reduce search time if one can
obtain all of the ways in which a group can preserve a particular type of geometry.
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Backtrack search problems for matrix groups become difficult very quickly — even solv-
ing problems in dimension 10 over GF(2) can be time-consuming. We will therefore pay
particular attention to finding all geometries for matrix groups in dimension at most 60.

In Section 2 we discuss a preliminary step for many of our algorithms, that of examining
the composition factors of a matrix group G to reduce the number of possible geometries
that might be preserved by G. Then in Sections 3 to 10 we present our algorithms for each
class in turn. In each case we either show that any matrix group belongs to that class in an
essentially unique way, or how to upgrade the existing class identification algorithms to find
all geometries of that type that are preserved by the group, possibly subject to the group
not being a member of some other class. Finally we conclude in Section 11 with some open
problems.

2 Examining composition factors

In several cases, but in particular the imprimitive, tensor and tensor-induced, we start by
examining the known nonabelian composition factors of the matrix group G to check whether
they could be composition factors of groups preserving geometric structures with particular
parameters. In particular we need to know:

1. whether a composition factor could be a section of Ls(q)?

2. whether a composition factor could be a section of Sk?

where the values of s and k depend on the geometry that we are considering.
Since we are looking for embeddings of a simple group S as a section of Ls(q) or Sk,

we can find the minimal degree d of a projective representation of S and conclude that
d ≤ s, and similarly the minimal degree of a permutation representation must be less than
k. We list here a few rough-and-ready rules which can be used to decide that various
composition factors cannot embed in an appropriate linear or symmetric group: these could
easily be extended further. We are particularly interested in the minimal degrees of matrix
representations for s ≤ 30, as in the imprimitive, tensor and tensor induced cases we have s|n
and s < n. We also require the minimal degrees of permutation representations for k ≤ 60
as in the imprimitive case we have k|n and in the tensor induced case we have k ∼ log n.

2.1 Alternating groups

The minimal degree of a permutation representation of An is simply n. For n ≥ 9 the
minimal value of s such that An has a faithful representation as a subgroup of Ls(q) for any
q is n− 2. For n = 5 we have s = 2, otherwise s ≥ n− 4 [14, Proposition 5.3.7].

2.2 Groups of Lie Type

First we consider matrix representations of groups of Lie type in their natural characteris-
tic: in the case of exceptional isomorphisms we consider each possibility in turn and choose
the minimal degree. In natural characteristic, the minimal degree representation of classi-
cal groups is their natural representation. Turning to the exceptional groups, the minimal
degrees of representations in defining characteristic of all of the twisted and untwisted ex-
ceptional groups of Lie type are listed in [19].
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For cross characteristic representations, lower bounds for the minimal degrees of projec-
tive representations of the simple groups of Lie type are given in [27, Table 1]. For matrix
representations in degree at most 30 we use [8], which gives the exact degrees of all such
representations of degree up to s = 250: for degree at most 30 only 12 groups of Lie type
occur (excluding those which are isomorphic to alternating groups).

As for permutation representations, we use the fact that the degree of the minimal
permutation representation of the classical group has a lower bound that is given in [14,
Table 5.2A]. For the exceptional groups, in general we may use the fact that if a group has
a primitive permutation representation of degree k then its representation as permutation
matrices in characteristic coprime to the group order has a constituent of degree k − 1. So
the minimal degree of a permutation representations is at least one greater than the minimal
degree of a matrix representation.

We have more specific information for small degree actions. All primitive permutation
representations of exceptional groups of Lie type on up to 2499 points are described in [26]:
there are only six such groups, and none have representations of degree less than 60.

2.3 Sporadic Groups

The minimal degrees of permutation and matrix representations of the sporadic groups are
well known, and for matrix representations in dimension up to 250 all such degrees are listed
in [8]. In dimension at most 30, only 16 of the sporadics arise. The only sporadic groups
with permutation representations of degree less than 60 are the Mathieu groups.

Thus for each simple group S we can eliminate many possible containments of S in linear
or symmetric groups at minimal computational cost.

