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Abstract

Learning in the context of constraint solving is a technique by
which previously unknown constraints are uncovered during
search and used to speed up search subsequently. Recently,
lazy learning, similar to a successful idea from satisfiabil-
ity modulo theories solvers, has been shown to be an effec-
tive means of incorporating constraint learning in a constraint
solver. Although a powerful technique to reduce search in
some circumstances, lazy learning does introduce a substan-
tial overhead which can outweigh its benefits. Therefore, it
is desirable to know beforehand whether or not it is expected
to be useful. We approach this problem using machine learn-
ing (ML). We show that, in the context of a large benchmark
set, standard ML approaches can be used to learn classifiers
which perform well in identifying instances on which con-
straint learning should or should not be used. Furthermore,
we were able to identify mean constraint tightness as an in-
teresting attribute that plays a key role in identifying instances
where lazy learning performs well.

Introduction
Constraints are a natural, powerful means of representing
and reasoning about combinatorial problems that impact all
of our lives. Constraints solving has been successfully ap-
plied in a wide variety of disciplines, such as: aviation; in-
dustrial design; banking; combinatorics; and the aviation,
chemical and steel industries, to name but a few examples.

A constraint satisfaction problem (CSP (Dechter 2003)) is
a set of decision variables, each with an associated domain
of potential values, and a set of constraints. An assignment
maps a variable to a value from its domain. Each constraint
specifies allowed combinations of assignments of values to a
subset of the variables. A solution to a CSP is an assignment
to all the variables that satisfies all the constraints. Solutions
are found for CSPs through systematic search of possible
assignments to variables. During search constraint propa-
gation algorithms are used. These propagators make infer-
ences, recorded as domain reductions, based on the domains
of the variables constrained and the assignments that satisfy
the constraints. If at any point these inferences result in any
variable having an empty domain then search backtracks and
a new branch is considered.
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Propagation can dramatically reduce the space of assign-
ments searched. Search can be further improved by the
use of a constraint learning algorithm, where previously un-
known constraints are uncovered during search and used to
speed up search subsequently. Lazy learning (Katsirelos
2009; Katsirelos and Bacchus 2003; 2005; Gent, Miguel,
and Moore 2010) is an up-to-date CSP search algorithm.
Lazy learning is extremely efficient on some types of bench-
mark, but has a negative effect on others. Therefore, it is
desirable to know beforehand whether or not lazy learning
is expected to be useful.

We approach this problem using machine learning1 to
generate decision algorithms in the form of rules or trees.
These are means for approximating discrete-valued target
functions. These machine learning methods have been suc-
cessfully applied to a broad range of tasks from learning to
diagnose medical cases to learning to assess credit risk of
loan applications (Mitchell 1997).

In this paper, we show that decision algorithms can
be built which successfully classify whether lazy learning
should or should not be used on specific CP instances. In
particular we identified mean constraint tightness as an inter-
esting attribute of a CSP that plays a key role in identifying
instances where lazy learning performs well.

In the next section, we go on to explain more about the
background of both the machine learning and CSP tech-
niques used in this paper. In the subsequent section we dis-
cuss which of the attributes of a CSP we considered in our
experiments. After that, we discuss the experiments, how we
used the results to generate classifiers using machine learn-
ing, and how we evaluated the findings on a different set of
benchmarks. The paper closes by discussing the importance
of the results we have obtained.

Background
Essentially we are addressing an instance of the Algo-
rithm Selection Problem (Rice 1976), which, given vari-
able performance among a selection of algorithms, is to

1In this paper we inevitably use the word “learning” in two very
different contexts with two very different meanings. These are ma-
chine learning and the lazy learning technique in constraint pro-
gramming. We hope to minimise the possible confusion by using
the phrases “machine learning” and “lazy learning” rather than ab-
breviating either to just “learning”.



decide which is the best candidate for a particular prob-
lem instance. Machine Learning is an established method
of addressing this problem (Lagoudakis and Littman 2000;
Leyton-Brown et al. 2003). Particularly relevant to our
work are the machine learning approaches that have been
taken to configure, to select among, and to tune the param-
eters of solvers in the closely-related fields of mathematical
programming, propositional satisfiability (SAT), and con-
straints.

Minton’s MULTI-TAC system (Minton 1996) synthesizes
a constraint solver for a particular instance distribution. It
is able to make informed choices about aspects of the solver
such as the search heuristic and the level of constraint prop-
agation. The Adaptive Constraint Engine (Epstein et al.
2002) learns (potentially novel) search order heuristics from
training instances. SATenstein (KhudaBukhsh et al. 2009)
configures stochastic local search solvers for solving SAT
problems.

