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Given sets X and Y of positive integers and a permutation o = o105 -0, € Sy, an X, Y-descent of ¢ is a descent pair
o; > 0,41 whose “top”, oy, is in X and whose “bottom”, 0,41, is in Y. For a fixed n we define the polynomial

(0.1) PV (@)=Y B at = Y adesxr (),
s>0 oc€Sy
Thus, the coefficient P,ff;y is the number of ¢ € S,, with exactly s X, Y -descents.
Hall and Remmel [1] gave direct combinatorial proofs of a pair of formulas for P,f;y. First of all, for any set S C N, let
S, = SNJn], and
Sp = ()=[n-S

Hall and Remmel proved
Theorem 1
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and
Theorem 2
XY c L | Xp|—s—1 |X76L‘+T n+1
(0.3) PYY =Xt Y (—)F X I O+ Bxne = Byin),
r=0 " [ Xn| =5 = zeXy
where for any set S and any 7,1 < j <n, we define
agn; = |SN{+1,j+2,....n}=Hz:j<z<n&z¢S}, and
Bsmg = 19N{L2....j-1[=[{z:1<z<j&z¢S}

We prove g-analogues of both Theorem 1 and Theorem 2. For example, define

PX,Y(q ) = Z qinvx(a)+rlman7Y(a)+xycoinvxyy(a)xdesx,y(a)

g€Sy
where
n
invx (o) = Z (#7j € X s.t. j appears to the left of i and j > 1)

i=1

rimaj x (o) = Z (n—1), and
0,€Xn,0,>0i41

. _ c

zycoinvx y (o) = Z (#2z € Y s.t. z appears to the left of z and 2z < ) .

reX,

Then we can give a direct combinatorial proof of the following.

c - s—r (°57 chy,+ +]-
(04) PEY (@) = [0, S0 | PR ] e TT Gt a4 v,
r=0 q 9 zinX,

This work generalizes many of the results in [2,3,4,5].
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