3 Reducible groups

The geometric structure in this case is an invariant subspace, so the problem of finding all
structures is simply that of determining the whole lattice of submodules. Likewise the “find
best” problem, under the inclusion (resp. reverse inclusion) partial order, simply becomes
that of finding all maximal (resp. irreducible) submodules.

An effective method for solving these problems is given in [20], which uses a theorem of
Benson and Conway about modular lattices to define a data structure from which the full
list of submodules, or subsets such as the minimal submodules, can be read off efficiently.

4 Imprimitive groups

Let G ≤ GL(d, q) be imprimitive, preserving a direct sum decomposition V = V1 ⊕ · · · ⊕ Vr

of r > 1 subspaces of V , each of dimension s := d/r, which are permuted transitively by G.
We wish to find all such decompositions. This is equivalent to finding one Vi in each.

We first attempt to restrict the possible values for r, which are initially all divisors of
d (other than 1). Since we know |G|, we can rule out any values of r for which |G| does
not divide |GL(s, q)|r.r!. We also use the data outlined in Section 2 to check whether the
nonabelian composition factors of G could all be subgroups of Ls(q) or Sr, and store in each
case whether any of them could not be a subgroups of Sr.
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We then repeatedly apply the exponent test given in [10], and follow up with the charac-
teristic polynomial test. Both of these tests are cheap, effective at ruling out possible values
of r, and may produce elements g which would have to lie in the kernel of any imprimitive
action of degree r. For now, we store such elements. After these two tests are completed,
we should be reasonably confident of finding at least one imprimitive decomposition for each
remaining value of r.

If for all remaining values of r there must be a nontrivial kernel, we now compute the
set of all normal subgroups of G. If |G| does not divide r! then there must be a kernel of the
action, so in particular G must have at least one normal subgroup of index dividing r!. A
similar argument applies to the composition factors. We also re-examine any kernel elements
g that were produced by the exponent and characteristic polynomial tests. We firstly check
that each such g lies in at least one normal subgroup whose index divides r! (if none exists,
then we can eliminate r as a possible number of blocks). Secondly, we can eliminate any
normal subgroups that do not contain all such elements g from our list of possible kernels
for an action of degree r. Thirdly we can eliminate all normal subgroups that do not contain
the appropriate composition factors.

We now start analysing each r, and first consider the case that there is a kernel of the
action. That is, there is a subgroup N � G such that the natural module splits as a direct
sum of N -submodules W1 ⊕ · · · ⊕Wrt for some t ≥ 1. In this case Smash [9] is applicable.

If none of the submodules are pairwise isomorphic, then a straightforward application
of Smash, with generators of the normal subgroup N as input, will often find a block
decomposition. If t = 1 then we apply MinBlocks to W1 to check whether it is a block.
If t > 1 then we know that each block is a span of t of the Wis, so we look for a block of
dimension s containing W1 and Wi for 2 ≤ i ≤ rt. For each of these that produces a block
system with a multiple of r blocks, with kernel of block action N , we attempt to extend
the block by adding more of the Wis, until we have found all possible block systems with r
blocks whose kernel is N . If the value of t is large, then there might be too many possible
block systems with kernel N , so if necessary we can revert to our approach in the faithful
case, but store the information that N must be contained in the point stabiliser.

If the submodules are all pairwise isomorphic then we apply the algorithms of Section 6
to N to find a tensor decomposition of V as U ⊗W1. If G is imprimitive on V with kernel
N then the induced action of G on U is also imprimitive [10], so we find the action of G on
U , test that for primitivity, then pull back the results. This will work provided that G is
not also semilinear with kernel containing N , in which case we revert to the strategy that
we use when G is faithful on blocks, storing the information that N is contained in the point
stabiliser.

The final case is when the N -submodules split up into more than one class of pairwise
isomorphic irreducible N -modules, and each class contains more than one module. In that
case it is certainly true that G permutes these classes, but the blocks of the action of G
could be spans of arbitrary linear combinations of isomorphic N -modules, so we revert to
the strategy that we use when G is faithful on blocks, storing the information that N is
contained in the point stabiliser.