An algorithm portfolio consists of a collection of algo-
rithms, which can be selected and applied in parallel to an
instance, or in some (possibly truncated) sequence. This ap-
proach has recently been used with great success in SATzilla
(Xu et al. 2008). In earlier work Borrett et al (Borrett,
Tsang, and Walsh 1996) employed a sequential portfolio of
constraint solvers. Guerri and Milano (Guerri and Milano
2004) use a decision-tree based technique to select among a
portfolio of constraint- and integer-programming based so-
lution methods for the bid evaluation problem.

Rather than select among a number of algorithms, it is
also possible to learn parameter settings for a particular al-
gorithm. Hutter et al (Hutter et al. 2006) apply this method
to local search. Ansotegui et al (Ansótegui, Sellmann, and
Tierney 2009) employ a genetic algorithms to tune the pa-
rameters of both local and systematic SAT solvers.

Lazy Learning in Constraints
Katsirelos et al’s (Katsirelos 2009; Katsirelos and Bacchus
2003; 2005) g-nogood learning (g-learning) is a notable CSP
search algorithm. In short, whenever the solver reaches a
dead-end state a new constraint is added ruling out other
branches that fail for a similar reason.

In order to achieve this, the first step is to analyse the ear-
lier decisions and propagation that contributed to the current
failure. We aim to find a set of assignments and disassign-
ments that, if repeated, lead directly to a failure.

To analyse propagation explanations are used:

Definition 1. An explanation for disassignment x 8 a is
a set of assignments and disassignments that are sufficient
for a propagator to infer x 8 a. Similarly an explanation
for assignment y ← b is a set of (dis-)assignments that are
sufficient for a propagator to infer that y ← b.

Example 1. Let a, b and c be three distinct values.
Suppose decision assignments w ← a and x ← a have

been made. These assignments clearly also cause the re-
maining values of w and x to be ruled out; we can think of
this disassignment being carried out by a built-in “at most
one value” constraint. For example now x 8 b and the ex-
planation for this disassignment is {x← a}.

w ← a w 8 c z ← b

w 8 b z ← c

x 8 c y 8 c

x← a x 8 b y ← b

Figure 1: Implication graph for Example 1. Mutually incon-
sistent nodes shown with darkened nodes; cut from Example
2 with dashed line.

Now suppose the set of constraints in-
cludes both occurrence([w, x, y, z], b) = 2 and
occurrence([w, x, y, z], c) = 1, meaning that variables
w, x, y and z must have, respectively, exactly 2 occurrences
of b and exactly 1 occurrence of c.

Since w ← a and x ← a, the former constraint is forced
to infer that y ← b and z ← b. The explanation for both
y ← b and z ← b, for example, is {w 8 b, x 8 b} because
when w and x are both not assigned to b, we are forced to
set the remainder of the variables to b.

Similarly, since w ← a, x ← a and y ← b, the latter
constraint is forced to infer that z ← c in order to satisfy
the constraint. The explanation for z ← c is {w 8 c, x 8
c, y 8 c}.

These explanations along with the decision assignments
can be built into a implication graph:
Definition 2. An implication graph for the current state of
the variables is a directed acyclic graph where each node is
a current (dis-)assignment and there is an edge from u to v
iff u appears in the explanation for v.

The explanations of Example 1 are displayed as an impli-
cation graph in Figure 1.

Since repeating the (dis-)assignments in an explanation
will inevitably lead to the same propagation being repeated,
repeating any cut of an implication graph for a failure will
inevitably lead to the derivation of the failure again. Hence
we build a constraint to avoid that failure by finding a cut
{c1, . . . , ck} of the implication graph, and then the con-
straint to avoid the failure is c = ¬(c1 ∧ . . . ∧ ck). Now c is
added, the solver backtracks and continues. For correctness
and efficiency reasons we prefer certain cuts, but discussion
of this issue is outwith the scope of this paper.
Example 2. The cut displayed as a dashed line in Figure 1
leads to the constraint ¬(x← a ∧ w 8 c ∧ w 8 b).

