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A game of building permutations
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The game of Nim

Recall that in Nim, there are piles containing various
numbers of stones. Two players take turns removing
some positive number of stones from a single pile of the

player’s choice. As usual, the last mover wins.




The game of Nim

The analysis of Nim with piles of sizes ny,...,ns is

found by computing the nimber xN, where
N=n & - - dny

is the carry-free sum (or mem sum) of pile sizes in base

two.

Bob has a winning strategy it N = 0, since there is
always a response to ‘cancel’ Alice’s move. Alice has a

winning strategy it N > 0, namely a move leaving *0.



The game of Nim

Example. Here, Alice wins since 5@ 2 ® 4 = 3. The
unique winning move takes 1 stone from the middle pile,

leaving nim sum *x0 =5@ 1 P 4.




The Sprague-Grundy Theorem

FEvery impartial game is equivalent to some nimber */V:

i.e. to a single nim heap of size NV.

Furthermore, this nimber can be calculated recursively:
e A position with no options has value *0.

e Suppose a position has options corresponding to nim-
bers xN1,...,*/N,. Then the current position has

value */V, where
N =mex{Ny,..., N},

the least nonnegative integer not equal to any IV;.
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rook in the northwest corner and end the game.
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Alice clearly wins Pj9)(m, n) because she may place a

rook in the northwest corner and end the game.

Alice may also reduce Pr19) (m, n) to any P(12)(i, n), for
1 < m by placing a rook in the far west, thereby killing
the cells south of it.

But more generally, the active regions of Pjq)(m,n)
are ‘disjoint’ rectangles. They behave as nim heaps,
cach of whose sizes is the minimum dimension of the

corresponding rectangle.
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Avoiding o = (123)

Here, players alternate placing nonattacking rooks on
an m X n board subject to no three rooks ever being

one southeast of another, and a third southeast of both.

A recursive program easily finds P193)(m, n) for all val-

ues of m,n with m +n < 20.

Aside. Checking if a sequence avoids ¢ = (123) can
be done in linear time with constant memory. Scan
the sequence lett-to-right and place elements into two
stacks, never putting a larger element on top of a smaller

element.
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Square boards avoiding o = (123)

1 x 1: first player win
2 X 2: second player win
3 x 3: first player win
4 x 4. second player win
5 X 5: first player win
6 X 6: second player win
7 X 7: first player win
8 X 8: first player win
9 x 9: second player win

10 x 10: first player win (play in the southwest corner)
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Stretching

The nimbers for tall (wide) boards of a fixed width
(height) seem to stabilize. In fact, the matrix of first-ply

options exhibits this behavior as well.

Example. 6 x n boards avoiding (123).

5915|933
5195|3123
510(3]213|5
513213155
31213555
313]5]5[5|D
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Stretching

The nimbers for tall (wide) boards of a fixed width
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Example. 6 x n boards avoiding (123).
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Stretching

The nimbers for tall (wide) boards of a fixed width
(height) seem to stabilize. In fact, the matrix of first-ply

options exhibits this behavior as well.

Example. 6 x n boards avoiding (123).
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5101531 ]1|3]5]1|H
S5 115131 /1]3/5]1/5]5
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Stretching

The nimbers for tall (wide) boards of a fixed width
(height) seem to stabilize. In fact, the matrix of first-ply

options exhibits this behavior as well.

Example. 6 x n boards avoiding (123).
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Siololl|o|1|1|1]1]3|5]1
51511153 /1|1/1|3|5|1|5
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LITjT {1 j1 1{1{5|5]|5]b




Stretching

The nimbers for tall (wide) boards of a fixed width
(height) seem to stabilize. In fact, the matrix of first-ply

options exhibits this behavior as well.

Example. 6 x n boards avoiding (123).
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Stretching

Theorem.

lim P<123> (m, TL)

n—aoeo
exists and equals

P193)(m, 2™).

In fact, playing on an infinitely long strip (bounded on

the left, say) of width n makes sense.

Theorem.

Pr193)(m, 2") = P93)(m, 00).



Stretching

The centre 1s not constant in the transverse direction.

Counterexample (Linton). avoiding (132, 1234).

||| O | O =] W | DD
SH || O | O | O | Ot O W
SO ||| O | O | O W~
DO | DYDY O Ot
DY ||| DY O | O
DO | DYDY OO
DO | DY D= OO




Stretching

The centre 1s not constant in the transverse direction.

Counterexample (Linton). avoiding (132, 1234).

213(415/6(6/|6
31015]6/6(6]2
415/6/6(6/6/0
516/6/216/2/4
616/6(2/6[6/|6
616/6(2/6[6/|6
616/6(6/2(6/|6
616/6(2/6[6/|6
6/6/0[6/6[6/|6




Stretching

The centre 1s not constant in the transverse direction.

Counterexample (Linton). avoiding (132, 1234).

DDA || Y| | O | O | O] O W
S| DO | DD | DO | D || O | Ot =~
DO ||| ||| Oy Ot
D DO ||| ||| O | Oy | O
DO ||| | DY =D O

DO | DD || DYDY | Oy | O

DO | DO | DO || O | O =] W | DO