If G is faithful on blocks, there will not be a kernel for us to use, and so our strategy
is to use one of the available low index subgroups algorithms. This part of the algorithm is
more expensive than the others, so we only apply it if we know that |G| divides r!, so that
there is a good chance that such an action exists, or if we have found a candidate kernel
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N under which V splits into too many submodules. Note that in the former case G must
be a comparatively small subgroup of GL(rs, q), and in the latter case we have additional
relations.

We are looking for all subgroups (up to conjugacy) of index r, as one of these must
represent a block stabiliser H if G is to be imprimitive. It is shown in [10] that if H is a
block stabiliser for a block V1, then V1 is irreducible as a GF(q)H-module. We follow the
procedure given in [10, Section 5.1] to test each such H, and find the corresponding system
of imprimitivity.

Thus in each case we can find all ways in which G is imprimitive.

5 Semilinear Groups

Let G ≤ GL(d, q) be semilinear. Then G is irreducible and for some divisor e of d there
exists an embedding φ : G → ΓL(d/e, qe). If G is not absolutely irreducible, then in fact
φ : G → GL(d/e, qe), otherwise there exists a normal subgroup N � G which is maximal
subject to φ(N) ≤ GL(d/e, qe): the group N is the kernel of the map ψ : G→ Aut(GF(qe)).
The quotient G/N is therefore cyclic, of order dividing e, and φ(G) acts as powers of the
frobenius automorphism on φ(N).

We distinguish different semilinear embeddings of G by the matrices which correspond
to the centre of GL(d/e, qe): the “find all” problem is to find all possible choices for the
embedding of the group of scalars of ΓL(d/e, qe), as a subgroup of CGL(d,q)(G).

We subdivide into four cases:

1. G is not absolutely irreducible.

2. G is absolutely irreducible, and N is irreducible.

3. G is absolutely irreducible, V |N = V1 ⊕ · · · ⊕ Vs, where the Vi are pairwise isomorphic
as N -modules.

4. G is absolutely irreducible, V |N = V1 ⊕ · · · ⊕ Vs, where the Vi are not all pairwise
isomorphic as N -modules.

In case 1, the existing approach is to use the Holt-Rees modification of the Meataxe [11].
Let A be the GF(q)-algebra generated by G. Since G is irreducible but not absolutely
irreducible, the centraliser of A in the matrix algebra M(d, q) is GF(qe) for some e > 1.
Let ρ be a primitive element of GF(qe), represented as a d × d matrix over GF(q), so that
〈ρ〉 = CM(d,q)(A). Notice that 〈ρ〉 is uniquely determined, so the Holt-Rees algorithm solves
the “find all” problem. The algorithm returns a matrix C that is a power of ρ, such that C
generates GF(qe) as a field over GF(q).

In case 2, we construct all embeddings as semilinear groups by using Stather’s algorithm
to find all normal subgroups N of G. We select all that are irreducible, with cyclic quotients,
and then apply the algorithm given in part 1 of this section to N . Following step 9 in
Smash [9] we then use IsSemiLinear to check whether the generators of G act as field
automorphisms on C.

In the third case, G is absolutely irreducible but V |N = V1 ⊕ · · · ⊕ Vs, where the Vi are
pairwise isomorphic as N -modules. We show that this cannot happen when N = Ker(ψ).
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Theorem 5.1 Let G be an absolutely irreducible semilinear group, and let N be the kernel
of the map ψ : G → Aut(GF(qe)). Then V does not split into a direct sum of pairwise
isomorphic irreducible N -modules.

Proof: Suppose that V = V1 ⊕ · · · ⊕ Vs is a decomposition of V into pairwise isomorphic
irreducible N -modules. Then G acts projectively on {V1, . . . , Vs}, so there is a homomor-
phism π : G→ PGL(s, q). Since N fixes each Vi as a subspace, and acts in the same way on
each of them, the group N is in the kernel of π, and so π(G) is cyclic, of order dividing e.