The power of g-learning comes from learned constraints
proceeding to propagate and being combined by iterative
application of the above process into more powerful con-
straints that can remove subtrees of the search tree, as op-
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Figure 2: Scatterplot showing runtime comparison for
Minion-lazy vs Minion. Each point is a result for a single
CSP. The x-axis is the solve time for Minion (i.e., excluding
set up time which is identical for both). The y-axis gives the
speedup from using Minion-lazy instead of Minion. A ratio
of 1 means they were the same, above 1 means Minion-lazy
was faster and below 1 that Minion was faster.

posed to just providing a shortcut to propagation, as in the
above examples.

g-nogood learning is extremely effective on some types
of benchmark, but has a negative effect on others. Firstly,
there is an overhead associated with instrumenting con-
straint propagators to store explanations, which are needed
to produce the new constraints. This problem is mitigated by
lazy learning (Gent, Miguel, and Moore 2010) which dra-
matically reduces the overhead of g-learning; however the
new constraints must still be propagated and this slows the
solver down, too.

In our experiments we will use the lazy learning variant
of Minion, which we call Minion-lazy. The reference con-
straint solver used is Minion (Gent, Jefferson, and Miguel
2006). A comparison of performance between Minion and
Minion-lazy is given in Figure 22. This graph illustrates that
learning remains a high risk/high reward strategy: for many
CSP instances the overhead of learning is not justified by a
decrease in nodes.

Instance Attributes and their Measurement
We used a number of attributes based on the primal graph.
The primal graph g = 〈V,E〉 has a vertex for every CSP
variable, and two vertices are connected by an edge iff the
two variables are in the scope of a constraint together.

2For this experiment we used binaries compiled with g++ ver-
sion 4.4.1 and Boost version 1.38.0. The experiments were run 8
in parallel on machines with 8 core Intel E5430 2.66GHz, 8GB
RAM running CentOS with kernel 2.6.18-164.6.1.el5 64Bit. Links
to source code removed to preserve anonymity.

Edge density: The number of edges in g divided by the
number of pairs of distinct vertices.
Clustering coefficient: For a vertex v, the set of neighbours
of v is n(v). The edge density among the vertices n(v) is
calculated. The clustering coefficient is the mean average of
this local edge density for all v (Watts and Strogatz 1998).
It is intended to be a measure of the local cliqueness of the
graph. This attribute has been used with machine learning
for a model selection problem in constraint programming
(Guerri and Milano 2004).
Normalised degree: The normalised degree of a vertex is
its degree divided by |V |. The mean and median normalised
degree are used.
Normalised standard deviation of degree: The standard
deviation of vertex degree is normalised by dividing by |V |.
Width of ordering: Each of our benchmark instances has
an associated variable ordering. The width of a vertex v in
an ordered graph is its number of parents (i.e. neighbours
that precede v in the ordering). The width of the ordering is
the maximum width over all vertices (Dechter 2003) (ch. 4).
The width of the ordering and the width normalised by the
number of vertices were used.
Width of graph: The width of a graph is the minimum
width over all possible orderings. This can be calculated
in polynomial time (Dechter 2003), and is related to some
tractability results. The width of the graph and the width
normalised by the number of vertices were used.

As well as attributes based on the primal graph, we em-
ployed a number of other attributes, ranging from properties
of the constraint hypergraph to symmetry.

Multiple shared variables: The proportion of pairs of con-
straints that share more than one variable.
Normalised mean constraints per variable: For each vari-
able, we count the number of constraints on the variable.
The mean average is taken, and this is normalised by divid-
ing by the number of constraints.
Normalised SAC literals: The number of literals pruned by
singleton consistency preprocessing, as a proportion of all
literals.
Ratio of auxiliary variables to other variables: Auxiliary
variables are introduced by decomposition of expressions in
order to be able to express them in the language of the solver.
We use the ratio of auxiliary variables to other variables.
Mean tightness: The tightness of a constraint is the pro-
portion of disallowed tuples. The tightness is estimated by
sampling 1000 random tuples (that are valid w.r.t. variable
domains) and testing if the tuple satisfies the constraint. The
mean tightness over all constraints is used.
Mean literal tightness: To measure the tightness of a literal
w.r.t. a particular constraint, we sample 100 random tuples
containing the literal and test if the tuples satisfy the con-
straint. The tightness of a literal is the mean of its tightness
in all constraints on that literal. The mean literal tightness is
the mean average of the tightness for each literal.
Literal tightness coefficient of variation: This is the stan-
dard deviation of the literal tightness divided by the mean
literal tightness.



Proportion of symmetric variables: In many CSPs the
variables form equivalence classes, where the number and
type of constraints a variable is in are the same. For exam-
ple in the CSP x1 × x2 = x3, x4 × x5 = x6, x1, x2, x4, x5
are all indistinguishable, as are x3 and x6. The first stage
of the algorithm used by Nauty (McKay 1981) detects this
property. Given a partition of n variables generated by this
algorithm, we transform this into a number between 0 and 1
by taking the proportion of all pairs of variables which are
in the same part of the partition.

