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Given sets X and Y of positive integers and a permutation σ = σ1σ2 · · ·σn ∈ Sn, an X, Y -descent of σ is a descent pair
σi > σi+1 whose “top”, σi, is in X and whose “bottom”, σi+1, is in Y . For a fixed n we define the polynomial

(0.1) PX,Y
n (x) =

∑

s≥0

PX,Y
n,s xs :=

∑

σ∈Sn

xdesX,Y (σ).

Thus, the coefficient PX,Y
n,s is the number of σ ∈ Sn with exactly s X, Y -descents.

Hall and Remmel [1] gave direct combinatorial proofs of a pair of formulas for PX,Y
n,s . First of all, for any set S ⊆ N, let

Sn = S ∩ [n], and
Sc

n = (Sc)n = [n]− S.

Hall and Remmel proved
Theorem 1

(0.2) PX,Y
n,s = |Xc

n|!
s∑

r=0

(−1)s−r

(|Xc
n|+ r

r

)(
n + 1
s− r

) ∏

x∈Xn

(1 + r + αX,n,x + βY,n,x),

and
Theorem 2

(0.3) PX,Y
n,s = |Xc

n|!
|Xn|−s∑

r=0

(−1)|Xn|−s−r

(|Xc
n|+ r

r

)(
n + 1

|Xn| − s− r

) ∏

x∈Xn

(r + βX,n,x − βY,n,x),

where for any set S and any j, 1 ≤ j ≤ n, we define

αS,n,j = |Sc ∩ {j + 1, j + 2, . . . , n}| = |{x : j < x ≤ n & x /∈ S}|, and
βS,n,j = |Sc ∩ {1, 2, . . . , j − 1}| = |{x : 1 ≤ x < j & x /∈ S}|.

We prove q-analogues of both Theorem 1 and Theorem 2. For example, define

PX,Y
n (q, x) =

∑

σ∈Sn

qinvX(σ)+rlmaj X,Y (σ)+xycoinvX,Y (σ)xdesX,Y (σ),

where

invX(σ) =
n∑

i=1

(
#j ∈ XC s.t. j appears to the left of i and j > i

)

rlmajX(σ) =
∑

σi∈Xn,σi>σi+1

(n− i) , and

xycoinvX,Y (σ) =
∑

x∈Xn

(
#z ∈ Y C s.t. z appears to the left of x and z < x

)
.

Then we can give a direct combinatorial proof of the following.

(0.4) PX,Y
n,s (q) = [|Xc

n|]q!
s∑

r=0

(−1)s−rq(
s−r
2 )

[ |Xc
n|+ r
r

]

q

[
n + 1
s− r

]

q

∏

xinXn

[1 + r + αX,n,x + βY,n,x]q

This work generalizes many of the results in [2,3,4,5].
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