Since G is absolutely irreducible, π(G) is an absolutely irreducible subgroup of PGL(s, q),
contradicting the fact that π(G) is cyclic.

In the final case, G is absolutely irreducible, N is reducible, and V |N splits into st irre-
ducible (but not absolutely irreducible) N -submodules V1, . . . , Vst, which are not all pairwise
isomorphic. Instead, for some t the set {V1, . . . , Vst} can be partitioned into s > 1 sets
containing t pairwise isomorphic GF(q)N -modules each, so that V = W1 ⊕W2 · · · ⊕Ws and
G is transitive on {W1, . . . ,Ws}. In this instance, for G to be semilinear with kernel N , the
normal subgroup N must embed as a subgroup of GL(d/(se), qe), and GW1 embeds as an
irreducible subgroup of ΓL(d/se, qe). We start by applying the imprimitivity testing, with
N being a subgroup of the kernel of the action on blocks, to find a permutation α which gen-
erates the image of G/N in its action on the homogeneous components {W1, . . . ,Ws}. Note
that since G/N is cyclic and transitive, α should be an s-cycle. By reordering {W1, . . . ,Ws}
if necessary we can assume that α = (12 . . . s). We store a preimage g of α.

Armed with this information, we now treat W1 as an N -module, and use steps 4 and 5
and the first part of step 7 of Smash to find a centralising matrix C1 for the action of N on
W1. We check that the element g ∈ G conjugates a matrix which acts as C1 on W1 and the
identity on W2, . . . ,Ws into a matrix whose restriction to W2 has the same order as |C1|, that
acts as the identity on W1,W3, . . . ,Ws, and that centralises N . If not, then G is not acting
semilinearly with kernel N . If so then we store C2, and look in 〈C2〉 for the possible powers
Ci2

2 that could have been mapped under a power of the frobenius automorphism to C2.
Eventually we will either have constructed a matrix C with d/s×d/s blocks C1, C

i2
2 , . . . , C

is
s

on the diagonal that centralises N , and is mapped by g to a qjth power of itself for some j,
or shown that G is not semilinear. We finish by using the IsSemiLinear test from Smash
to check whether the generators of G act as field automorphisms on C.

Thus, given any irreducible matrix group G we can find all ways in which G is semilinear,
irrespective of the membership of G in other Aschbacher classes.

6 Tensor product groups

A matrix group G is a tensor product group if G fixes a decomposition of V as U ⊗W , where
dim(U) = r, dim(W ) = s, and d = rs. The group G is a subgroup of the central product of
GL(r, q) and GL(s, q), so G/(G ∩ Z) ≤ PGL(r, q)× PGL(s, q).

We will recurse to this case when considering tensor induced groups, so the only restric-
tion that we make on G is to insist that it acts irreducibly on at least one of the factors in
the decomposition. We subdivide into two cases:

1. G has a (nonscalar) subgroup N which acts as scalars on one of the tensor factors.
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Without loss of generality we suppose this factor to be U . It follows immediately that
N �G.

2. The only subgroup of G which acts as scalars on either factor is G ∩ Z(GL(d, q)).

Since we are looking for all ways in which G preserves a tensor decomposition, we consider
both cases simultaneously.

Stage one of the algorithm attempts to rule out the existence of a tensor decomposition
with a factor of dimension r. For each factorisation d = rs, we check that the order of G
divides |GL(r, q)◦GL(s, q)|. We then use the ideas in Section 2 to check that each nonabelian
composition factor of G could be a subgroup of either Lr(q), or Ls(q), or both, and store this
information. We then apply the projective order test, and the polynomial factorisation test,
as given in [15, Sections 2 and 3]. If G has passed each of these tests for some given {r, s}
then we can be confident that G preserves a decomposition of the corresponding type.