In creating this set of attributes, we intended to cover a
wide range of possible factors in the success of lazy learn-
ing. However, wherever possible we normalised attributes
that would be specific to problem instances of a particular
size, such as the number of variables. This is based on the
intuition that similar instances of different sizes are likely to
behave similarly with lazy learning.

We also excluded attributes about the proportion of differ-
ent constraint types, preferring to summarise the constraints
with information about tightness, symmetry and overlap be-
tween constraints. This is to avoid the classifier identifying
particular problem classes by the proportions of constraints,
as the intention is to classify instances.

The Benchmark Instances
The benchmark set has been chosen to include as many in-
stances as possible whatever our expectation of which solver
will work best. We were able to use only instances con-
taining a subset of the following constraints: alldifferent,
table, negative table, watched OR, lexicographic ordering,
sum≤, sum<, weightedsum≤, weightedsum<, x ≤ y + c,
6=, x ← c, x 8 c, bx/yc = z, x mod y = z and
x × y = z. See (Beldiceanu, Carlsson, and Rampon 2005)
for definitions of those that we do not provide a citation
for. Our sources are Lecoutre’s XCSP repository (Lecoutre
2010) and our own stock of CSP instances. For example, we
include every extensional instance of the 2006 CSP solver
competition and representatives from the random, industrial
and academic spheres. Our set of instances is large, varied
and unbiased. Instances will be published online but link
removed to preserve anonymity.

Constructing an Instance Analyser using
Machine Learning

We applied several stages of filtering to the experimental re-
sults3. First, we removed the instances which took less than
two seconds to solve to account for variations in run time
due to the reading of the input, initial memory allocation,
and similar things.

Second, we discarded the instances where it was not clear
whether Minion-lazy or Minion was faster. We required
a difference in run time of at least 50% between the two
solvers to account for a certain margin of experimental error

3For this experiment we used binaries compiled with g++ ver-
sion 4.4.1 and Boost version 1.38.0. The experiments were run 4 in
parallel on machines with 4 core Intel Q6600 2.4GHz, 4GB RAM
running CentOS with kernel 2.6.18-128.7.1.el5 64Bit.

and external influences like the effect of other processes on
the CPU cache.

Out of a total of 2024 instances which were run, 519 were
available for evaluation after filtering.

We used the WEKA (Hall et al. 2009) machine learning
toolbox to determine the problem attributes which affect the
performance of Minion-lazy.

Minion-lazy performed better than Minion on 42 of the
519 instances we used for the analysis. To avoid biasing
WEKA towards the instances where Minion-lazy was slower
and to have a wider range of training sets, we selected 100
different training sets containing the 42 “positive” instances
and the same number of “negative” instances chosen at ran-
dom. We used the full set of instances for testing the classi-
fiers.

WEKA provides a plethora of classifiers. We chose five
which create decision algorithms of different complexity
and with a high precision and recall.

OneR As one of the most basic classifiers, OneR chooses
one attribute to switch on. It classifies the instance based on
the range of the value of the attribute.
ConjunctiveRule This classifier uses more than one at-
tribute for classification. The instance must satisfy a con-
junction of attributes and ranges of values.
ADTree This classifier builds an alternating decision tree.
REPTree Builds a regression tree using information gain
criteria.
J48 The J48 classifier builds a decision tree using the C4.5
algorithm where the levels are different attributes and the
nodes are different values of those attributes.

For all classifiers, the parameters were left at their default
values. We used a “black box” approach to WEKA to see
whether someone with no previous experience in machine
learning could use it for decision making in constraint pro-
gramming.

For each classifier/training set combination, we extracted
the attribute the classifier considered to be the most impor-
tant one and precision and recall of the decision algorithm
on the test set.

For all of the experiments, the precision on the test set was
higher than 90%. The recall was similarly high, averaging
between 85% and 90%. There was no significant difference
in terms of precision and recall between the different classi-
fiers.

No attribute was always the most important one across all
classifiers and training sets. There was a variety of different
decision rules and trees that the classifiers came up with.
The attributes that the algorithms considered to be the most
important ones most often are as follows (from most to least
often):

• mean tightness;

• normalised width of ordering;

• normalised standard deviation of node degree;

• normalised mean degree; and

• normalised mean constraints per variable.



Figure 3 shows a typical decision tree that the J48 clas-
sifier computed for one of the training sets. It is typical in
the sense that most decision trees used mean tightness at the
root node and had approximately the same number of levels.