We check whether there exists a value of r such that G might have a type 2 decomposi-
tion, or if for each tensor decomposition U ⊗W of V the action on at least one of the tensor
factors must be non-faithful, modulo scalars. If G is almost simple then all decompositions
of G must be of type 2. Conversely, for G to have a type 2 decomposition, the projective
order of G must divide both |PGL(r, q)| and |PGL(s, q)|, and all nonabelian composition
factors of G must be potential subgroups of both Lr(q) and Ls(q).

If a single one of the possible values of r could lead to a type 2 decomposition, we use
the tests for type 2. Otherwise, we use the type 1 tests, which are likely to be faster.

6.1 Type 1 tests

Finding all decompositions of type 1 is relatively straightforward. We use [15], and upgrade
the algorithms to take advantage of the fact that we know |G|, and can find all normal
subgroups of G. We consider each remaining possible pair (r, s), and look for a normal
subgroup that acts as scalars on U . An element that acts as scalars on one of the tensor
factors is called a projectivity.

The procedure IsProjectivity of [15, 16] takes as input the generators of G, and an
element g ∈ G, and returns one of the following:

1. A nontrivial tensor decomposition of V on which g acts as a projectivity.

2. “False” if a proof has been constructed that no such tensor decomposition exists.

3. “Unknown” if it has discovered that G acts semilinearly on V over an extension field.

If g is a projectivity, then the characteristic polynomial f(x) of g is a uth power. Is-
Projectivity finds an irreducible factor h(x) of f(x) such that f(x) is not a power of h(x):
the kernel of h(g) is then a flat. If f(x) is a power of a single irreducible polynomial, then
we search in the algebra generated by g and its conjugates under G for an element whose
characteristic polynomial is not a power of an irreducible. This will work unless the algebra
is a field GF(qe) for e > 1. We upgrade IsProjectivity to finding all tensor decompositions
on which g acts as a projectivity by considering all irreducible factors of the characteristic
polynomial of g, rather than a single one, as in [16, Section 4.1]. Once a flat has been found,
then the algorithms of [16, Section 3] will find the corresponding tensor decomposition.

For each non-scalar normal subgroupN ofG of order dividing |GL(s, q)|, such that |G/N |
divides |GL(r, q)|, and the nonabelian composition factors of N could all be subgroups of
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Ls(q), and the remaining nonabelian composition factors of G could all be subgroups of
Lr(q), we test whether V |N splits into a direct sum V = V1⊕ · · ·⊕Vr of pairwise isomorphic
irreducible N -modules. We then apply the upgraded version of IsProjectivity to a random
element of N . If the algorithm is decisive, we may stop there. Otherwise, we try several
random elements in the hope that “unknown” will not be returned for all of them. If it is,
then we must apply the more expensive techniques of Case 2.

6.2 Type 2 tests

Now let us consider the second case, where G preserves a decomposition of V as U ⊗W but
there is not necessarily a normal subgroup of G that acts as scalars on U or W , other than
any scalars in G.

We use unpublished work of Mark Stather to compute the p-core of G, where p is the
characteristic of the field. This can then be used by the algorithms in [15] to construct U :
at least one of the subspaces fixed by Op(G) must be a flat in the projective geometry which
corresponds to U ⊗W [16]. If Op(G) fixes too many subspaces, an alternative approach is
to find a prime r such that r divides |G| but r2 does not, and instead to calculate Or(G).
Again, this is guaranteed to fix a flat in the projective geometry which describes U ⊗W [16];
if it fixes fewer submodules than Op(G) then this approach will be faster.

7 Subfield groups

A matrix group G always has a unique smallest field over which it can be written (by change
of basis), namely the field containing the corresponding character [13, VII Theorem 1.17].
Furthermore, G can only be written over any given subfield in one way. More precisely:

Proposition 7.1 Let G ≤ GL(d, q) be a matrix group, let GF(q′) ⊂ GF(q), and let g, g′ ∈
GL(d, q) be such that Gg ≤ GL(d, q′).Z ≥ Gg′. Then there exists h ∈ GL(d, q′) such that
Ggh = Gg′h. In other words, if G embeds in a subfield group in two different ways, they are
equivalent over the subfield.

Proof: This is a restatement of [5, Theorem (29.7)] in the language of matrix groups. 2

The algorithms of [7] determine the minimal field GF(q′) over which G can be written
(modulo scalars) and find a matrix x demonstrating this, so that Gx ≤ GL(d, q′).Z. Since
GL(d, q′).Z ≤ GL(d, q′′).Z for any q′′ such that GF(q′) ≤ GF(q′′) this calculation effectively
solves the “find all” problem without modification.

8 Extraspecial normaliser groups

Recall that G is in class C6 when G contains an absolutely irreducible extraspecial normal
subgroup N of order r1+2m (or maybe a 2-group 4 ◦ 21+2m in the case r = 2), d = rm, and
r|q − 1. When G/N is an irreducible subgroup of Sp(2m, r), then the algorithm of [2] will
recognise this situation, and find N inside G. Given normal subgroup generators for N , a
second algorithm of [2] gives a constructive homomorphism G→ G/N ≤ Sp(2m, r).

If G/N is reducible, then the algorithm of [2] will not necessarily find all of N , but
even if it finds only a subgroup, this will still allow a composition tree to be established.
Alternatively, this subgroup will serve to demonstrate that G is tensor decomposable.
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Given a group G for which a composition tree is known, we test whether it is of ex-
traspecial type by examining the normal subgroups. If there is a normal subgroup of the
appropriate extraspecial form r1+2m or 22+2m acting absolutely irreducibly in dimension rm

then G must be of this type, otherwise it is not. It is easy to check whether an absolutely
irreducible normal subgroup given by generators is extraspecial, and Aschbacher has shown
[1, Theorem B∆], that each relevant type of extraspecial group has just one absolutely
irreducible representation of degree rm over suitable fields.

It is possible for G to be an extraspecial normaliser group in more than one way. An
example is given by the Sylow 5-subgroup of 51+2.Sp(5, 2) which embeds in, for instance,
GL(5, 16). This group, of order 625, has a number of extraspecial normal subgroups of order
125, all of them conjugate in GL(5, 16). However, this can only happen which G/N acts
reducibly as a subgroup of Sp(2m, r), as we show in the following proposition:

Proposition 8.1 Let N be an extraspecial matrix group of order r1+2m, contained in ∆ =
GL(rm, q) for some suitable q. Let G be a subgroup of N∆(N) ∼= r1+2m.Sp(2m, r), such that
G/N maps under the quotient homomorphism to an irreducible subgroup of Sp(2m, r). Then
G does not contain another normal subgroup that is conjugate in ∆ to N .

Proof: Suppose the contrary and let N1 be such a subgroup. Then N ∩ N1 is a normal
subgroup of G properly contained in N . This subgroup corresponds to a G/N -invariant
subspace of the natural module for Sp(2m, r), which, since G/N acts irreducibly, must be
the whole module or the zero module. If it is the whole module then N ∩N1 = N , implying
that N ≤ N1. Since N and N1 are ∆-conjugate, we see that N = N1, a contradiction. So
this submodule must be zero, implying that N ∩N1 ≤ Z(N), so that N and N1 commute.
But, since Sp(2m, r) acts faithfully on its natural module, we can see that C∆(N) = N , so
that N1 ≤ N , a contradiction. 2

Remark: The same argument applies also in the characteristic 2 case where some of
the groups have slightly different structure.

9 Tensor induced groups

Let G be tensor induced. Then G preserves a tensor decomposition V = V1⊗· · ·⊗Vm, where
each Vi has dimension r > 1, d = rm, and the Vi are permuted transitively by G.

If G is primitive and is not semilinear, then a comparatively minor adjustment of the
algorithms in [18] will find all ways in which G is tensor induced with primitive action on
{1, . . . ,m}, by which we mean finding all possible stabilisers G1, up to conjugacy in G. The
algorithm requires the following hypothesis:

Hypothesis 9.1 Let G be an irreducible tensor-induced group, whose induced action on
{1, . . . ,m} is primitive. If GS is the subgroup of an irreducible tensor-induced group G that
fixes each element of a subset S of {1, . . . ,m} in the induced permutation representation of
G, then GS acts irreducibly in its induced action on

⊗
i∈S Vi.