We observed that the precision and recall for decision al-
gorithms that use just one attribute were typically as good
as for more complex decision algorithms with more than
one attribute. Also, simple decision algorithms with one at-
tribute are preferable because each attribute must be com-
puted before a decision is made. These considerations
caused us to focus on one attribute, the mean tightness, from
here on.

Based on the results, we investigated the value of the
mean tightness where the transition from “Minion-lazy
faster” to “Minion faster” occurs. Most of the values cho-
sen by the classifiers were between 6% and 7% – this sug-
gests that for problems with a mean tightness of less than
6%, Minion-lazy should perform better than Minion.

Evaluation of the importance of mean
tightness

As stated above, mean tightness was the most important at-
tribute in many decision trees and rules produced by the
machine learning algorithms. It was the most important at-
tribute most often, across different classifiers and training
sets. This leads us to the hypothesis that mean tightness is
an important attribute in general, not simply for our bench-
mark set.

To test this hypothesis we generated a new set of ran-
dom problem instances. This allowed us to vary mean tight-
ness while fixing other parameters. We used Model RB
described in (Lecoutre 2009). The model has parameters
k, n, α, r, pwhere k is the arity, n is the number of variables,
α determines the domain size (via the formula d = nα),
r determines the number of constraints (via the formula
e = r n lnn) and p is the tightness of all constraints. In all
cases, we use α = 1 so the domain size equals the number
of variables. We generated instances with arity 3 and 12 and
13 variables, and with arity 4 and 10 variables. The chosen
values for the mean tightness p ranged from 0.002 to 0.01 in
0.001 increments, and from 0.01 to 0.2 in 0.01 increments. r
was calculated to be at the satisfiability phase transition with
the formula r = −α/ ln(1 − p). For each combination of
k, n and p, 10 random instances were generated for a total
of 870 instances. We ran the random instances with Minion
and with Minion-lazy, with a timeout of 1000 seconds4.

As p is decreased, the instances become increasingly dif-
ficult and contain a very large number of constraints. As
the tightness of each constraint is decreased, the number of
constraints must increase to remain at the phase transition.

Figure 4 shows our results for this experiment. Where
mean tightness is low, Minion-lazy tends to perform com-
paratively well on the instances that could be solved by ei-
ther solver. In this region, a large proportion of the instances
caused both solvers to time out. Minion-lazy is most suc-

4For this experiment we used the same machines and binaries
as for the earlier experiment described in Footnote 2.

Figure 4: A plot of our results on random instances. The x
axis is the mean tightness on a log scale. The circles are the
proportion of instances where lazy learning is faster, from
those where at least one solver finished. The dashed line
shows the proportion of instances where both solvers timed
out (beyond 1000 seconds).

cessful where the instances are difficult for both solvers,
which reflects well on lazy learning.

Over the whole set of 870 instances, lazy learning does
not perform well. It is not a surprise that lazy learning is
comparatively poor on random instances, as this has been
observed before on the g-learning (Katsirelos 2009) as well
as conflict-clause driven SAT solvers (Various 2010).

These results support our hypothesis that mean tightness
is an important factor in the success of lazy learning, and
that a low value of this attribute tends to be good for lazy
learning. However, the cut-off value is not the 6% that the
results from the previous section would suggest, but a much
lower value. It appears that it varies for different problem
classes, and therefore that there are other important factors.

Conclusion and Future Work
In this paper, we have applied machine learning techniques
to constraint solving to decide whether or not to use lazy
learning, a powerful but costly technique. To facilitate this,
we have used a large set of benchmarks from many differ-
ent problem classes. We have found strong evidence which
suggests that the mean tightness of a constraint problem is
one of the major factors affecting the performance of lazy
learning.

Furthermore, we have performed additional experiments
on a large set of random instances generated with a range of
different parameters and thus confirmed the importance of
mean tightness.



mean tightness

faster

≤ 6.9%

normalised width of ordering

> 6.9%

normalised mean constraints per variable

≤ 0.17

faster

≤ 8

slower

> 8

proportion of symmetric variables

> 0.17

slower

≤ 0.74

normalised mean degree

> 0.74

slower

≤ 0.23

faster
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Figure 3: Typical decision tree as determined by the J48 classifier. Starting at the root node, we traverse the tree based on the
values of the instance attributes until we reach a leaf that predicts whether lazy learning is faster or slower for this instance.

In the future we would like to investigate the effect of
other attributes in conjunction with the mean tightness with
the goal of being able to provide a decision algorithm that
can be used for any problem instance.

We would also like to extend our study to other compo-
nents of the constraint solver, in particular ones which, like
lazy learning, carry a high overhead, but also provide a large
potential gain.
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