If G is irreducible, primitive and not semilinear, with primitive action on {1, . . . ,m},
then it is shown in [18] that the kernel in G of the action on {1, . . . ,m} acts irreducibly on
V1 ⊗ · · · ⊗ Vm, so Hypothesis 9.1 always holds.
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1. If G is not already known to be tensor induced with respect to a subgroup of index m,
first check that |G| divides (q − 1).|PGL(r, q) o Sm|. Then apply the element order test
given in [18] to a small number of elements of G, and finally check that each nonabelian
composition factor of G could be a composition factor of Lr(q) or Sm. If G fails any of
these tests, return the empty list.

2. If G is not already known to be tensor induced with respect to a subgroup of index
m, construct a set Y of elements of the verbal subgroup of G corresponding to certain
laws of Sm, as in [18]. Then apply all of the “cheap” tests of the tensor product
algorithm (see section 6) to 〈Y 〉G. If it can be shown that this group does not preserve
a decomposition for V as V1 ⊗W for dim(V1) = r, return the empty list.

3. Use a low index subgroups algorithm to construct all irreducible maximal subgroups of
G of index m, up to conjugacy in G, that contain 〈Y 〉G. Call these K1, . . . ,Kk. Note
that since by hypothesis the kernel in G of the action on {1, . . . ,m} is irreducible on
V1⊗· · ·⊗Vm, the same must be true for each Ki that corresponds to a point stabiliser
in a tensor induced action of G.

4. For each such Ki, use Section 6 to determine all ways in which Ki preserves a decom-
position of V as V1 ⊗W , where V1 has dimension u.

5. For each such decomposition, determine whether this gives rise to a tensor induced
decomposition of V that is preserved by G.

As a result of this we conclude that if G is a tensor induced matrix group satisfying
Hypothesis 9.1 then we can find all decompositions V = V1 ⊗ · · · ⊗ Vm that are preserved by
G. In particular this will hold whenever G is irreducible, primitive and not semilinear, and
the induced action on {1, . . . ,m} is primitive.

10 Classical groups

A group in class C8 has a normal subgroup which is a classical group in its natural repre-
sentation. Effective algorithms exist for finding bilinear and/or quadratic forms stabilised
by a given matrix group (or by its derived subgroup in certain cases), and determining when
the group contains the whole of the relevant classical group [22, 23]. We note that apart
from some very small values of the parameters, the only possible containments of classical
groups over the same field are O±(2m, 2e) in Sp(2m, 2e), and various classical groups inside
SL(d, q); however these are not normal subgroups, so the “find all” problem here is the same
as the “find one” problem.

11 Conclusions and Further Work

In this paper, we have introduced and a motivated a number of alternatives to the question
answered by the Aschbacher class identification algorithms: to demonstrate constructively
at least one Aschbacher class containing a given matrix group. Of particular note are the
simplifications that become possible once the full list of normal subgroups of G is available.
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We have shown that, for a matrix group G of low degree over a finite field, there exists at
least one Aschbacher class containing G for which one can, in fact, find all of the correspond-
ing geometries that are preserved by G, allowing for the possibility of using these structures
in a range of backtrack search algorithms for matrix groups. Many questions remain open:

• there is neither a complexity analysis nor an implementation of these techniques at
this time;

• for some groups and Aschbacher classes the number of structures returned by “find all”
may be excessive – can “find random” or “find best” be implemented in these cases?

• for some groups the number of normal subgroups may be excessive – can the generation
of the full list of normal subgroups be avoided in these cases?

• some groups that preserve geometries of more than one type cannot be effectively
studied in of all the classes that they lie in, for instance groups which are both of
extraspecial type and tensor decomposable;

• the use of these techniques to support backtrack search in matrix groups, inspired by
[25], is virtually unexplored.
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